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Abstract
This thesis deals with verification of probabilistic systems both in
the setting of discrete time (e.g. Markov decision processes) and of
continuous time (e.g. continuous-time stochastic games, interactive
Markov chains).
In the discrete-time setting, we design a novel method to translate
formulae of linear temporal logic to automata and show how this
speeds up the verification process. This enables us, for instance, to
verify network protocols with more participants in situations where
this was previously hopelessly infeasible.
In the continuous-time setting, we give algorithms to compute or
approximate probabilities to reach a given state within a given time
bound. Moreover, we also consider the setting where the system
under verification operates in an unknown environment or in an
environment conforming to a given specification given in our new
formalism. This enables us, for instance, to verify a component
of a system without knowing the code of other components of the
system, only with the knowledge of some guarantees on their behaviour. This is the first compositional approach to verification and
assume-guarantee reasoning method in the probabilistic continuoustime setting.
Attached to this thesis, there are papers published at conferences
CAV 2012, ATVA 2012, FSTTCS 2012, CAV 2013, ATVA 2013 and
CONCUR 2013 and in the journal Information and Computation in
2013.
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Zusammenfassung
Diese Arbeit beschäftigt sich mit Verifikation von probabilistischen
Systemen sowohl in diskreter Zeit (z.B. Markov Entscheidungsprozesse) als auch in kontinuierlicher Zeit (z.B. stochastische Spiele in
kontinuierlichen Zeit, interaktive Markov Ketten).
Bezüglich diskreter Zeit entwerfen wir eine neuartige Methode, um
Formeln der linearen zeitlichen Logik in Automaten übersetzen, und
zeigen, wie diese den Verifikationsprozess beschleunigt. Dies ermöglicht
es uns zum Beispiel, Netzwerk-Protokolle mit mehr Teilnehmer zu
überprüfen, auch in Situationen in denen dies bisher hoffnungslos
unmöglich war.
Bezüglich kontinuierlicher Zeit geben wir Algorithmen die Wahrscheinlichkeiten von der zeitgebundenen Erreichbarkeit berechnen
oder annähern. Diese sind Wahrscheinlichkeiten, dass ein gegebene Zustand innerhalb gegebener Zeit erreicht ist. Darüber hinaus
betrachten wir den Fall, dass das System zum Verifizieren in einer
unbekannten Umgebung oder in einer Umgebung, die eine gegebenen Spezifikation in unserem neuen Formalismus erfüllt, laüft. Dies
ermöglicht es uns zum Beispiel, eine Komponente eines Systems,
ohne den Code der anderen Komponenten des Systems zu kennen,
sondern nur mit einiger Garantien für ihr Verhalten, zu verifizieren. Dies ist das erste kompositorische Verifikationsverfahren und
assume-guarantee Argumentationsverfahren für probabilistische Systemen in kontinuierlicher Zeit.
Eingebunden in dieser Dissertationsarbeit befinden sich Papiere die
in den Konferenzen CAV 2012, ATVA 2012, FSTTCS 2012, CAV
2013, ATVA 2013 und CONCUR 2013 und in der Zeitschrift Information and Computation im Jahr 2013 veröffentlicht wurden.
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Chapter 1

Introduction
Cell phones, electric networks, water pumps, medical equipment, airplanes, intelligent houses and autonomous cars are all examples of cyber-physical systems
surrounding us with an increasing intensity. They are systems whose operation in a physical environment is controlled by an embedded computational
core. They have arisen from service-oriented systems, large and distributed
systems providing services supporting machine-to-machine interaction over network, by incorporating a number of embedded systems, small and closed systems
autonomously controlling complex physical systems [mtl11]. Studying these
complex systems is a challenging and important task also for computer science.
Since cyber-physical systems operate in physical environment, it is vital to guarantee they operate safely and efficiently in real-time. How can safe behaviour
(“the steering system never crashes the car”) and acceptable performance (“the
internet service is available 98 % of time”) be ensured?
• In the first step, one can build and validate models of these systems. Due
to the systems’ interaction with the physical environment, appropriate
modelling languages need to feature probabilities to cope with uncertainties, noisy inputs or failing components; and often also continuous-time
to capture random delays in real time such as customers’ arrivals, message transmission time or time to failure. These features are often called
quantitative due to their use of real values as opposed to the traditional
discrete setting based on truth values.
• In the second step, one can then verify, possibly automatically, the desired
properties (called specifications) of the models using formal methods.
Cyber-physical systems have been identified as a key area of research by many
funding organisations such as the US National Science Foundation (see [Wol07]).
Many current projects develop and improve theories and methods for modelling
and verification of these complex systems. As to the recent projects in the
1
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Germanic region, there are, for instance, AVACS (Automatic Verification And
Analysis of Complex Systems; universities of Oldenburg, Freiburg, Saarland et
al. [ava04]), ROCKS (RigorOus dependability analysis using model ChecKing
techniques for Stochastic systems; universities of Aachen, Dresden, Saarland,
Munich, Nijmegen, Twente [roc09]), QUASIMODO (Quantitative System Properties in Model-Driven-Design of Embedded Systems; universities and institutes
in Aalborg, Eindhoven, Nijmegen, Twente, Cachan, Aachen, Saarland, Brussels,
and industrial partners [qua08]), MT-LAB (Modelling of Information Technology; universities of Copenhagen and Aalborg [mtl09]), IDEA4CPS (Foundations fro cyber-physical systems; universities of Copenhagen and Aalborg and
in China [ide11]), to name just a few.
Further, many top conferences deal with various aspects of cyber-physical systems in general using methods of control theory, robotics and applied mathematics like ICCPS (International Conference on Cyber-Physical Systems), HSCC
(Hybrid Systems: Computation and Control), CDC (Conference on Decision
and Control), EMSOFT (International Conference on Embedded Software), or
RTAS (Real-Time and Embedded Technology and Applications Symposium).
Moreover, theoretical computer science can also offer theory and techniques for
specification and verification of such systems. Indeed, many renown conferences
extend their scope to analysis of quantitative models, e.g. LICS, CONCUR,
CAV, ATVA, POPL, FSTTCS, or focus purely on this area, e.g. QEST (Conference on Quantitative Evaluation of SysTems), FORMATS (Formal Modelling
and Analysis of Timed Systems).
In this thesis, we improve theory and tools for specification and verification of
such quantitative systems. As foreshadowed, we have to deal with probabilities
and often with continuous-time, too. Nevertheless, we also deal with models
where time is not continuous, but simply advances in discrete steps. The reason
is twofold. Firstly, one can often reduce the continuous-time case to the discrete
one and then more easily solve the latter. Secondly, in many applications such as
randomised protocols or distributed randomised algorithms, the precise timing
is irrelevant for checking many properties such as mutual exclusion property or
eventual election of the leader.
We focus on some of the most common modelling frameworks featuring probabilities and (continuous or discrete) time, namely on Markov chains and their
extensions such as Markov decision processes and stochastic games. We improve
some existing methods and provide new ones to cope with the demanding task
of analysis of these models.
Markov chains [Mar06, Nor98, MT09] are the most successful class of stochastic
processes and are for decades heavily used not only in computer science, but
also in biology (population models, genetics), operations research (queueing
theory), chemistry (kinetics of reactions), physics (thermodynamics), economics
(price models), or social sciences (regime-switching models) and are used in
many applications as diverse as internet searching, speech recognition, baseball
analysis, gambling and algorithmic music composition.

1.1. STATE OF THE ART
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Markov decision processes [Bel57, How60, Put94, FV96] are an extension of
Markov chains, where the process can also be controlled. Apart from computer
science, they are used in robotics, automated control, economics, and manufacturing to solve optimisation problems using methods of linear programming, dynamic programming or reinforcement learning. Stochastic games [Sha53, FV96,
NS03] extend Markov decision processes to a competitive case where the control is divided between two antagonistic players. Their applications range from
economics over evolutionary biology to cyber-physical systems.

1.1

State of the art

Research on Markov chains, Markov decision processes and their extension has
traditionally been focused on long run properties, which describe how the system performs on average when its behaviour “stabilises” after running “long
enough”. An example of a typical property is “the internet service is available
98 % of time”. Efficient techniques to compute or approximate this kind of
performance have been developed, see e.g. [Put94, Bré99].
However, many properties remain out of scope of this most traditional framework. For instance, questions like “How long is the service continuously unavailable?” or “How likely is it that the service fails today?” require to inspect the behaviour of the system until a finite time horizon, i.e. to analyse
what the system does in a given time. Such analysis is often also called transient because it describes what the system goes through at a given time point).
Since satisfaction of these properties is vital in safety-critical systems, this topic
has attracted a lot of recent attention triggered by seminal papers [ASSB96]
and [BHHK04], for more details see Chapter 4. However, decidability of many
optimisation problems remains open and approximation techniques only start
to mature. Furthermore, the analysis is often limited to systems that operate in
a known environment despite the effort to transfer compositionality principles
to this setting. In this thesis, we establish decidability and approximability of
several optimisation problems and provide algorithms also for the setting where
the environment is unknown or only some of its properties are known.
Another type of properties interesting from the verification point of view are
temporal properties, which describe ordering of events in the system rather
than their frequency. A typical example is “whenever a service is requested
it is eventually almost surely provided without any idling inbetween”. These
properties—often expressed in temporal logics—have a long tradition in computer science [Pnu77] and proved appropriate for describing systems’ desired
behaviour. Methods for verification of these properties are very mature, see
e.g. [BK08]. However, in the probabilistic setting, the running times of the
methods are often impractical. Furthermore, in the continuous-time setting, the
current logics are often inappropriate for description of interesting properties.
In this thesis, we improve on the existing methods in the probabilistic setting

4
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and provide a new formalism for specifying properties in the continuous-time
setting.

1.2

Contribution of the thesis

Here we only give a very brief and high-level account on the contribution of the
thesis. For a technical summary, we refer the reader to Chapter 5.
In the discrete-time setting, we have designed a novel method to process temporal properties [KE12, GKE12, KG13] and show how this speeds up the verification process [CGK13]. This enables us, for instance, to verify network protocols
with more participants in situations where this was previously hopelessly infeasible. For more details on these results, please see Chapter 3. Part I of Appendix
then provides the co-authored papers cited above as Paper A, B, D, and C as
published at conferences CAV 2012, ATVA 2012, ATVA 2013, and CAV 2013,
respectively.
In the continuous-time setting, we give algorithms to compute or approximate probabilities on which the transient analysis depends [BFK+ 13, BHK+ 12,
HKK13]. Moreover, we also consider the setting where the system under verification operates in an unknown environment or in an environment conforming to
a given specification given in our new formalism. This enables us, for instance,
to verify components of a system without knowing the code of other components of the system, only with the knowledge of some guarantees on the their
behaviour. This is the first compositional verification and assume-guarantee reasoning in the probabilistic continuous-time setting. For more details on these
results, see Chapter 4. Part II of Appendix then provides the co-authored papers cited above as Paper E, F, and G as published in journal Information and
Computation (2013) and at conferences FSTTCS 2012, and CONCUR 2013,
respectively.

1.3

Publication summary

In Part I of Appendix, we present the following papers:
A Jan Křetı́nský and Javier Esparza. Deterministic automata for the (F,G)fragment of LTL. CAV, 2012. [KE12]
B Andreas Gaiser, Jan Křetı́nský, and Javier Esparza. Rabinizer: Small
deterministic automata for LTL(F, G). ATVA, 2012. [GKE12]
C Krishnendu Chatterjee, Andreas Gaiser, and Jan Křetı́nský. Automata
with generalized Rabin pairs for probabilistic model checking and LTL
synthesis. CAV, 2013. [CGK13]

1.3. PUBLICATION SUMMARY
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D Jan Křetı́nský and Ruslán Ledesma Garza. Rabinizer 2: Small deterministic automata for LTL\GU . ATVA, 2013. [KG13]
In Part II of Appendix, we present the following papers:
E Tomáš Brázdil, Vojtěch Forejt, Jan Krčál, Jan Křetı́nský, and Antonı́n
Kučera. Continuous-time stochastic games with time-bounded reachability. Information and Computation, 2013. [BFK+ 13]
F Tomáš Brázdil, Holger Hermanns, Jan Krčál, Jan Křetı́nský, and Vojtěch
Řehák. Verification of open interactive Markov chains. FSTTCS, 2012. [BHK+ 12]
G Holger Hermanns, Jan Krčál, and Jan Křetı́nský. Compositional verification and optimisation of interactive Markov chains. CONCUR, 2013. [HKK13]

1.3.1

Other co-authored papers

For the sake of completeness, apart from the presented papers we also list other
co-authored papers, which are, however, not a part of this thesis.
• Tomáš Brázdil, Vojtěch Forejt, Jan Křetı́nský, and Antonı́n Kučera. The
satisfiability problem for probabilistic CTL. LICS, 2008. [BFKK08]
Papers on non-Markovian continuous-time systems
• Tomáš Brázdil, Jan Krčál, Jan Křetı́nský, Antonı́n Kučera, and Vojtěch
Řehák. Stochastic real-time games with qualitative timed automata objectives. CONCUR, 2010. [BKK+ 10]
• Tomáš Brázdil, Jan Krčál, Jan Křetı́nský, Antonı́n Kučera, and Vojtěch
Řehák. Measuring performance of continuous-time stochastic processes
using timed automata. HSCC, 2011. [BKK+ 11]
• Tomáš Brázdil, Jan Krčál, Jan Křetı́nský, and Vojtěch Řehák. Fixeddelay events in generalized semi-Markov processes revisited. CONCUR,
2011. [BKKŘ11]
• Tomáš Brázdil, Luboš Korenčiak, Jan Krčál, Jan Křetı́nský, and Vojtěch
Řehák. On time-average limits in deterministic and stochastic Petri nets.
ICPE, 2013. [BKK+ 13] (poster paper)
Papers on modal transition systems
• Nikola Beneš, Jan Křetı́nský, Kim G. Larsen, and Jiri Srba. EXPTIMEcompleteness of thorough refinement on modal transition systems. Information and Computation, 2012. [BKLS12]. Extended journal version of
an ICTAC 2009 conference paper. [BKLS09a]
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• Nikola Beneš, Jan Křetı́nský, Kim Guldstrand Larsen, and Jiri Srba. On
determinism in modal transition systems. Theoretical Computer Science,
2009. [BKLS09b]
• Nikola Beneš and Jan Křetı́nský. Process algebra for modal transition
systemses. MEMICS, 2010. [BK10]
• Nikola Beneš, Ivana Černá, and Jan Křetı́nský. Modal transition systems:
Composition and LTL model checking. ATVA, 2011. [BčK11]
• Nikola Beneš, Jan Křetı́nský, Kim G. Larsen, Mikael H. Moller, and Jiri
Srba. Parametric modal transition systems. ATVA, 2011. [BKL+ 11]
• Nikola Beneš, Jan Křetı́nský, Kim Guldstrand Larsen, Mikael H. Moller,
and Jiri Srba. Dual-priced modal transition systems with time durations.
LPAR, 2012. [BKL+ 12]
• Nikola Beneš and Jan Křetı́nský. Modal process rewrite systems. ICTAC,
2012. [BK12]
• Jan Křetı́nský and Salomon Sickert. On refinements of boolean and parametric modal transition systems. ICTAC, 2013. [KS13a]
• Nikola Beneš, Benoı̂t Delahaye, Uli Fahrenberg, Jan Křetı́nský, and Axel
Legay. Hennessy-Milner logic with greatest fixed points as a complete
behavioural specification theory. CONCUR, 2013. [BDF+ 13]
• Jan Křetı́nský and Salomon Sickert. MoTraS: A tool for modal transition
systems and their extensions. ATVA, 2013. [KS13b] (tool paper)

1.3.2

Summary

Altogether Jan Křetı́nský has published 3 journal papers (2×Information and
Computation, Theoretical Computer Science), 16 conference regular papers
(2×ATVA, 2×CAV, 4×CONCUR, 2×FSTTCS, HSCC, 3×ICTAC, LICS, LPAR),
3 conference tool papers (3×ATVA), 1 workshop paper (MEMICS) and 1 conference poster paper (ICPE), altogether 24 papers. The current number of
citations according to Google Scholar is 164.

1.4

Outline of the thesis

Chapter 2 introduces the investigated models, properties and problems. We first
introduce the stochastic processes in Section 2.1 and then their decision and
game extensions in Section 2.2. We proceed with the properties of interest in
Section 2.3. We only give a semi-formal account; for technical definitions, please
consult the respective papers in Appendix. Section 2.4 closes with an overview
of the verification problems for the introduced models and properties, and their

1.4. OUTLINE OF THE THESIS
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complexities. The state of the art as well as our contribution are described
in more detail (1) in the discrete-time setting in Chapter 3 and (2) in the
continuous-time setting in Chapter 4. Chapter 5 summarises the contribution
of the thesis and new results of the respective papers. The appendix has three
parts. In the first and the second part, we present preprints of Papers A-D and
E-G, respectively. The third part then provides several supplementary materials
on the context of our research and permissions to publish the preprints of the
papers within this thesis as they were sent to the publisher.
The reader is assumed to have some familiarity with labelled transition systems,
probability theory, logic, complexity and automata over infinite words to the
extent of standard basic courses.
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Chapter 2

Quantitative models,
properties and analysis
In this chapter, we introduce the models, properties and analysis problems we
are interested in. Our results are concerned with different models, e.g. continuoustime stochastic systems, discrete-time stochastic systems, non-stochastic games,
and with different properties, e.g. untimed linear time properties, time-bounded
properties. Despite this variety of topics, we want to present a unifying view on
our results. Therefore, we present quite a general framework unifying discretetime and continuous-time systems in Section 2.1 and extend it with non-determinism
to decision processes and games in Section 2.2. Section 2.3 then gives a unifying view on the properties of interest. Section 2.4 provides an overview of the
analysis problems for the described systems and properties.
As we deal with many different objects, we mostly refrain from defining them
completely formally and stick to semi-formal descriptions. For technical definitions, we refer to the respective papers in Appendix; for more extensive introductions to the topics, please consult the respectively cited sources.

2.1

Stochastic processes and Markov chains

Systems that we are considering do not evolve deterministically, but randomly.
Hence, in order to describe them we make use of their formalisation through
stochastic processes. A stochastic process is at each time point in a particular
state and can change its state at any time point to any other state according to
a probability distribution, which may depend on the previously visited states.
Formally, given
• a set S of states equipped with a measurable space (S, Σ),
9
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• a set T of time points equipped with a total ordering < and its smallest
element 0,
• a set Ω of behaviours equipped with a probability space (Ω, F, P),
a stochastic process is a collection {Xt | t ∈ T} of random variables Xt : Ω → S.
In this thesis, we mainly focus on stochastic processes corresponding to finite
transition systems, which makes them easier to analyse than infinite systems.
To ensure that, we require that
(F) the set S of states be finite,
(M) the process satisfy the Markov property, i.e. its current state distribution
depends only on its most recent configuration (its state and time), formally
P[Xtn = xtn | Xtn−1 = xtn−1 , . . . , Xt0 = xt0 ] = P[Xtn = xtn | Xtn−1 = xtn−1 ]
for any tn > tn−1 > · · · > t0 ,
(H) time T be equipped with (associative and commutative) addition + and
the process be time homogeneous, i.e. probabilities to change the state
from one to another do not change over time, formally
P[Xt+d = x | Xt = y] = P[Xt0 +d = x | Xt0 = y]
for any t, t0 , d ∈ T.
We call such stochastic processes Markov chains [Nor98]. They can be equivalently represented by the set S of states with an initial distribution µ on S and
a transition function P assigning to each state a probability measure over timed
transitions to the subsequent states, written P : S → P(T × S). Behaviours of
the chain then correspond to runs starting in a state randomly chosen according
to µ and then changing states according to P . This representation is thus much
closer to the labelled transition systems (LTS), a de facto standard in computer
science.
In this thesis, the stochastic processes considered are Markov chains. The only
deviations can be be found in Paper E, where we sometimes relax Requirement
(F) and only demand countability of S. A comment how realistic this is and
what the limitations are can be found in Appendix H.∗

2.1.1

Discrete-time Markov chains

By setting the time domain T to the discrete set N0 of natural numbers, we
obtain discrete-time Markov chains (DTMC). The time spent in a state is always
1 and then a transition is taken. The transition function P is thus just a
probability transition matrix and the chain can be drawn as a finite directed
∗ For

author’s papers on non-Markovian systems, see Section 1.3.1.
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graph with edges (i, j) labelled by P (i, j). In the following, we will mostly use
this representation.
The respective probability space (Ω, F, P) over the set Ω := S T of runs is then
generated by
P[X0 = i0 , X1 = i1 . . . Xn = in ] = µ(i0 )P (i0 , i1 )P (i1 , i2 ) · · · P (in−1 , in )
and the cylindrical construction using Carathéodory’s extension theorem [Bil12].

2.1.2

Continuous-time Markov chains

By setting the time domain T to the continuous set R≥0 of non-negative real
numbers, we obtain continuous-time Markov chains (CTMC). They can be represented by a discrete-time Markov chain together with a function R : S → R≥0
assigning a rate to each state. Alternatively, we also use the representation
without R where edges (i, j) are labelled by P (i, j)R(i), which clearly contains
the same information.
The chain then evolves in a manner similar to the discrete-time Markov chain.
The only difference is that a random time is spent in a state before a transition
to the next one is taken. Due to the Markov property (M), the time spent
in state s is given by a negative exponential distribution. More precisely, the
probability that s is left within time t is 1 − e−R(s)·t . For more details, see
Paper E.

2.2

Non-deterministic systems

Markov chains have been a successful modelling framework not only in computer science, but also in operation research, telecommunication or biology.
Huge effort has been invested to deal with Markov chains. There are many
tools for analysis of Markov chains, e.g. PEPA [TDG09], PRISM [KNP11],
MRMC [KZH+ 09] to name a few commonly used in computer science, as well
as toolboxes for computing environments such as Matlab [MAT13] or Mathematica [Mat12], or countless simulation tools. These tools have been applied
in real practice to analyse e.g. network, embedded, or chemical and biological
systems.
Using Markov chains, one can model closed systems (with no inputs from the
environment, but stochastic ones) and answer questions such as “What is the expected response time of a service?” or “What is the probability of failure before
the next scheduled maintenance?”. However, as cyber-physical systems often
communicate with the user and are distributed, such features as communication with the surrounding physical environment, I/O data flow, synchronisation
between components, resource contention and hierarchical composition must be
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present in the framework. These features are added uniformly by a new kind
of transitions labelled by letters of an alphabet A, which is in our case again
required to be finite. Presence of such an outgoing transition under a letter
a ∈ A denotes the system is ready to synchronise on the action a. We say
a is available or enabled. If all participating systems have a enabled they can
jointly perform it and synchronously change their states to the targets of their
respective a transitions. We call the resulting system a composition of the original systems. Apart from these new “synchronising” actions, the systems still
may have “internal” (non-synchronising) action, which are performed by each
system alone without any interaction.
Whenever two actions can be performed at the same time, a non-deterministic
decision must be made. This means that some external entity resolves this
conflict. This entity is usually called a scheduler or a policy or in the gametheoretical context a strategy. Based on what happened so far, the scheduler
decides which of the enabled actions shall be performed. Since Markov chains
are discrete-event systems, the current history of what has happened is just a
finite sequence of configurations of the system. Formally, the scheduler is then a
(measurable) function σ : (S × T)∗ → P(A) returning a distribution on actions
as we allow the scheduler to choose an action randomly, too. The semantics of
the non-deterministic process M is then a set of Markov chains M σ generated
by applying the decisions of each scheduler σ.
These non-deterministic processes are often called decision processes. The nondeterminism in the decision processes can model many useful features:
• If the distribution on the environmental inputs is unknown or properties need to be guaranteed while not relying on the knowledge of the
distribution, the interaction with the environment can be modelled nondeterministically.
• In many plants, there are more options how to react to the input. The
optimisation task is then to choose among the possible responses so that
the plant is controlled in the most efficient way with respect to given
criteria.
• Systems and algorithms are often underspecified and leave more options
open, e.g. how to search a tree or pop from a set.
• Whenever several components are composed and they run concurrently, it
may be out of control in which order these independent components change
their states. They can even run on a single core and then a scheduling
policy must determine in which order they are executed.
Now that we know that the semantics of a decision process M is the set {M σ |
σ is a scheduler}, how do we interpret that? When does a decision process
satisfy a property? For systems without non-determinism, whenever we have
a property φ of e.g. a probabilistic logic, then the stochastic process (Markov
chain) either satisfies the property (denoted M |= φ) or not. The model checking
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problem is then to decide which of the two is the case. For non-deterministic
systems either all chains from the set satisfy φ, or none of them, or some do and
some do not. The generalised model checking problem is then to decide which
of the three happens and if the last option is the case then also to synthesise
witnessing schedulers. Furthermore, we are mostly interested in one of the two
specialised questions:
1. ∀σ : M σ |= φ ?
2. ∃σ : M σ |= φ ?
We ask the first question if the non-determinism is demonic (uncontrollable,
adversarial). This means we cannot affect the choices and to be safe we have
to count on the worst. An example is the first bullet with the unknown inputs
from the user where we cannot assume anything unless we want to end up in a
court.
The second question is posed in the case with angelic (controllable) non-determinism. Here we assume we can control the choices. If the answer is yes we also
want to obtain a scheduler that achieves the goal φ so that we can implement
it into the plant. An example is the second bullet.
The third and fourth bullets are examples of non-determinisms that are angelic
or demonic depending on the setting. Furthermore, it may be necessary to have
both angelic and demonic non-determinisms in our system if there are both
controllable and uncontrollable components. Such a system is then called a
game. In order to obtain a Markov chain, we need to apply a pair (σ, π) of
schedulers: the first being angelic and the latter demonic. We usually ask the
question whether we can control the controllable parts so that no matter what
happens in the uncontrollable part, the property is satisfied. Formally we ask
3. ∃σ : ∀π : M σ,π |= φ ?
If the answer is positive, we again want to synthesise the respective scheduler
σ. For this reason, the task to decide the model checking question and compute
the respective scheduler is often called synthesis. In the discrete-time setting,
this question has been posed already in [Chu57]. The alternative question with
quantifiers swapped is not that much interesting as the scheduler of the environment rarely becomes known to the scheduler of the plant. In this thesis we deal
with decision processes as well as games. For an overview of the relationships
among the discussed systems, see Figure 2.1 and 2.2.

2.2.1

Markov decision processes and games

There are traditional models (see e.g. [Put94, FV96]) of discrete-time Markov
decision processes (MDP) and their game extension as well as continuous-time
Markov decision processes (CTMDP) and their new game extension of ours. In
all these models, the synchronisation and random steps strictly alternate and
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Game
(with both non-determinisms)

Decision process
(with angelic non-determinism)

Decision process
(with demonic non-determinism)

Stochastic process
(with no non-determinism)
Figure 2.1: Processes with zero, one and two non-determinisms
hence are merged into one step, which often simplifies argumentation. Formally,
they consist of the set S of states and the initial distribution µ similarly to
Markov chain, but the transition function is now P : S × A → P(S). After
visiting states s0 s1 · · · sn , a transition to a state s is taken with probability
X

σ((s0 , 0)(s1 , 1) · · · (sn , n))(a) · P (sn , a)(s)

a∈A

The same holds for games where we, moreover, distinguish which state belongs
to which player and depending on that we take decision of σ or π into account. In the discrete-time case, we call them stochastic games (SG) and in the
continuous-time case continuous-time stochastic games (CTSG).

2.2.2

Interactive Markov chains and games

CTMDP are a simple and useful framework as long as composition is not involved. Further, the process algebras designed for description of Markov chains,
such as Hillston’s PEPA[Hil96], are compositional, but the result often does not
faithfully reflect the real behaviour. Indeed, in PEPA the rate of a synchronisation is set to be the minimum of the synchronising rates in order to model that
the faster process waits for the slower one. However, this is imprecise if both
run at a similar speed and thus not finish in a fixed order, see e.g. [Her02].
To bridge the gap between CTMDP and compositional methodology, interactive Markov chains (IMC) [HHK02] with their corresponding process algebra
have been designed. This allows for building complex Markov models in a compositional, hierarchical way. Technically, it is sufficient to strictly separate the
synchronising immediate transitions from the random timed transitions and not
require alternation. Formally, the states are partitioned into Markovian states
with transitions as in CTMC, and immediate states with the transition function
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CTSG
CEG

SG
CTMDP
IMC

Game
MDP

N

LTS

CTMC
MC

N

Path
CT

P

Figure 2.2: Processes with non-determinism (N), Markovian probabilities (P),
and continuous time (CT).
S × A → S.†
In the same way, we can extend this concept to games. However, the reader
might ask whether timing should not at least partially be under control of the
schedulers. For instance, the user may delay the input as long as he likes; the
plant might also take its time to choose its response. This is partially developed
in Papers F and G in the form of controller-environment games (CEG) where
timing is partially under control of the demonic non-determinism. However,
the model where time is governed by both non-determinisms remains out of the
scope of this thesis. Nevertheless, let us at least note that problems over such
games become very easily undecidable [BF09].

2.3

Quantitative properties

The properties to be checked or optimised range from verification questions such
as “What is the probability of visiting an unsafe state?” to performance questions “What is the average throughput?”. However, as argued e.g. in [BHHK10],
verification and performance evaluation have become very close in the setting of
† Here we employ the maximum progress assumption and thus ignore any stochastic
continuous-time transitions if internal transitions are enabled, see Paper F. Therefore, no
“mixed” states are present.
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stochastic systems. Indeed, consider a simple system repeatedly sending messages. When asking “What is the probability that a message gets lost on the
way?” it is both a question of quantitative verification as well as a question on
average performance of the protocol. Further, liveness-like question as “something good eventually happens” are often bounded by a finite horizon under
consideration, which turns them into safety questions. The desirable properties
of safety, reliability, dependability and performance thus go hand in hand here.
Although these are all temporal properties and thus are evaluated based on
monitoring the system over time, we may still fuzzily distinguish two kinds of
properties:
• Cumulative properties are closer to performance measures. They stress
the total portion of time (discrete or continuous) spent in states more
than the order of visits. Typical properties are concerned with averages,
sums or discounted sums of rewards collected during the run. (Note that
this includes the reachability property, i.e. that a given state of the system
will eventually be reached with some probability.)
• Structural properties are closer to verification. The ordering of events happening is crucial, such as in “A packet is being resubmitted and no other
action is taken until its reception is acknowledged”. These properties are
typically expressed using temporal logics. (Again note that reachability is
an example of such properties.)
While the properties of the first kind usually evaluate a run to a real number, in
the second case the range is often 0 and 1. The overall result is then a weighted
sum or integral taken over the whole system. One can also examine the whole
distribution function of the values. While this gives no more information in
the second setting, a lot more additional information is yielded in the first
case. (Indeed, consider a system where every other message of each user is lost
compared to one where half of the users communicate perfectly and the other
half not at all.)
While the former class has traditionally been in focus of stochastic analysis, in
this thesis, we focus more on the latter class. However, as we investigate also the
fundamental reachability questions, the results have impact for both classes.‡

2.3.1

Properties of linear and branching time

One of the most successful ways to express properties of systems are temporal
logics. As opposed to predicate logic, they are tailored to this task and thus
easier to use and easier to analyse. The main feature of these logics is the
ability to talk about events subsequently happening over time in the system,
and to do so using a couple of built-in specialised constructs. Let us present
as an example the linear temporal logic (LTL) [Pnu77]. For us, this will be the
‡ For

author’s papers on analysis of the properties of the former kind, see Section 1.3.1.
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most important example for the discrete-time systems (or the continuous-time
systems where precise timing is not important). A formula of this logic is given
by the following syntax:
φ ::= a | ¬φ | φ ∧ φ | Xφ | φ1 Uφ2
where a ranges over propositions that can be atomically evaluated in a system’s
state to be true or false, e.g. “this is an error state” or “the system is ready
to receive a request”. As usual with logics, we have Boolean connectives. The
most interesting part are temporal operators X and U. A formula Xφ holds
if ϕ in the next step of the computation (recall the time being discrete here).
A formula φ1 Uφ2 holds if eventually φ2 will hold for a moment and up to this
moment φ1 holds. This way we can formalise e.g. the property “A packet is being
resubmitted and no other action is taken until it is acknowledged” mentioned
above as (resubmit ∧ noother )Uack using the appropriate atomic propositions.
Further, we often use derived operators F and G. Here Fφ holds iff Uφ holds,
meaning φ will eventually hold at some point of time; and Gφ holds iff ¬F¬φ
holds, meaning φ will hold from now forever.
A formula φ of LTL can thus be evaluated on a run to be true or false. Further,
φ is said to hold in a (non-probabilistic) system such as LTS if all runs of
the system satisfy φ. LTL is a logic of linear time as it expresses properties
of runs. However, one may demand that the fact that “all runs from a state
satisfy a property” is a first-order citizen of the logic. This leads to logics of
branching time where the the most common logic used is computation tree logic
(CTL) [CE81]. The syntax is very similar, but every operator is preceded by
either ∀ meaning that all paths from the current state satisfy the property,
or ∃ meaning there is a path from the current state satisfying the property.
An example of a property expressible by CTL is “at every time point there
is an action enabled leading us to a state where emergency holds” written as
∀G(∃Xemergency).

2.3.2

Probabilistic and timed extensions

As the logics discussed above are not able to cope with many quantitative properties of interest, they have been extended to handle probabilistic behaviour and
precise timing.
Various temporal logics have been proposed capturing properties of probabilistic
systems. The main idea is to interpret the same logics as for non-probabilistic
systems now over probabilistic systems by replacing “all runs” with “almost all
runs”, i.e. “with probability 1”. This probabilistic interpretation was introduced
already in [LS83] for CTL and in [Var85] for LTL. However, the probabilistic
quantification is only qualitative here. Using the probabilistic quantification
and negations we can only express that something happens with probability
= 1, > 0, < 1, or = 0. The full quantitative probabilistic extensions have been

18CHAPTER 2. QUANTITATIVE MODELS, PROPERTIES AND ANALYSIS
considered only later in PCTL [HJ94] and probabilistic LTL model checking as
in PRISM [KNP11] (often also called quantitative model checking). Here the
probabilistic operator expresses that a property holds true with a probability in
some interval. The syntax of probabilistic LTL formula is then
P∈[a,b] φ
where [a, b] ⊆ [0, 1] is an interval and φ is an LTL formula. The model checking
problem for Markov chains is then to decide whether the probability p := P[φ]
that φ holds lies in the interval [a, b]. Furthermore, we are often rather interested
in computing or approximating p. For a decision processes M , p is given as
σ

sup PM [φ]
σ
σ

where σ ranges over all (or a subclass of) schedulers and PM is the probability
measure P of the stochastic process M σ . Of course, infimum can be considered,
too. Further, the problem is generalised to games similarly as the generalised
model checking is further generalised to question 3. in Section 2.2 and p is then
sup inf PM
σ

π

σ,π

[φ]

(2.1)

where π ranges over the adversarial schedulers as in Section 2.2. As usual in
game theory, if a strategy achieves the extremum, it is called optimal; if it
achieves an ε-neighbourhood of the extremum, it is called ε-optimal.
The same probabilistic extensions happen with PCTL where every operator is
parametrised by an interval. Orthogonally, logics have been extended with time.
CTL has been extended with time to TCTL [ACD90], while MTL [Koy90] is a
timed extension of LTL. Here essentially the time bounded reachability (reachability until a given time) has been substituted for the standard reachability.
More formally, the operators are now parametrised by a time interval. For
instance,
resubmit U[0,5] ack
says that the acknowledgement must arrive within 5 time units (and be preceded
by resubmissions up to that point).
Both probabilistic and timed extension of CTL is then covered in continuous
stochastic logic (CSL) [BHHK00]. The operators are then parametrised by an
interval (or inequality) both for probability and for time. A simple example is
then a formula
P≥0.9 F[0,5] goal
which expresses that one of the goal states is reached within 5 time units with
probability at least 90 per cent. This property is called time-bounded reachability. In general, we want to decide whether for a given time T and set of goal
states goal ,
P[F[0,T ] goal ]
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lies in a given interval. We also consider the same approximation problem and
game extension
σ,π
sup inf PM [F[0,T ] goal ]
(2.2)
σ

π

as above in (2.1). Computing (or at least approximating) time-bounded reachability is the core of checking whether any CSL formula holds and as such will
be one of the topics of the thesis.
As CSL is a logic of branching time, when interpreting it over non-deterministic
systems every formula is evaluated as infimum (or supremum) over all nondeterministic resolutions. This sometimes leads to counterintuitive results due
to nested quantification over the schedulers. One solution is to perform the
quantification once for the whole formula only, or in particular places only such
as in stochastic game logic (SGL) [BBGK07]. This probabilistic logic is based
on ATL [AHK97], an extension of CTL where strategy quantification is made
explicit. Further, one could also consider a probabilistic version of timed extensions of linear time logics. To the best of our knowledge, MTL has not
been considered in the probabilistic interpretation yet. However, deterministic
timed automata can serve as the automata antipode of MTL and can be used to
specify linear time properties. The probabilistic interpretation has been considered in [CHKM09, BKK+ 10, BKK+ 11]. The violation of the property “every
req must be answered by a resp within 5 time units” can be expressed as a
deterministic timed automaton (DTA) in Figure 2.3.2. A deterministic timed
automaton is like a standard finite automaton equipped with clocks that keep
on running, can be reset or checked against a constant when taking a transition.
A run is accepted by a DTA if it reaches a final state at least once [BKK+ 10]
or more generally infinitely often [CHKM09, BKK+ 10, BKK+ 11].
req
c := 0
resp
c>5
resp
req,resp
resp

c≤5

req

Figure 2.3: A deterministic timed automaton specification

2.4

Quantitative analysis

We now give a very brief overview of results on model checking the systems
and properties introduced above. The purpose of this section is to sketch the

20CHAPTER 2. QUANTITATIVE MODELS, PROPERTIES AND ANALYSIS
landscape of the verification and synthesis discipline and the positions of our
results therein.
We consider the systems of Figure 2.2. These are non-stochastic, discrete-time
stochastic and continuous-time stochastic systems each of which is considered in
its deterministic, non-deterministic and game form. In the tables below, we denote them by 0, 1, and 2, respectively, according to the number of players. The
problems we consider are model checking (1) non-stochastic systems with respect
to reachability, LTL and CTL, (2) stochastic systems with respect to their probabilistic (both qualitative and quantitative) extensions, and finally we consider
(3) quantitative continuous-time specifications. These are time-bounded reachability (TBR), deterministic timed automata (DTA), and continuous stochastic
logic (CSL). For better readability, we display the complexity of the respective
algorithms in the tables below. For more details on where and how these results
were obtained, please see Appendix I.
Table 2.1: Non-stochastic analysis
reachability
LTL
CTL

0
NL
P
P

1
NL
PSPACE
P

2
P
2-EXP
P

Observe the higher complexity of solving the LTL games. The problem is 2EXP-complete [PR89] since one needs to construct a deterministic ω-automaton
for the given LTL property φ (the reason for this will be explained in Chapter 3),
which may require space doubly exponential in |φ|. The very same difficulty
occurs when LTL model checking stochastic decision processes (for MDP the
problem is again 2-EXP-complete) and in quantitative model checking Markov
chains.
Table 2.2: Qualitative stochastic analysis
reachability
PLTL
PCTL

0
P
PSPACE
P

1
P
2-EXP
EXP

2
P
3-NEXP∩co-3-NEXP
?

Table 2.3: Quantitative stochastic analysis
reachability
PLTL
PCTL

0
P
2-EXP
P

1
P
2-EXP
undecidable

2
NP∩co-NP
3-NEXP∩co-3-NEXP
undecidable

Note that stochastic analysis also applies to continuous-time systems by simply
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ignoring the timing. This is done by ignoring the rates R. For continuoustime properties, the qualitative analysis can safely ignore the timing aspect
as the exponential distribution is supported on [0, ∞). However, the results
in quantitative analysis are much less encouraging. The main difficulty with
computing exact probabilities is caused by the irrationality and transcendence
of e, which is omnipresent due to the exponential distribution on the waiting
times. Time-bounded reachability probability
can be expressed
P in a rCTMC
and computed as an expression of the form
qi · e i where the sum is finite
and qi , ri are rational [ASSB96]. The comparison of such a sum to a rational
number is decidable using Lindemann-Weierstrass theorem, hence quantitative
reachability and CSL model checking is decidable (ibid.). However, apart from
that not much is known to be decidable. As a result, approximations are usually
considered instead.
Table 2.4: Continuous-time analysis
TBR
DTA
CSL

0
decidable
approximable
decidable

1
approximable
?
?

2
approximable
?
?

The focus of this thesis will be on
(1) quantitative probabilistic LTL model checking MDP and LTL model checking (non-stochastic) games, and
(2) quantitative time-bounded reachability in CTSG and IMC (which provides
a base for CSL model checking as there we iteratively check reachability
for the subformulae of the formula [ZN10]).
Since in (1) we are interested in optimising (closed or open) systems, we will
also discuss how to obtain optimal schedulers. We improve the complexity both
theoretically and practically. To achieve that, in Chapter 3 and in papers of
Part I, we propose a new type of a deterministic ω-automaton for representing
LTL properties that allows for more efficient analysis.
As for (2), we focus on optimisation of open systems. There are three different settings dealt with in the three papers of Part II. Namely, they are the
case where the structure of the environment is known (only its decisions are
unknown), the case with completely unknown environment, and the case where
the environment is unknown but conforms to a known specification. We provide
analysis techniques for all the cases and a specification formalism for the last
one. As mentioned above, the area of continuous-time systems mostly relies on
approximations. Therefore, although we give optimal schedulers in some cases,
we mostly focus on synthesising ε-optimal schedulers.
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Chapter 3

Discrete-time systems
In this chapter, we focus on the analysis of time-unbounded properties. The
properties of interest are expressed as formulae of LTL. We consider both
discrete-time and continuous-time systems. However, note that the precise waiting times are irrelevant for LTL properties. Therefore, instead of CTMDP we
work with the “embedded” discrete-time MDP instead. The same holds for
games. Here we thus focus on analysis of MDP and (non-stochastic) games.

3.1

State of the art

While model checking purely branching logics such as CTL can be done inductively, where each step amounts to optimising reachability probabilities, the case
with LTL is more complex. The model checking task cannot be decomposed into
checking subformulae and has to deal with the whole formula at once. Along the
lines of the automata theoretic approach to verification [VW86], the negation
of the formula φ to be verified is first transformed to an ω-automaton A to be
multiplied with the system S and then checked for emptiness as described in
Algorithm AllRunsConform(S, φ) in Figure 3.1.
Algorithm AllRunsConform(S, φ)
1. A ← ω-automaton for ¬φ
2. return L(S ⊗ A) = ∅
Figure 3.1: Algorithm for non-probabilistic verification of LTL over transition
systems
For systems without probabilities and without the second non-determinism, A
is usually a (non-deterministic) Büchi automaton. Firstly, it is rich enough
23
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to express LTL.∗ Secondly, it is guaranteed to be at most exponentially larger
than φ. In contrast, deterministic Büchi automata cannot express the whole
LTL, e.g. FGa, and singly exponential procedure cannot exist for deterministic
Muller or deterministic Rabin automata [KR10]. This approach is graphically
summarised in Figure 3.2.

System

Linear time property

expressed as a

expressed as an

(Non-deterministic)
transition system S

LTL formula φ

(Non-deterministic)
Büchi automaton A

Product S ⊗ A
to be checked
for emptiness
Figure 3.2: Automata-theoretic approach to non-probabilistic verification

However, checking systems with probabilities or with two players requires A
be deterministic. Intuitively, the non-determinism of A is neither angelic nor
demonic as it is not resolved during the run, but only after the infinite run of
the system is created. Therefore, when a Markov chain is multiplied with a
Büchi automaton, the resulting MDP cannot be played as a “pebble” game,
where non-determinism is always resolved in each step. Let us illustrate this
on a concrete example. Consider the Markov chain on the left and the Büchi
automaton on the right of Figure 3.3.

∗ It can express LTL, i.e. first order properties, as it can even express all ω-regular properties,
i.e. monadic second order properties.
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Figure 3.3: An example showing why non-deterministic automata cannot be
used in Algorithm AllRunsConform(S, φ) for probabilistic systems. The example is independent of whether a state or action based logic is used. For simplicity,
we use state-based notation where h is assumed to hold in the left state and t
in the right one.
The Markov chain produces a run by repeating coin tosses and announcing
head or tail. The Büchi automaton recognises the whole {h, t}ω , i.e. any run.
However, in the product MDP, half of the runs are rejected. Indeed, after
reading the first h (no matter which transition is taken in the automaton), in
the next step either h only or t only will be available. No matter whether we are
in the upper or the lower branch of the automaton, with 50 % chance, the only
available transition will lead to the trap state. The trouble is that a decision
had to be made in the first step, which was not informed about the future.
The same holds for games even without probabilities. Consider the following
game in Figure 3.4, actually with only the player whose task is to play so that
the run is not in the language of the automaton on the right.
h, t

t

h, t

h, t
h, t
h, t
h, t

h

h, t

Figure 3.4: An example showing why non-deterministic automata cannot be
used in Algorithm AllRunsConform(S, φ) for games.

26

CHAPTER 3. DISCRETE-TIME SYSTEMS

Consider now the product of the one-player game and the non-deterministic
automaton. This gives rise to a two-player game with the game player and the
automaton “player”. The game player always has a strategy how to make the
run rejected no matter what the automaton player does. Indeed, although the
language is again the whole {h, t}ω , the very first step resolves whether there are
finitely (in the upper branch) or infinitely (in the lower branch) many h’s and
the game player can adapt his strategy to then play only or no h’s, respectively.
Therefore, the problem again cannot be checked by a “pebble” game on the
product of S and A. Note that if there is only non-determinism trying to find
a conforming run, this problem does not arise as both players can cooperate.
Similarly, with only the other non-determinism (as in our example), we could
negate the formula first and switch the role of the player. However, when both
players are present, one will always be of the second kind causing the problem
above.
System

Linear time property

expressed as a

expressed as an

Markov chain,
Markov decision process,
game

LTL formula

Deterministic
Rabin automaton

Product to
be analysed
Figure 3.5: Automata-theoretic approach to synthesis and probabilistic verification
As a result, A must be deterministic if the approach of analysing the product as
in Algorithm AllRunsConform(S, φ) is taken. We illustrate this in Figure 3.5.
Note that there are alternatives, ranging from considering tree automata instead [KV05] over “in-the-limit-deterministic” automata [CY88] to restricting to
fragments allowing for deterministic Büchi automata (or “generators”) [AT04].
However, in the approach of Algorithm AllRunsConform(S, φ), Step 1. must
yield a deterministic ω-automaton. Deterministic Muller automaton would be
an option, but an expensive one. Although the state space is guaranteed to be
at most doubly exponentially larger than φ, the representation of the acceptance
condition can require triply exponential space. Thus both the construction in
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Step 1. and checking in Step 2. would often be infeasible. Therefore, deterministic Rabin (or also Streett) automata are used as they combine reasonable
state space size (can require more than Muller automata, but still fit in doubly
exponential space) with a compact representation of the acceptance condition.
As to Step 1., the standard way to produce Rabin automata from LTL formulae is to first obtain a non-deterministic Büchi automaton and then determinise it using the procedure of Safra [Saf88] or its variants, extensions and
optimisations [MS95, Pit06, KB06]. Both steps are in the worst case exponential, see Figure 3.6. Unfortunately, this is unavoidable as the problems of
LTL model checking MDP and LTL game solving are 2-EXP-complete. Note
that the most widespread probabilistic model checker PRISM [KNP11] uses this
approach by chaining LTL2BA [GO01]—transforming LTL to Büchi automata—
and ltl2dstar [Kle]—determinising Büchi automata to deterministic Rabin
automata. We note that the approach of LTL2BA has been developed because
of poor performance of the tableaux method for fairness constraints. However,
despite LTL2BA yielding smaller automata for fairness constraints, the approach
of PRISM often fails here as the determinisation then blows the automata up to
sizes beyond practical use.
Step 2. then for MDP requires to compute maximal end-components satisfying
the Rabin condition and then to optimise the probability to reach them. Step 2.
for games consists in deciding the existence of winning strategies in the Rabin
games.

LTL formula

EXP

tableaux method [LP85, GPVW95] used in Spin [Hol97]
alternating automata [GO01] used in LTL2BA (ibid.)

non-det. Büchi
automaton
determinisation Safra [Saf88] used in ltl2dstar [Kle]
Muller-Schupp [MS95]
EXP
Piterman [Pit06]
det. Rabin
automaton
Figure 3.6: The standard way of translating LTL to deterministic ω-automata.
All algorithms are also implemented in the academic tool GOAL [TCT+ 08].
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3.2

New results

In Part I of the thesis, we show how Algorithm AllRunsConform(S, φ) of the
previous section can be significantly improved:
• Firstly, we give a direct way to compute Rabin automata from formulae
of some LTL fragment without using non-deterministic automata. We
avoid the determinisation procedures, which are designed to cope with
general Büchi automata, i.e. automata stemming from formulae not only
of LTL, but also of (monadic) second order logic. This results in a more
specialised procedure yielding (1) often smaller automata, (2) state space
with clear logical structure as opposed to the results of Safra’s construction (oriented trees over subsets of states with binary flags are generally
regarded as “messy” [Kup12]), and (3) is considerably simpler than the
general Safra’s construction (together with the translation of formulae to
Büchi automata).
• Secondly, we introduce a new kind of deterministic ω-automaton which
we call either generalised Rabin automaton (DGRA) or automaton with
a generalised Rabin pairs acceptance condition as an intermediate step of
the construction, see Figure 3.7. This deterministic automaton is often
a much more compact representation of the corresponding de-generalised
Rabin automaton (cf. generalised Büchi automata and Büchi automata,
for details see below). For more complex formulae, the difference grows
fast in orders of magnitude, see Table 3.2. The only price we have to
pay is a slightly more complex acceptance condition. However, we show
it is basically as easy to handle as the Rabin acceptance condition, both
for MDP and games analysis (as required by Step 2. of the approach of
Algorithm AllRunsConform(S, φ)). This yields a significant speed-up, see
Table 3.3 and 3.4.
The drawback of this method is that it currently does not cover the whole LTL.
We first give a translation for LTL(F, G) only and then for LTL(X, F, G, U)
where U does not appear inside the scope of any G in the negation (also called
positive) normal form. The translation of the whole LTL is a subject of our
current research and we conjecture this method to be extensible to the whole
LTL.
Similarly to [WVS83], our translation (1) deals with “finitary” properties using
an automaton that checks local consistency after one transition is taken and (2)
uses a separate automata mechanism that checks “infinitary” properties such
as a satisfaction of a subformula infinitely often (or almost always in our case,
too). The idea of the translation relies on two observations. Firstly, we can
cope with “finitary” properties by lazily unfolding the formula.
Example 1. The formula φ = Ga ∨ Fb is equivalent to (a ∧ XGa) ∨ b ∨ XFb,
which provides a way to determine a formula that is to be satisfied in the next
step if we know the current valuation. For example, if a holds and b does not
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LTL formula

lazy unfolding

resolving connectives

non-det. Büchi
automaton

determinisation

det. generalised
Rabin automaton

de-generalisation

det. Rabin
automaton
Figure 3.7: A new way of translating LTL to deterministic ω-automata

then the formula to be satisfied in the next step remains the same φ as opposed to
the other translation methods, which non-deterministically pick which disjunct
will hold, see Figure 3.8.
a ∧ ¬b
φ
a

φ
¬a ∧ ¬b

tt
b

Ga
a

b

Fb

tt

Fb

b

¬b

b

tt

tt

tt

tt

Figure 3.8: Automata produced by the traditional approaches (on the left) and
the new approach (on the right) for formula φ = Ga ∨ Fb
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Secondly, when there are more sets of states to be visited infinitely often, we capture that in the acceptance condition similarly as in translations via generalised
Büchi automata. Similarly as generalised Büchi can be further de-generalised,
see e.g. [BK08], we can also de-generalise DGRA into Rabin automata.
Example 2. For the formula φ = GFa ∧ GFb we can have the following automaton, which simply keeps the current valuation in its state. The acceptance
condition corresponding to φ is to visit some of the right states and some of the
lower states infinitely often. As Rabin conditions cannot express this (without
blowing up the state space), we introduce a more powerful condition.
¬a ∧ ¬b
¬a ∧ ¬b

¬a ∧ ¬b

a ∧ ¬b

a ∧ ¬b

a ∧ ¬b
¬a ∧ ¬b
a ∧ ¬b
¬a ∧ b

¬a ∧ ¬b

a∧b

a ∧ ¬b

¬a ∧ b
a∧b
¬a ∧ b
¬a ∧ b

¬a ∧ b

a∧b

a∧b

a∧b

Figure 3.9: Automaton for φ = GFa ∧ GFb

Generalised Rabin pairs acceptance condition
All standard types of ω-automata share the same structure, and differ only in
their acceptance condition. We recall some of the most used conditions. All sets
below are subsets of the set of states. Further, we abuse the notation and use
“conjunctions” and “disjunctions” of sets. They are purely symbolic and serve
to ease reading of the conditions as logic-like formulae.
• A Büchi condition is given by a set I. A run is accepting if it visits I
infinitely often.
• A generalised Büchi condition is a conjunction
^
Ii
i=1..n

of Büchi conditions; thus we need to visit each I i infinitely often.
• A Rabin condition is a disjunction
_
j=1..k

(Fj , Ij )
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of Rabin pairs; for some j we must visit Fj finitely often and Ij infinitely
often.
Inspired by Example 2, we introduce our generalisation of the Rabin condition.
• A generalised Rabin pairs condition is a Rabin condition generalised in
the same way the Büchi condition is generalized, i.e. it is a disjunction
_
^
(Fj ,
Iji )
j=1..k

i=1..n

of generalised Rabin pairs; for some j we must visit Fj finitely often and
each Iji infinitely often. Note that there is no need to use conjunctions on
the first components as F 1 and F 2 are visited finitely often if and only if
F 1 ∪ F 2 is visited finitely often.†
Example 3. Consider the conjunction
^
GFai ⇒ GFbi
i∈{1,...,n}

of strong fairness constraints. While the traditional approach of Figure 3.6 is
hardly able to handle conjunction of three conditions (it takes more than a day
to compute the automaton), our new approach generates automata of sizes comparable to non-deterministic automata. We display experimental results in Table 3.1. Our approach is represented by our implementations Rabinizer [GKE12]
(Paper B) generating Rabin automata and Rabinizer 2 [KG13] (Paper D) generating generalised Rabin automata.
Table 3.1: Comparison of the methods on simple fairness constraints.
Automaton type NBA
DRA
DRA
DGRA DTGRA
Tool LTL2BA ltl2dstar Rabinizer Rabinizer 2
n=1
4
4
4
4
1
n=2
14
11 324
18
16
1
n=3
40
> 106
462
64
1

We also consider deterministic transition-based generalised Rabin automata
(DTGRA) where the sets are sets of transitions to be taken finitely/infinitely often. Their size is 1 for the following reason. The DGRA remembers here exactly
the last letter read as in Example 2. Therefore, we can easily encode DGRA as
a one-state TDGRA as follows. Whenever a state of a DGRA remembering letter ` is in a set of the state-based condition, the incoming transition under ` in
the TDGRA is in the set of the transition-based condition. In general, we store
† Furthermore, we could consider arbitrary Boolean combinations. However, our algorithm
generates the condition already in the disjunctive normal form and, moreover, we can only
provide efficient analysis for conditions in the disjunctive normal form.
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more information in the DGRA states, but TDGRA can still help to reduce the
size. However, since the systems under verification have valuations on states,
the information about the current valuation is present in the product anyway.
Hence the size of the product is not affected by this transition-based acceptance
optimisation. Therefore, we do not consider it here any more.
How can we use DGRA in the verification process, namely for probabilistic
LTL model _
checking and LTL synthesis?
^ Consider an automaton A with the
condition
(Fj , Ij ) where Ij =
Iji . There are two ways:
i=1..nj

j=1..k

• De-generalise A into a Rabin automaton. Similarly to the de-generalisation
of generalised Büchi automata, we create copies of A to track which Iji ’s
are now awaited for each j. The number of copies is thus
D := |

k
Y

Ij | = n1 · . . . · nk

j=1

which we call the de-generalisation index. This determines the ratio of a
de-generalised automaton (not employing any optimisations) to the original automaton.
Example 4. Again for the example of fairness constraints, we compare
the sizes of DGRA, the optimised and the naive de-generalisation and the
old approach in Table 3.2.
Table 3.2: Blow up caused by de-generalisation.
n

D

1
2
3
4

1
2
24
20736

DGRA
Rabinizer 2
4
16
64
128

DRA
Rabinizer
4
18
462
?

DRA
naive de-gen.
4
32
29568
> 106

DRA
ltl2dstar
4
11 324
> 106
?

Note that even with the naive de-generalisation the results are by orders
of magnitude smaller than those generated by the old approach.
• Directly use A as input to model checking/synthesis algorithms. Here
we need to extend these algorithms from the DRA setting to DGRA.
Fortunately, the complexity for model checking remains almost the same
and for synthesis is only D times slower [CGK13] (Paper C). We thus
obtain the following theoretical bounds for the speed up of our method,
where the speed up factor is defined as the ratio of the upper bounds for
the old and the new algorithm.
Theorem 1. The speed up factor for probabilistic LTL model checking
is at least D5/3 and for LTL synthesis Dk+1 .
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Note that the speed up even for probabilistic model checking is exponential
in the number of non-trivially generalised pairs, and is doubly exponential
in the number of fairness constraints in Example 3 and 4.

Probabilistic LTL model checking
For probabilistic model checking, the idea of the extension is very simple. We
take the traditional algorithm implemented in PRISM and at the point where we
check non-emptiness of the intersection of maximal end-components (MECs)
with the set to be visited infinitely often, we replace this by a conjunction over
all sets to be visited infinitely often. Our algorithm is depicted in Figure 3.10.
The box there replaces “Ij ” of the traditional algorithm.
Algorithm MaxConformingRuns(S, A)
1. For j = 1..k
(a) Remove S × Fj from S × A
(b) Compute the maximal end-component (MEC) decomposition
(c) If a MEC intersects each Iji , for i = 1, 2, . . . , nj
then include
S it as a winning MEC
(d) W inj := winning MECs (for the jth pair).
Sk
2. W in := j=1 W inj .
3. Return the maximal probability to reach W
Figure 3.10: Algorithm for the analysis of the product S × A
Example 5. We show experimental results on the Pnueli-Zuck randomised mutual exclusion protocol [PZ86], which has 2 368 states for 3 participants, 27 600
for 4 participants, and 308 800 for 5 participants. We consider running times of
ltl2dstar (L), optimised de-generalisation of DGRA into DRA by Rabinizer
(R), and the direct use of DGRA (GR). Table 3.3 further displays the degeneralisation index D and also the speed up R/GR of our method against
the de-generalisation method; this displays practical consequences of Theorem 1.
Finally, the speed up L/GR against the traditional method is shown.

LTL synthesis
The algorithm for games with generalised Rabin pairs winning condition is more
complex. It is an extension of progress mesasure style algorithms for Rabin
games and Streett games. Further, we also give a symbolic algorithm.
Example 6. The theoretically predicted speed up according to Theorem 1 for
2 fairness constraints (with D = 2, k = 4) is by factor 24 = 16, while for 3
fairness constraints (with D = 24, k = 8) it is by factor 248 ≈ 1011 . Below we
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Table 3.3: Experimental results for model checking (time-out after 1800 s)
Formula
Pmax =?[GFp1 =10
∧ GFp2 =10
∧ GFp3 =10]
Pmin =?[
(FGp1 6=0 ∨ FGp2 6=0 ∨ GFp3 =0)∨
(FGp1 6=10 ∧ GFp2 = 10 ∧ GFp3 = 10)]
Pmax =?[(GFp1 =0 ∨ FGp2 6=0)
∧(GFp2 =0 ∨ FGp3 6=0)
∧(GFp3 =0 ∨ FGp1 6=0)]
Pmax =?[(GFp1 =0 ∨ FGp1 6=0)
∧(GFp2 =0 ∨ FGp2 6=0)
∧(GFp3 =0 ∨ FGp3 6=0)]

#
3
4
5
3
4
5
3
4
5
3
4
5

L
1.2
17.4
257.5
289.7
−
−
−
−
−
−
−
−

R
0.4
1.8
15.2
12.6
194.5
−
122.1
−
−
76.3
1335.6
−

GR
0.2
0.3
0.6
3.4
33.2
543
7.1
75.6
1219.5
7.2
78.9
1267.6

R
GR

2.2
6.4
26.7
3.7
5.9
−
17.2
−
−
12
19.6
−

D
3
3
3
12
12
12
24
24
24
24
24
24

L
GR

6.8
60.8
447.9
84.3
−
−
−
−
−
−
−
−

show an experimental example for D = 6, k = 3. Apart from the running time,
we show columns “Size factor” displaying the ratio of the product size |S ⊗ A|
to the system size |S|.
Table 3.4: Experimental results for synthesis
Formula

|S|

(GFa ∨ FGb)
∧(GFc ∨ GF¬a)
∧(GFc ∨ GF¬b)

3
6
9

Size factor
L
R GR
21.1 10.1 4.0
16.2 9.2 3.7
17.6 9.2 3.6

L
−
−
−

Time
R
GR
117.5
12.3
− 196.7
− 1017.8

Chapter 4

Continuous-time systems
In this chapter, we focus on time-bounded reachability in continuous-time systems. We optimise the control in open systems, i.e. we deal with games where
both the controller of the plant and the inputs from the environment take turns.

4.1

State of the art

The environments here are modelled by processes of the same kind as the system
under verification. In this thesis, we consider CTMDP (in Paper E) and IMC
(in Paper F and G). We distinguish three different cases of the analysis:
• The structure is of the environment is known. This means that at the
verification time, we know the available actions of the environment and
its distributions on the waiting times at each moment. The only unknown
part are the decisions of the environmental scheduler, i.e. which action will
be chosen. This case is the most often considered one and has appeared
in various timed settings, e.g. [BF09, Spr11, HNP+ 11]. For continuoustime systems, this problem naturally translates to CTSG. We consider
two types of strategies in CTSG: time-abstract, which do not base their
decisions on the time waited (for example because they do not have access
to it) and time-dependent, which know the precise times.
In the time-abstract setting, the first algorithm to approximate timebounded reachability probability (2.2) appeared in [BHHK04] for oneplayer game (CTMDP) with one rate. Further, one can employ the method
of uniformisation—a transformation of systems with more rates to systems
with a single rate—to extend the result to systems with more rates [RS10].
In the time-dependent setting, analytic methods are too complex and numerical approaches are employed instead. The basic method is discreti35
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sation, applied to IMC in [ZN10] and thus directly applicable to CTMDP [NZ10]. The complexity has been further improved in [FRSZ11]
and [HH13]. A similar more involved approach closer to uniformisation
has been proposed in [BS11]. The idea of the discretisation method is to
chop time into small chunks and assume that at most one stochastic transition is taken in each chunk. Thus we obtain a discrete-time Markovian
system. Moreover, the probability that more than one transition happens is quadratically smaller than that of at most one happening, hence
we obtain quadratically small error, which becomes negligible for smaller
chunks. The optimisations then relax the assumption that only one transition happens in one chunk.
• The environment is completely unknown. This means there are no
limitations on what the environment can do except that it is again an
IMC/CTMDP, i.e. an unknown component of the same kind as our system. In the discrete setting this case is close to the classical synthesis
problem [Chu57]. In the continuous-time setting, this problem has to the
best of our knowledge not been considered. For other forms of timed
systems see the third case below.
Example 7. Consider the upper system of Figure 4.1, where outdated
is an action that takes place when both the system and the environment
have this action available in the current states. What are the guarantees
to reach the goal state (double circled) after at most 0.5 time units? The
worst case that can happen is the following. The environment first waits,
which yields high probability that the faulty branch happens. Shortly before the deadline (at ≈0.31) if this transition has not been taken yet, the
environment enables the outdated action. It is executed and we are taken
to a state where we are quite likely stuck till the deadline. The resulting
guaranteed lower bound is then ≈ 0.52.
• The environment is unknown, but conforms to a known specification. This means that we do not know its structure, but we have some
information about its behaviour. Proving properties based on this information is called assume-guarantee reasoning. Iterating this approach on
components of the system gives basis for a compositional method for verification. This approach has been widely used in the discrete setting [MC81,
AH96] as well as the real-time setting [TAKB96, AH97, HMP01].
Example 8. Consider the lower system of Figure 4.1. As opposed to
the previous example, we can derive no guarantees on reaching the target
state without any knowledge of the environment. Indeed, the environment
may enforce outdated and then block update forever. Therefore, in order
to obtain better guarantees, we would need to assume that update will be
available some time after executing outdated.
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Figure 4.1: Two examples of open IMC

4.2

New results

We now present our results for each of the three settings.

Known environment
Here we focus on continuous-time stochastic games, which we introduced in [BFK+ 09]
(Paper E is an extended journal version [BFK+ 13]). We consider time-abstract
schedulers and show the following:
• Even with countably infinite arenas these games are determined, i.e. (2.2)
equals to value where the supremum and the infimum are swapped.
• Optimal strategies may not exist in countably infinite arenas. However,
they exist for finitely branching games with rates bounded from above,
thus also in particular in finite games.
• We give an algorithm to compute optimal strategies in finite games with
one rate; moreover, we also describe their structure, which yields a finite
description of optimal strategies:
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Theorem 2. For every finite CTSG, there are computable optimal
time-abstract strategies and n ∈ N such that after n steps, the decisions
of the strategies depend only on the current state.
This algorithm on CTSG is also the first algorithm computing optimal
strategies in CTMDP. It has been further generalised to CTSG with more
rates in [RS10] using uniformisation.
The idea of our result is that after long enough time has most likely
elapsed (recall the strategies are time-abstract), the optimal strategy tries
to reach the goal in as few discrete steps as possible no matter what the
probabilities P
are. Our result reduces the problem to solving inequalities
k
ri
of the form
> 0 for rational qi , ri similarly as [ASSB96].
i=1 qi · e
Although the latter problem is decidable, there is no upper bound known.∗
• Therefore, we also give an approximative algorithm:
Theorem 3. For every finite game with n states, m actions, r rates,
maximum rate λ, bit length b of transition probabilities (considered as
fractions of integers), and ε > 0, ε-optimal time-abstract strategies for
time-bounded reachability till time t are computable in time


1
n · m · b · λ · t + ln
ε
2

2

2r+O(1)

This extends the result [BHHK04] for CTMDP.
Note that the complexity depends on the logarithm of the error in contrast to the results for time-dependent strategies. There the discretisation
approaches lead to dependencies on roots of the error at best [FRSZ11].

Unknown environment
Here we want to give guarantees on a system S no matter which environment
E it is composed with (recall the composition of Section 2.2 denoted here by
S k E). Furthermore, we want to compute the respective ε-optimal (timedependent) scheduler of S that yields this guarantee. Formally,† we want to
compute
σ,π

sup inf P(SkE)
σ
∗ That

[F[0,t] goal ]

(∗)

is why there is no upper bound known on CSL model checking CTMC.
π ranges over schedulers of the composition “respecting” σ. For details, see

† Technically,

Paper F.

E
π

4.2. NEW RESULTS

39

• We transform the problem to a game played on S where the second player
chooses some of the waiting times non-deterministically. We solve this
game using the discretisation approach. However, this game has the same
value only under some conditions as we show in [BHK+ 12] (Paper F),
under which the complexity stays the same as for the one player case
(closed IMC):
Theorem 4. For every ε > 0, t ≥ 0 and IMC S with n states and maximum rate λ, where internal (non-synchronising) actions and synchronising action are not available in the same state, an ε-approximation
of (∗) and the respective ε-optimal scheduler can be computed in polynomial time O(n2 λ2 t2 /ε).
• In [HKK13], (Paper G) we lift the assumption and give a solution to the
general case. In the previous case, the unknown environment E interferes
only with stochastic timed transitions which leads to games with stochastic
and non-deterministic time. Now E interferes with internal transitions as
well. This introduces incomplete information and leads to games with
partial observation yielding worse complexity:
Theorem 5. For every ε > 0, t ≥ 0 and IMC S, an ε-approximation
of (∗) and the respective ε-optimal scheduler can be computed in exponential time.

Specified environment
In compositional assume-guarantee analysis, we ask what guarantees we can get
for our system S when it works in composition with an unknown environment
E satisfying a specification ϕ. Formally, we want to compute
σ,π

sup inf P(SkE)
σ

E|=ϕ
π

[F[0,t] goal ]

(∗∗)

In Paper G, we design a specification formalism for expressing assumptions and
an algorithm for computing guarantees:
• Firstly, we provide a specification formalism to express assumptions on
continuous-time stochastic systems called modal continuous-time automata
(MCA). The novel feature of the formalism are continuous time constraints. They are like guards in time automata [AD94] only not using constants, but distributions. This is a crucial step for getting guarantees with
respect to time-bounded reachability in IMC. Indeed, hard bounds cannot
be applied in the setting where waiting is always positively distributed on
[0, ∞). Furthermore, to allow underspecification, we use modal extension
of automata following [LT88]. Further, as usual, we require determinism.
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Example 9. Recall Example 8 with the lower system of Figure 4.1. We
could not derive any guarantees unless we assume that update will be available some time after executing outdated. This is exactly what the MCA in
Figure 4.2 describes. Indeed, if update comes nothing changes; outdated
may not be available, but if it is and is taken then we go to another state.
We stay there for at most the time distributed according to the exponential
distribution with rate 3, and then move to a state where update must be
present. However, if it is not taken (because S was not ready) then the
time flow (denoted by >) leads us to the starting situation. Assuming this,
one can derive the same guarantee of ≈ 0.52 as in Example 7 for the upper
system of the same figure.
update

up-to-date

outdated

outdated

outdated

≤ Exp(3)
ready

wait

update

>
Figure 4.2: A modal continuous-time automaton
• Secondly, we integrate the assume-guarantee reasoning to the IMC framework. We show how to synthesise ε-optimal schedulers for IMC in an
unknown environment satisfying a given specification and approximate
the respective guarantee (∗∗). The approach is to compute some kind of a
product S × ϕ of the system and the specification and reduce this problem
to the previous one, namely computing
sup inf P(S×ϕ)kE
σ

E
π

σ,π

[F[0,t] goal ]

The product construction introduces further incomplete information to
the game, but the complexity class stays the same:
Theorem 6. For every ε > 0, t ≥ 0, IMC S and MCA ϕ, we can
ε-approximate (∗∗) and compute an ε-optimal scheduler in exponential
time.

Chapter 5

Summary of the results and
future work
The thesis contributes in two areas:
Firstly, we have provided a novel translation of LTL formulae to ω-automata. It
introduces a new type of deterministic ω-automata with generalised Rabin pairs
acceptance condition, which allows for
• much more compact representation of many LTL formulae than Rabin
automata [KE12];
• almost as efficient analysis as Rabin automata both for probabilistic LTL
model checking and LTL synthesis [CGK13];
• speed up in orders of magnitude even for very small, but more complex formulae such as fairness constraints, at least by factor of D5/3 for probabilistic model checking and Dk+1 for synthesis, where D is the de-generalisation
index and k the number of pairs.
We have provided tools for translating formulae of LTL fragments to deterministic generalised Rabin automata. The tool Rabinizer [GKE12] covers
LTL(F, G) and has been experimentally incorporated to PRISM [CGK13]. Secondly, Rabinizer 2 [KG13] covers LTL(X, F, G, U) \ GU where U operators
are not in the scope of G operators.
In future work, we plan to extend the translation algorithms to make use of
the generalised condition for the whole LTL. Further, we plan to release an
implementation of our method, which would be downloadable as a plug-in for
PRISM and thus would facilitate practical use of our method.
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Secondly, we have also studied optimisation of open continuous-time systems
with respect to the fundamental problem of time-bounded reachability. We
have shown how to
• compute optimal and ε-optimal time-abstract strategies in [BFK+ 13];
• compute ε-optimal strategies in IMC which operate in an unknown environment [BHK+ 12, HKK13] introducing a new concept of controller–
environment game, which is an asymmetric mixture of CTMDP and timed
automata;
• specify properties using a new formalism of modal continuous-time automata [HKK13] using continuous time constraints;
• compute ε-optimal strategies in an IMC operating in an unknown environment conforming to an MCA specification [HKK13]
In future work, we will focus on identifying structural subclasses of IMC allowing
for polynomial analysis. Further, we are aiming at designing a temporal logic
matching the needs of the assume-guarantee verification in this context and its
translation to MCA. Finally, we plan to implement our approach and employ
heuristics to cope with the higher complexity of incomplete information games.

5.1

Summary of the papers

In Part I of Appendix, we present the following papers:
A Deterministic automata for the (F,G)-fragment of LTL. (CAV 2012)
The paper provides a novel translation of LTL(F, G) to Rabin automata
and introduces the generalised Rabin pairs acceptance condition.
B Rabinizer: Small deterministic automata for LTL(F, G). (ATVA 2012)
This tool paper provides an optimised implementation of the construction
of Paper A.
C Automata with generalized Rabin pairs for probabilistic model checking and
LTL synthesis. (CAV 2013)
This paper extends verification algorithms from Rabin to the generalised
Rabin setting and shows both theoretical and experimental speed ups.
D Rabinizer 2: Small deterministic automata for LTL\GU . (ATVA 2013)
This tool paper extends the translation of Paper A to the fragment of
LTL(X, F, G, U) where U does not appear in the scope of any G, and
provides an implementation thereof.

5.1. SUMMARY OF THE PAPERS
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In Part II of Appendix, we present the following papers:
E Continuous-time stochastic games with time-bounded reachability. (Information and Computation 2013)
This paper is an extended journal version of an FSTTCS 2009 conference
paper [BFK+ 09]. It defines continuous-time stochastic games, investigates
their basic properties and gives algorithms to compute optimal and εoptimal time-abstract strategies.
F Verification of open interactive Markov chains. (FSTTCS 2012)
This paper identifies and solves the problem of synthesising ε-optimal
schedulers of IMC operating in an unknown environment.
G Compositional verification and optimization of interactive Markov chains.
(CONCUR 2013)
This paper introduces the specification formalism of modal continuoustime automata and solves the problem of synthesising ε-optimal schedulers of IMC operating in an unknown environment satisfying a given
specification.
In Appendix, each paper is again summarised and the author’s contribution is
listed. The percentage indicating the author’s contribution has been approved
by the respective co-authors.
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[BKLS12] Nikola Beneš, Jan Křetı́nský, Kim G. Larsen, and Jiri Srba. Exptimecompleteness of thorough refinement on modal transition systems. Inf.
Comput., 218:54–68, 2012.
[Bré99]
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Summary
Methods for probabilistic LTL model checking and LTL synthesis mostly require to construct a deterministic ω-automaton from a given LTL formula. The
standard way is to first translate the formula into a non-deterministic Büchi
automaton and then determinise it using Safra’s construction or its variants.
As this construction is very general and covers more than automata arising
from LTL, we design a more specialised translation tailored to the goal mentioned above. We give a translation of an LTL fragment with only the F and
G operators directly to a new kind of a deterministic ω-automaton called generalised Rabin automaton. This automaton can be further de-generalised into
a deterministic Rabin automaton. Preliminary experimental results show huge
improvements for more complex formulae such as e.g. fairness constraints.

Author’s contribution: 85 %
• design of the method,
• proof of correctness,
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• experimental implementation and evaluation,
• writing the paper from Section 2 onwards.

Deterministic Automata
for the (F,G)-fragment of LTL
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Abstract. When dealing with linear temporal logic properties in the
setting of e.g. games or probabilistic systems, one often needs to express
them as deterministic omega-automata. In order to translate LTL to deterministic omega-automata, the traditional approach first translates the
formula to a non-deterministic Büchi automaton. Then a determinization procedure such as of Safra is performed yielding a deterministic
ω-automaton. We present a direct translation of the (F,G)-fragment of
LTL into deterministic ω-automata with no determinization procedure
involved. Since our approach is tailored to LTL, we often avoid the typically unnecessarily large blowup caused by general determinization algorithms. We investigate the complexity of this translation and provide
experimental results and compare them to the traditional method.

1

Introduction

The ω-regular languages play a crucial role in formal verification of linear time
properties, both from a theoretical and a practical point of view. For modelchecking purposes one can comfortably represent them using nondeterministic
Büchi automata (NBW), since one only needs to check emptiness of the intersection of two NBWs corresponding to the system and the negation of the
property, and NBWs are closed under intersection. However, two increasingly
important problems require to represent ω-regular languages by means of deterministic automata. The first one is synthesis of reactive modules for LTL
specifications, which was theoretically solved by Pnueli and Rosner more than
20 years ago [PR88], but is recently receiving a lot of attention (see the references below). The second one is model checking Markov decision processes (see
e.g. [BK08]), where impressive advances in algorithmic development and tool
support are quickly extending the range of applications.
It is well known that NBWs are strictly more expressive then their deterministic counterpart, and so cannot be determinized. The standard theoretical
solution to this problem is to translate NBW into deterministic Rabin automata
(DRW) using Safra’s construction [Saf88] or a recent improvement by Piterman
?
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[Pit06]. However, it is commonly accepted that Safra’s construction is difficult
to handle algorithmically due to its “messy state space” [Kup12]. Many possible strategies for solving this problem have been investigated. A first one is
to avoid Safra’s construction altogether. A Safraless approach that reduces the
synthesis problem to emptiness of nondeterministic Büchi tree automata has
been proposed in [KV05,KPV06]. The approach has had considerable success,
and has been implemented in [JB06]. Another strategy is to use heuristics to
improve Safra’s construction, a path that has been followed in [KB06,KB07]
and has produced the ltl2dstar tool [Kle]. Finally, a third strategy is to search
for more efficient or simpler algorithms for subclasses of ω-regular languages.
A natural choice is to investigate classes of LTL formulas. While LTL is not as
expressive as NBW, the complexity of the translation of LTL to DRW still has
Θ(n)
22
complexity [KR10]. However, the structure of NBWs for LTL formulas
can be exploited to construct a symbolic description of a deterministic parity
automaton [MS08]. Fragments of LTL have also been studied. In [AT04], single
exponential translations for some simple fragments are presented. Piterman et
al. propose in [PPS06] a construction for reactivity(1) formulas that produces
in cubic time a symbolic representation of the automaton. The construction has
been implemented in the ANZU tool [JGWB07].
Despite this impressive body of work, the problem cannot yet be considered solved. This is particularly so for applications to probabilistic model checking. Since probabilistic model checkers need to deal with linear arithmetic, they
profit much less from sophisticated symbolic representations like those used in
[PPS06,MS08], or from the Safraless approach which requires to use tree automata. In fact, to the best of our knowledge no work has been done so far in
this direction. The most successful approach so far is the one followed by the
ltl2dstar tool, which explicitly constructs a reduced DRW. In particular, the
ltl2dstar has been reimplemented in PRISM [KNP11], the leading probabilistic
model checker.
However, the work carried in [KB06,KB07] has not considered the development of specific algorithms for fragments of LTL. This is the question we
investigate in this paper: is it possible to improve on the results of ltl2dstar
by restricting attention to a subset of LTL? We give an affirmative answer by
providing a very simple construction for the (F,G)-fragment of LTL, i.e., the
fragment generated by boolean operations and the temporal operators F and
G. Our construction is still double exponential in the worst case, but is algorithmically very simple. We construct a deterministic Muller automaton for a
formula ϕ of the fragment with a very simple state space: boolean combinations
of formulas of the closure of ϕ. This makes the construction very suitable for
applying reductions based on logical equivalences: whenever some logical rule
shows that two states are logically equivalent, they can be merged. (This fact
is also crucial for the success of the constructions from LTL to NBW.) Since
the number of Muller accepting sets can be very large, we also show that the
Muller condition of our automata admits a compact representation as a generalized Rabin acceptance condition. We also show how to efficiently transform
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this automaton to a standard Rabin automaton. Finally, we report on an implementation of the construction, and present a comparison with ltl2dstar. We
show that our construction leads to substantially smaller automata for formulas
expressing typical fairness conditions, which play a very important rôle in probabilistic model checking. For instance, while
V3ltl2dstar produces an automaton with
over one million states for the formula i=1 (GFai → GFbi ), our construction
delivers an automaton with 1560 states.

2

Linear Temporal Logic

This section recalls the notion of linear temporal logic (LTL) [Pnu77].
Definition 1 (LTL Syntax). The formulae of the (F,G)-fragment of linear
temporal logic are given by the following syntax:
ϕ ::= a | ¬a | ϕ ∧ ϕ | ϕ ∨ ϕ | Fϕ | Gϕ
where a ranges over a finite fixed set Ap of atomic propositions.
We use the standard abbreviations tt := a ∨ ¬a, ff ; = a ∧ ¬a. We only have
negations of atomic propositions, as negations can be pushed inside due to the
equivalence of Fϕ and ¬G¬ϕ.
Definition 2 (LTL Semantics). Let w ∈ (2Ap )ω be a word. The ith letter of
w is denoted w[i], i.e. w = w[0]w[1] · · · . Further, we define the ith suffix of w as
wi = w[i]w[i+1] · · · . The semantics of a formula on w is then defined inductively
as follows:
w |= a

⇐⇒ a ∈ w[0]

w |= ¬a

⇐⇒ a ∈
/ w[0]

w |= ϕ ∧ ψ

⇐⇒ w |= ϕ and w |= ψ

w |= ϕ ∨ ψ

⇐⇒ w |= ϕ or w |= ψ

w |= Fϕ

⇐⇒ ∃ k ∈ N : wk |= ϕ

w |= Gϕ

⇐⇒ ∀ k ∈ N : wk |= ϕ

We define a symbolic one-step unfolding U of a formula inductively by the
following rules, where the symbol X intuitively corresponds to the meaning of
the standard next operator.
U(a) = a
U(¬a) = ¬a
U(ϕ ∧ ψ) = U(ϕ) ∧ U(ψ)
U(ϕ ∨ ψ) = U(ϕ) ∨ U(ψ)
U(Fϕ) = U(ϕ) ∨ XFϕ
U(Gϕ) = U(ϕ) ∧ XGϕ
Example 3. Consider ϕ = Fa∧GFb. Then U(ϕ) = (a∨XFa)∧(b∨XFb)∧XGFb.
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3

Deterministic Automaton for the (F,G)-fragment

Let ϕ be an arbitrary but fixed formula. In the following, we construct a deterministic finite ω-automaton that recognizes the words satisfying ϕ. The definition
of the acceptance condition and its variants follow in the subsequent sections.
We start with a construction of the state space. The idea is that a state corresponds to a formula that needs to be satisfied when coming into this state.
After evaluating the formulae on the propositions currently read, the next state
will be given by what remains in the one-step unfold of the formula. E.g. for
Example 3 and reading a, the successor state needs to satisfy Fb ∧ GFb.
In the classical syntactic model constructions, the states are usually given by
sets of subformulae of ϕ. This corresponds to the conjunction of these subformulae. The main difference in our approach is the use of both conjunctions and also
disjunctions that allow us to dispose of non-determinism in the corresponding
transition function. In order to formalize this, we need some notation.
Let F and G denote the set of all subformulae of ϕ of the form Fψ and
Gψ, respectively. Further, all temporal subformulae are denoted by a shorthand
T := F ∪ G. Finally, for a set of formulae Ψ , we denote XΨ := {Xψ | ψ ∈ Ψ }.
We denote the closure of ϕ by C(ϕ) := Ap∪{¬a | a ∈ Ap}∪XT. Then U(ϕ) is
C(ϕ)
a positive Boolean combination over C(ϕ). By states(ϕ) we denote the set 22 .
Each element of states(ϕ) is a positive Boolean function over C(ϕ) and we often
use a positive Boolean formula as its representative. For instance, the definition
of U is clearly independent of the choice of representative, hence we abuse the
|ϕ|
notation and apply U to elements of states(ϕ). Note that | states(ϕ)| ∈ O(22 )
where |ϕ| denotes the length of ϕ.
Our state space has two components. Beside the logical component, we also
keep track of one-step history of the word read. We usually use letters ψ, χ when
speaking about the former component and α, β for the latter one.
Definition 4. Given a formula ϕ, we define A(ϕ) = (Q, i, δ) to be a deterministic finite automaton over Σ = 2Ap given by


– the set of states Q = {i} ∪ states(ϕ) × 2Ap
– the initial state i;
– the transition function


δ = { i, α, hU(ϕ), αi | α ∈ Σ}∪{ hψ, αi, β, hsucc(ψ, α), βi | hψ, αi ∈ Q, β ∈ Σ}
where succ(ψ, α) = U(next(ψ[α 7→ tt, Ap \ α 7→ ff ]) where next(ψ 0 ) removes
X’s from ψ 0 and ψ[T 7→ tt, F 7→ ff ] denotes the equivalence class of formulae
where in ψ we substitute tt for all elements of T and ff for all elements of
F.
Intuitively, a state hψ, αi of Q corresponds to the situation where ψ needs to be
satisfied and α is being read.
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Example 5. The automaton for Fa with Ap = {a} is depicted in the following
figure. The automaton is obviously unnecessarily large, one can expect to merge
e.g. the two states bearing the requirement tt as the proposition a is irrelevant
for satisfaction of tt that does not even contain it. For the sake of simplicity, we
leave all possible combinations here and comment on this in Section 8.
{a}
{a}
start

ha ∨ XFa, {a}i

i

a

∅

{a}
∅

htt, {a}i
{a}

∅

ha ∨ XFa, ∅i

htt, ∅i

∅

∅

The reader might be surprised or even annoyed by the fact that the logical
structure of the state space is not sufficient to keep enough information to decide
whether a run ρ is accepting. In order to ensure this, we remember one-step
history in the state. Why is that? Consider ϕ = GF(a ∧ Fb). Its unfold is then


XGF(a ∧ Fb) ∧ XF(a ∧ Fb) ∨ a ∧ (b ∨ XFb)
(∗)

Then moving under {a} results into the requirement GF(a∧Fb)∧ F(a∧Fb)∨Fb
for the next step where the alternative of pure Fb signals progress made by not
having to wait for an a. Nevertheless, the unfold of this formula is propositionally
equivalent to (∗). This is indeed correct as the two formulae are temporally
equivalent (i.e. in LTL semantics). Thus, the information about the read a is not
kept in the state and the information about this partial progress is lost! And
now the next step under both {b} and ∅ again lead to the same requirement
GF(a ∧ Fb) ∧ F(a ∧ Fb). Therefore, there is no information that if b is read,
then it can be matched with the previous a and we already have one satisfaction
of (infinitely many required satisfactions of) F(a ∧ Fb) compared to reading ∅.
Hence, the runs on ({a}{b})ω and ({a}∅)ω are the same while the former should
be accepting and the latter rejecting. However, this can be fixed by remembering
the one-step history and using the acceptance condition defined in the following
section.

4

Muller Acceptance Condition

In this section, we introduce a Muller acceptance condition. In general, the number of sets in a Muller condition can be exponentially larger than the size of the
automaton. Therefore, we investigate the particular structure of the condition. In
the next section, we provide a much more compact whilst still useful description
of the condition. Before giving the formal definition, let us show an example.
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Example 6. Let ϕ = F(Ga ∨ Gb). The corresponding automaton is depicted below, for clarity, we omit the initial state. Observe that the formula stays the same
and the only part that changes is the letter currently read that we remember
in the state. The reason why is that ϕ can neither fail in finite time (there is
always time to fulfill it), nor can be partially satisfied (no progress counts in this
formula, only the infinite suffix). However, at some finite time the argument of
F needs to be satisfied. Although we cannot know when and whether due to Ga
or Gb, we know it is due to one of these (or both) happening. Thus we may shift
the non-determinism to the acceptance condition, which says here: accept if the
states where a holds are ultimately never left, or the same happens for b. The
commitment to e.g. ultimately satisfying Ga can then be proved by checking
that all infinitely often visited states read a.
{a}

∅
∅
hU(ϕ), ∅i

hU(ϕ), {a}i
∅

{b}

∅

{a}
{a}
{a, b}

{b}

{a}

{b} {a, b}
hU(ϕ), {b}i

hU(ϕ), {a, b}i
{a, b}

{b}

{a, b}

We now formalize this idea. Let ϕ be a formula and A(ϕ) = (Q, i, δ) its corresponding automaton. Consider a formula χ as a Boolean function over elements
of C(ϕ). For sets T, F ⊆ C(ϕ), let χ[T 7→ tt, F 7→ ff ] denote the formula where tt
is substituted for elements of T , and ff for F . As elements of C(ϕ) are considered
to be atomic expressions here, the substitution is only done on the propositional
level and does not go through the modality, e.g. (a ∨ XGa)[a → ff ] = ff ∨ XGa,
which is equivalent to XGa in the propositional semantics.
Further, for a formula χ and α ∈ Σ and I ⊆ T, we put I |=α χ to denote
that
χ[α ∪ I 7→ tt, Ap \ α 7→ ff ]
is equivalent to tt in the propositional semantics. We use this notation to describe
that we rely on a commitment to satisfy all formulae of I.
Definition 7 (Muller acceptance). A set M ⊆ Q is Muller accepting for a
set I ⊆ T if the following is satisfied:
1. for each (χ, α) ∈ M , we have XI |=α χ,
2. for each Fψ ∈ I there is (χ, α) ∈ M with I |=α ψ,
3. for each Gψ ∈ I and for each (χ, α) ∈ M we have I |=α ψ.
A set F ⊆ Q is Muller accepting (for ϕ) if it is Muller accepting for some I ⊆ T.
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The first condition ensures that the commitment to formulae in I being
ultimately satisfied infinitely often is enough to satisfy the requirements. The
second one guarantees that each F-formula is unfolded only finitely often and
then satisfied, while the third one guarantees that G-formulae indeed ultimately
hold. Note that it may be impossible to see the satisfaction of a formula directly
and one must rely on further promises, formulae of smaller size. In the end,
promising the atomic proposition is not necessary and is proven directly from
the second component of the state space.
4.1

Correctness

Given a formula ϕ, we have defined a Muller automaton A(ϕ) and we let the
acceptance condition M(ϕ) = {M1 , . . . , Mk } be given by all the Muller accepting
sets Mi for ϕ. Every word w : N → 2Ap induces a run ρ = A(ϕ)(w) : N → Q
starting in i and following δ. The run is thus accepting and the word is accepted
if the set of states visited infinitely often Inf(ρ) is Muller accepting for ϕ. Vice
versa, a run ρ = i(χ1 , α1 )(χ2 , α2 ) · · · induces a word Ap(ρ) = α1 α2 · · · . We now
prove that this acceptance condition is sound and complete.
Theorem 8. Let ϕ be a formula and w a word. Then w is accepted by the
deterministic automaton A(ϕ) with the Muller condition M(ϕ) if and only if
w |= ϕ.
We start by proving that the first component of the state space takes care of
all progress or failure in finite time.
Proposition 9 (Local (finitary) correctness). Let w be a word and A(ϕ)(w) =
i(χ0 , α0 )(χ1 , α1 ) · · · the corresponding run. Then for all n ∈ N, we have w |= ϕ
if and only if wn |= χn .
Proof (Sketch). The one-step unfold produces a temporally equivalent (w.r.t. LTL
satisfaction) formula. The unfold is a Boolean function over atomic propositions
and elements of XT. Therefore, this unfold is satisfied if and only if the next
state satisfies next(ψ) where ψ is the result of partial application of the Boolean
function to the currently read letter of the word. We conclude by induction. t
u
Further, each occurrence of satisfaction of F must happen in finite time. As
a consequence, a run with χi 6≡ ff is rejecting if and only if satisfaction of some
Fψ is always postponed.
Proposition 10 (Completeness). If w |= ϕ then Inf(A(ϕ)(w)) is a Muller
accepting set.
Proof. Let us show that M := Inf(A(ϕ)(w)) is Muller accepting for
I := {ψ ∈ F | w |= Gψ} ∪ {ψ ∈ G | w |= Fψ}
As a technical device we use the following. For every finite Boolean combination ψ of elements of the closure C, there are only finitely many options to satisfy
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it, each corresponding to a subset of C. Therefore, if wi |= ψ for infinitely many
i ∈ N then at least one of the options has to recur. More precisely, for some subset α ⊆ Ap there are infinitely many i ∈ N with wi |= ψ ∪ α ∪ {¬a | a ∈ Ap \ α}.
For each such α we pick one subset Iχ,α ⊆ T such that for infinitely many i,
after reading wi = w[0] · · · w[i] we are in state (χ, α) and wi |= ψ ∪ XIχ,α , and
Iχ,α |=α ψ. We say that we have a recurring set Iχ,α modelling ψ (for a state
(χ, α)). Obviously, the recurring sets for all states are included in I, i.e. Iχ,α ⊆ I
for every (χ, α) ∈ Q.
Let us now proceed with proving the three conditions of Definition 7 for M
and I.
Condition 1. Let (χ, α) ∈ M . Since w |= ϕ, by Proposition 9 wi |= χ whenever
we enter (χ, α) after reading wi , which happens for infinitely many i ∈ N. Hence
we have a recurring set Iχ,α modelling χ. Since Iχ,α |=α χ, we get also I |=α χ
by Iχ,α ⊆ I.
Condition 2. Let Fψ ∈ I, then w |= GFψ. Since there are finitely many
states, there is (χ, α) ∈ M for which after infinitely many entrances by wi it
holds wi |= ψ by Proposition 9, hence we have a recurring set Iχ,α modelling ψ
and conclude as above.
Condition 3. Let Gψ ∈ I, then w |= FGψ. Hence for every (χ, α) ∈ M
infinitely many wi leading to (χ, α) satisfy wi |= ψ by Proposition 9, hence we
have a recurring set Iχ,α modelling ψ and conclude as above.
t
u
Before proving the opposite direction of the theorem, we provide a property
of Muller accepting sets opposite to the previous proposition.
Lemma 11. Let ρ be a run. If Inf(ρ) is Muller accepting for I then Ap(ρ) |= Gψ
for each ψ ∈ I ∩ F and Ap(ρ) |= Fψ for each ψ ∈ I ∩ G.
Proof. Denote w = Ap(ρ). Let us first assume ψ ∈ I ∩ F and wj 6|= ψ for
all j ≥ i ∈ N. Since ψ ∈ I ∩ F, for infinitely many j, ρ passes through some
(χ, α) ∈ Inf(ρ) for which I |=α ψ. Hence, there is ψ1 ∈ I which is a subformula
of ψ such that for infinitely many i, wi 6|= ψ1 . If ψ1 ∈ F, we proceed as above;
similarly for ψ1 ∈ G. Since we always get a smaller subformula, at some point
we obtain either ψn = Fβ or ψn = Gβ with β a Boolean combination over Ap
and we get a contradiction with the second or the third point of Definition 7,
respectively.
t
u
In other words, if we have a Muller accepting set for I then all elements of I
hold true in wi for almost all i.
Proposition 12 (Soundness). If Inf(A(ϕ)(w)) is a Muller accepting set then
w |= ϕ.
Proof. Let M := Inf(A(ϕ)(w)) be a Muller accepting set for some I. There is
i ∈ N such that after reading wi we come to (χ, α) and stay in Inf(A(ϕ)(w)) from
now on and, moreover, wi |= ψ for all ψ ∈ I by Lemma 11. For a contradiction,
let w 6|= ϕ. By Proposition 9 we thus get wi 6|= χ. By the first condition of
Definition 7, we get I |=α χ. Therefore, there is ψ ∈ I such that wi 6|= ψ, a
contradiction.
t
u
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5

Generalized Rabin Condition

In this section, we investigate the structure of the previously defined Muller
condition and propose a new type of acceptance condition that compactly, yet
reasonably explicitly captures the accepting sets.
Let us first consider a fixed I ⊆ T and examine all Muller accepting sets for I.
The first condition of Definition 7 requires not to leave the set of states {(χ, α |
I |=α χ)}. Similarly, the third condition is a conjunction of |I ∩G| conditions not
to leave sets {(χ, α) | I |=α ψ} for each Gψ ∈ I. Both conditions thus together
require that certain set (complement of the intersection of the above sets) is
visited only finitely often. On the other hand, the second condition requires to
visit certain sets infinitely often. Indeed, for each Fψ the set {(χ, α) | I |=α ψ}
must be visited infinitely often.
Furthermore, a set is accepting if the conditions above hold for some set I.
Hence, the acceptance condition can now be expressed as a positive Boolean
combination over Rabin pairs in a similar way as the standard Rabin condition
is a disjunction of Rabin pairs.
Example 13. Let us consider the (strong) fairness constraint ϕ = FGa ∨ GFb.
Since each atomic proposition has both F and G as ancestors in the syntactic
tree, it is easy to see that there is only one reachable element of states(ϕ) and
the state space of A is {i} ∪ 2{a,b} , i.e. of size 1 + 22 = 5. Furthermore, the
syntactic tree of U(ϕ) = XFGa ∨ (XGa ∧ a) ∨ (XGFb ∧ (XFb ∨ b)) immediately
determines possible sets I. These either contain Ga (possibly with also FGa or
some other elements) or GFb, Fb. The first option generates the requirement to
visit states with ¬a only finitely often, the second one to visit b infinitely often.
Thus the condition can be written as
({q | q |= ¬a}, Q) ∨ (∅, {q | q |= b})
and is in fact a Rabin acceptance condition.
We formalize this new type of acceptance condition as follows.
Definition 14 (Generalized Rabin Automaton). A generalized Rabin automaton is a (deterministic) ω-automaton A = (Q, i, δ) over some alphabet Σ,
where Q is a set of states, i is the initial state, δ : Q × Σ → Q is a transition
function, together with a generalized Rabin condition GR ∈ B + (2Q × 2Q ). A run
ρ of A is accepting if Inf(ρ) |= GR, which is defined inductively as follows:
Inf(ρ) |= ϕ ∧ ψ
Inf(ρ) |= ϕ ∨ ψ

⇐⇒ Inf(ρ) |= ϕ and Inf(ρ) |= ψ
⇐⇒ Inf(ρ) |= ϕ or Inf(ρ) |= ψ

Inf(ρ) |= (F, I)

⇐⇒ F ∩ Inf(ρ) = ∅ and I ∩ Inf(ρ) 6= ∅

The generalized Rabin condition corresponding to the previously defined
Muller condition M can now be formalized as follows.
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Definition 15 (Generalized Rabin Acceptance). Let ϕ be a formula. The
generalized Rabin condition GR(ϕ) is




^
^ 
_ 
 {(χ, α) | I 6|=α χ ∧
ψ}, Q ∧
∅, {(χ, α) | I |=α ω} 
I⊆T

Fω∈I

Gψ∈I

By the argumentation above, we get the equivalence of the Muller and the
generalized Rabin conditions for ϕ and thus the following.
Proposition 16. Let ϕ be a formula and w a word. Then w is accepted by the
deterministic automaton A(ϕ) with the generalized Rabin condition GR(ϕ) if
and only if w |= ϕ.
Example 17. Let us consider a conjunction of two (strong) fairness constraints
ϕ = (FGa ∨ GFb) ∧ (FGc ∨ GFd). Since each atomic proposition is wrapped
in either FG or GF, there is again only one relevant element of states(ϕ) and
the state space of A is {i} ∪ 2{a,b,c,d} , i.e. of size 1 + 24 = 17. From the previous
example, we already know the disjunctions correspond to (¬a, Q) ∨ (∅, b) and
(¬c, Q) ∨ (∅, d). Thus for the whole conjunction, we get a generalized Rabin
condition

 

(¬a, Q) ∨ (∅, b) ∧ (¬c, Q) ∨ (∅, d)

6

Rabin Condition

In this section, we briefly describe how to obtain a Rabin automaton from A(ϕ)
and the generalized Rabin condition GR(ϕ) of Definition 15. For a fixed I, the
whole conjunction of Definition 15 corresponds to the intersection of automata
with different Rabin conditions. In order to obtain the intersection, one has first
to construct the product of the automata, which in this case is still the original
automaton with the state space Q, as they are all the same. Further, satisfying
^
(G, Q) ∧
(∅, Ff )
f ∈F :=I∩F

amounts to visiting G only finitely often and each Ff infinitely often. To check
the latter (for a non-empty conjunction), it is sufficient to multiply the state
space by F with the standard trick that we leave the f th copy once we visit Ff
and immediately go to the next copy. The resulting Rabin pair is thus


G × F, Ff¯ × {f¯}
for an arbitrary fixed f¯ ∈ F.
As for the disjunction, Rabin condition is closed under it as it simply takes
the union of the pairs when the two automata have the same state space. In our
case, one can multiply the state space of each disjunct corresponding to I by all
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J ∩ F for each J ∈ 2T \ {I} to get the same state space for all of them. We thus
get a bound for the state space
Y
|I ∩ F| · |Q|
I⊆T

Example 18. The construction of Definition 15 for the two fairness constraints
Example 17 yields

(¬a ∨ ¬c, Q) ∨ (¬a, d) ∨ (¬c, b) ∨ (∅, b) ∧ (∅, d)
where we omitted all pairs (F, I) for which we already have a pair (F 0 , I 0 ) with
F ⊆ F 0 and I ⊇ I 0 . One can eliminate the conjunction as described above at the
cost of multiplying the state space by two. The corresponding Rabin automaton
thus has 2 · 1 · |{i} ∪ 2Ap | = 34 states. (Of course, for instance the initial state
need not be duplicated, but for the sake of simplicity of the construction we
avoid any optimizations.)
For a conjunction of three conditions, ϕ = (FGa ∨ GFb) ∧ (FGc ∨ GFd) ∧
(FGe∨GFf ), the right components of the Rabin pairs correspond to tt, b, d, f, b∧
d, b ∧ f, d ∧ f, b ∧ d ∧ f . The multiplication factor to obtain a Rabin automaton
is thus 2 · 2 · 2 · 3 = 24 and the state space is of the size 24 · 1 · (1 + 26 ) = 1560.

7

Complexity

In this section, we summarize the theoretical complexity bounds we have obtained.
The traditional approach first translates the formula ϕ of length n into a
non-deterministic automaton of size O(2n ). Then the determinization follows.
The construction of Safra has the complexity mO(m) where m is the size of the
input automaton [Saf88]. This is in general optimal. The overall complexity is
thus
n
n+log n
)
2n·O(2 ) = 2O(2
Ω(n)

The recent lower bound for the whole LTL is 22
[KR10]. However, to be more
n
precise, the example is of size less than 2O(2 ) . Hence, there is a small gap. To
the authors’ best knowledge, there is no better upper bound when restricting to
automata arising from LTL formulae or from the full (F,G)-fragment. (There
are results on smaller fragments [AT04] though.) We tighten this gap slightly as
shown below. Further, note that the number of Rabin pairs is O(m) = O(2n ).
Our construction first produces a Muller automaton of size
|T|

O(22

n

· 2|Ap| ) = O(22

+n

) ⊆ 2O(2

n

)

which is strictly less than in the traditional approach. Moreover, as already
discussed in Example 13, one can consider an “infinitary” fragment where every
atomic proposition has in the syntactic tree both Fand Gas some ancestors.
In this fragment, the state space of the Muller/generalized Rabin automaton

72

is simply 2Ap (when omitting the initial state) as for all α ⊆ Ap, we have
succ(ϕ, α) = ϕ. This is useful, since for e.g. fairness constraints our procedure
yields exponentially smaller automaton.
Although the size of the Muller acceptance condition can be potentially exponentially larger than the state space, we have shown it can be compactly written
as a disjunction of up to 2n of conjunctions each of size at most n.
Moreover, using the intersection procedure we obtain a Rabin automaton
with the upper bound on the state space
|T|

|F|2

n

n

· |Q| ∈ n2 · 2O(2

)

n

= 2O(log n·2

)

n+log log n

= 2O(2

)

( 2O(2

n+log n

)

thus slightly improving the upper bound. Further, each conjunction is transformed into one pair, we are thus left with at most 2|T| ∈ O(2n ) Rabin pairs.

8

Experimental Results and Evaluation

We have implemented the construction of the state space of A(ϕ) described
above. Further, Definition 15 then provides a way to compute the multiplication
factor needed in order to get the Rabin automaton. We compare the sizes of this
generalized Rabin automaton and Rabin automaton with the Rabin automaton
produced by ltl2dstar. Ltl2dstar first calls an external translator from LTL to
non-deterministic Büchi automata. In our experiments, it is LTL2BA [GO01]
recommended by the authors of ltl2dstar. Then it performs Safra’s determinization. Ltl2dstar implements several optimizations of Safra’s construction. The
optimizations shrink the state space by factor of 5 (saving 79.7% on average on
the formulae considered here) to 10 (89.7% on random formulae) [KB06]. Our
implementation does not perform any ad hoc optimization, since we want to evaluate whether the basic idea of the Safraless construction is already competitive.
The only optimizations done are the following.
– Only the reachable part of the state space is generated.
– Only atomic propositions relevant in each state are considered. In a state
(χ, α), a is not relevant if χ[a 7→ tt] ≡ χ[a 7→ ff ], i.e. if for every valuation,
χ has the same value no matter which value a takes. For instance, let Ap =
{a, b} and consider χ = U(Fa) = Fa ∨ a. Then instead of having four copies
(for ∅, {a}, {b}, {a, b}), there are only two for the sets of valuations {∅, {b}}
and {{a}, {a, b}}. For its successor tt, we only have one copy standing for
the whole set {∅, {a}, {b}, {a, b}}.
– Definition 15 takes a disjunction over I ∈ 2T . If I ⊆ I 0 but the set of states
(χ, α) with I |=α χ and I 0 |=α χ are the same, it is enough to consider
the disjunct for I only. E.g. for U(G(Fa ∨ Fb)), we only consider I either
{G(Fa ∨ Fb), Fa} or {G(Fa ∨ Fb), Fb}, but not their union.
This is an instance of a more general simplification. For a conjunction of
pairs (F1 , I1 ) ∧ (F2 , I2 ) with I1 ⊆ I2 , there is a single equivalent condition
(F1 ∪ F2 , I1 ).
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Table 1 shows the results on formulae from BEEM (BEnchmarks for Explicit Model checkers)[Pel07] and formulae from [SB00] on which ltl2dstar was
originally tested [KB06]. In both cases, we only take formulae of the (F,G)fragment. In the first case this is 11 out of 20, in the second 12 out of 28. There
is a slight overlap between the two sets. Further, we add conjunctions of strong
fairness conditions and a few other formulae. For each formula ϕ, we give the
number | states(ϕ)| of distinct states w.r.t. the first (logical) component. The
overall number of states of the Muller or generalized Rabin automaton follows.
The respective runtimes are not listed as they were less than a second for all
listed formulae, with the exception of the fifth formula from the bottom where
it needed 3 minutes (here ltl2dstar needed more than one day to compute the
Rabin automaton). In the column GR-factor, we describe the complexity of the
generalized Rabin condition, i.e. the number of copies of the state space that are
created to obtain an equivalent Rabin automaton, whose size is thus bounded
from above by the column Rabin. The last column states the size of the state
space of the Rabin automaton generated by ltl2dstar using LTL2BA.
Table 1. Experimental comparison to ltl2dstar on formulae of [Pel07], [SB00], fairness
constraints and some other examples of formulae of the “infinitary” fragment
Formula
states Muller/GR GR-factor Rabin ltl2dstar
G(a ∨ Fb)
2
5
1
5
4
FGa ∨ FGb ∨ GFc
1
9
1
9
36
F(a ∨ b)
2
4
1
4
2
GF(a ∨ b)
1
3
1
3
4
G(a ∨ b ∨ c)
2
4
1
4
3
G(a ∨ Fb)
2
5
1
5
4
G(a ∨ F(b ∨ c))
2
5
1
5
4
Fa ∨ Gb
3
7
1
7
5
G(a ∨ F(b ∧ c))
2
5
1
5
4
(FGa ∨ GFb)
1
5
1
5
12
GF(a ∨ b) ∧ GF(b ∨ c)
1
5
2
10
12
(FFa ∧ G¬a) ∨ (GG¬a ∧ Fa)
2
4
1
4
1
(GFa) ∧ FGb
1
5
1
5
7
(GFa ∧ FGb) ∨ (FG¬a ∧ ¬b)
1
5
1
5
14
FGa ∧ GFa
1
3
1
3
3
G(Fa ∧ Fb)
1
5
2
10
5
Fa ∧ Fb
4
8
1
8
4
(G(b ∨ GFa) ∧ G(c ∨ GF¬a)) ∨ Gb ∨ Gc
4
18
2
36
26
(G(b ∨ FGa) ∧ G(c ∨ FG¬a)) ∨ Gb ∨ Gc
4
18
1
18
29
(F(b ∧ FGa) ∨ F(c ∧ FG¬a)) ∧ Fb ∧ Fc
4
18
1
18
8
(F(b ∧ GFa) ∨ F(c ∧ GF¬a)) ∧ Fb ∧ Fc
4
18
1
18
45
(FGa ∨ GFb)
1
5
1
5
12
(FGa ∨ GFb) ∧ (FGc ∨ GFd)
1
17
2
34
17527
V3
(GFai → GFbi )
1
65
24 1 560 1 304 706
Vi=1
( 5i=1 GFai ) → GFb
1
65
1
65
972
GF(FaGFbFG(a ∨ b))
1
5
1
5
159
FG(Fa ∨ GFb ∨ FG(a ∨ b))
1
5
1
5
2918
FG(Fa ∨ GFb ∨ FG(a ∨ b) ∨ FGb)
1
5
1
5
4516
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While the advantages of our approach over the general determinization are
clear for the infinitary fragment, there seem to be some drawbacks when “finitary” behaviour is present, i.e. behaviour that can be satisfied or disproved after
finitely many steps. The reason and the patch for this are the following. Consider
the formula Fa and its automaton from Example 5. Observe that one can easily
collapse the automaton to the size of only 2. The problem is that some states
such as ha ∨ XFa, {a}i are only “passed through” and are equivalent to some
of their successors, here htt, {a}i. However, we may safely perform the following
collapse. Whenever two states (χ, α), (χ0 , α) satisfy that χ[α 7→ tt, Ap \ α 7→ ff ]
is propositionally equivalent to χ0 [α 7→ tt, Ap \ α 7→ ff ] we may safely merge the
states as they have the same properties: they are bisimilar with the same set of
atomic propositions satisfied. Using these optimizations, e.g. the automaton for
Fa ∧ Fb has size 4 as the one produced by ltl2dstar.
Next important observation is that the blow-up from generalized Rabin to
Rabin automaton (see the column GR-factor) corresponds to the number of
elements of F that have a descendant or an ancestor in G and are combined with
conjunction. This follows directly from the transformation described in Section 6
and is illustrated in the table.
Thus, we may conclude that our approach is competitive to the determinization approach and for some classes of useful properties such as fairness constraints or generally the infinitary properties it shows significant advantages.
Firstly, the state space of the Rabin automaton is noticeably smaller. Secondly,
compact generalized Rabin automata tend to be small even for more complex
formulae. Thirdly, the state spaces of our automata have a clear structure to be
exploited for further possible optimizations, which is more difficult in the case
of determinization. In short, the state space is less “messy”.

9

Discussion on Extensions

Our approach seems to be extensible to the (X,F,G)-fragment. In this setting,
instead of remembering the one-step history one needs to remember n last steps
(or have a n-step look-ahead) in order to deal with formulae such as GF(a∧Xb).
Indeed, the acceptance condition requires to visit infinitely often a state provably
satisfying a ∧ Xb. This can be done by remembering the last n symbols read,
where n can be chosen to be the nesting depth of Xs. We have not presented
this extension mainly for the sake of clarity of the construction.
Further, one could handle the positive (X,U)-fragment, where only atomic
propositions may be negated as defined above. These formulae are purely “finitary” and the logical component of the state space is sufficient. Indeed, the
automaton simply accepts if and only if tt is reached and there is no need to
check any formulae that we had committed to.
For the (U,G)-fragment or the whole LTL, our approach would need to be
significantly enriched as the state space (and last n symbols read) is not sufficient
to keep enough information to decide whether a run ρ is accepting only based on
Inf(ρ). Indeed, consider a formula ϕ = GF(a ∧ bUc). Then reading {a, b} results
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in the requirement GF(a ∧ bUc) ∧ F(a ∧ bUc) ∨ (bUc)) which is, however,
temporally equivalent to ϕ (their unfolds are propositionally equivalent). Thus,
runs on ({a, b}{c}∅)ω and ({a, b}∅{c})ω have the same set of infinitely often
visited states. Hence, the order of visiting the states matters and one needs the
history. However, words such as ({a, b}{b}n {c})ω vs. ({b}n {c})ω show that more
complicated structure is needed than last n letters. The conjecture that this
approach is extensible to the whole LTL is left open and considered for future
work.

10

Conclusions

We have shown a direct translation of the LTL fragment with operators F and
G to deterministic automata. This translation has several advantages compared
to the traditional way that goes via non-deterministic Büchi automata and then
performs determinization. First of all, in our opinion it is a lot simpler than the
determinization and its various non-trivial optimizations. Secondly, the state
space has a clear logical structure. Therefore, any work with the automata or
further optimizations seem to be conceptually easier. Moreover, many optimizations are actually done by the logic itself. Indeed, logical equivalence of the
formulae helps to shrink the state space with no further effort. In a sense, the
logical part of a state contains precisely the information that the semantics of
LTL dictates, see Proposition 9. Thirdly, the state space is—according to the
experiments—not much bigger even when compared to already optimized determinization. Moreover, very often it is considerably smaller, especially for the
“infinitary” formulae; in particular, for fairness conditions. Furthermore, we have
also given a very compact deterministic ω-automaton with a small and in our
opinion reasonably simple generalized Rabin acceptance condition.
Although we presented a possible direction to extend the approach to the
whole LTL, we leave this problem open and will focus on this in future work.
Further, since only the obvious optimizations mentioned in Section 8 have been
implemented so far, there is space for further performance improvements in this
new approach.
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formulae. In CAV, volume 1855 of LNCS, pages 248–263. Springer, 2000.

Paper B:
Rabinizer:
Small Deterministic Automata for LTL(F,G)
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Summary
Methods for probabilistic LTL model checking and LTL synthesis mostly require to construct a deterministic ω-automaton from a given LTL formula. We
implement the approach of [KE12] (Paper A) for the LTL fragment with F and
G operators and produce the respective Rabin automata. Compared to [KE12],
where only a very preliminary implementation was used, we implement the
whole process and optimise it significantly. Firstly, the information carried in
the states is modified in order to avoid constructing many redundant transient
states. Secondly, the intermediate generalised Rabin acceptance condition is
simplified resulting in huge savings in the size of the de-generalised automaton.
Thirdly, the de-generalisation is optimised so that the redundant intermediately
accepting states are not created. Fourthly, each copy in the de-generalisation is
factorised with respect to the congruence induced by the acceptance condition
of that copy. Finally, we provide not only command line interface, but also a
graphical web interface.
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Abstract. We present Rabinizer, a tool for translating formulae of the
fragment of linear temporal logic with the operators F (eventually) and
G (globally) into deterministic Rabin automata. Contrary to tools like
ltl2dstar, which translate the formula into a Büchi automaton and apply
Safra’s determinization procedure, Rabinizer uses a direct construction
based on the logical structure of the formulae. We describe a number of
optimizations of the basic procedure, crucial for the good performance
of Rabinizer, and present an experimental comparison.

1

Introduction

The automata-theoretic approach to model checking is one of the most important
successes of theoretical computer science in the last decades. It has led to many
tools of industrial strength, like Holzmann’s SPIN. In its linear-time version, the
approach translates the negation of a specification, formalized as a formula of
Linear Time Temporal logic (LTL), into a non-deterministic ω-automaton accepting the possible behaviours of the system that violate the specification. Then
the product of the automaton with the state space of the system is constructed,
and the resulting ω-automaton is checked for emptiness. Since the state space
can be very large (medium-size systems can easily have tens of millions of states)
and the size of a product of automata is equal to the product of their sizes, it is
crucial to transform the formula into a small ω-automaton: saving one state in
the ω-automaton may amount to saving tens of millions of states in the product.
For this reason, cutting down the number of states has been studied in large
depth, and very efficient tools like LTL2BA [4] have been developed.
In recent years the theory of the automata-theoretic approach has been successfully extended to probabilistic systems and to synthesis problems. However,
these applications pose a new challenge: they require to translate formulas into
deterministic ω-automata (loosely speaking, the applications require a gametheoretical setting with 11/2 or 2 players, whose arenas are only closed under
product with deterministic automata) [3]. For this, deterministic Rabin, Streett,
or parity automata can be used. The standard approach is to first transform LTL
formulae into non-deterministic Büchi automata and then translate these into
deterministic Rabin automata by means of Safra’s construction [10]. (The determinization procedure of Muller-Schupp is known to produce larger automata [1].)
?
??

The author is supported by the DFG Graduiertenkolleg 1480 (PUMA).
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In particular, this is the procedure followed by ltl2dstar [5], the tool used in
PRISM [8], the leading probabilistic model checker. However, the approach has
two disadvantages: first, since Safra’s construction is not tailored for Büchi automata derived from LTL formulae, it often produces (much) larger automata
than necessary; second, there are no efficient ways to minimize Rabin automata.
We have recently presented a procedure to directly transform LTL formulae into deterministic automata [7]. The procedure, currently applicable to the
(F,G)-fragment of the logic, heavily exploits formula structure to yield much
smaller automata for important formulae, in particular for formulae describing
fairness. For instance, a conjunction of three fairness constraints requiring more
than one million states with ltl2dstar only required 1560 states in [7].
While the experiments of [7] are promising, they were conducted using a
primitive implementation. In this paper we report on subsequent work that has
transformed the prototype of [7] into Rabinizer, a tool incorporating several
non-trivial optimizations, and mature enough to be offered to the community.
For example, for the formula above, Rabinizer returns an automaton with only
462 states.

2

Rabinizer and Optimizations

We assume the reader is familiar with LTL and ω-automata. The idea of the
construction of [7] is the following. The states of the Rabin automaton consist
of two components. The first component is the LTL formula that, loosely speaking, remains to be satisfied. For example, if a state has ϕ = Fa ∧ Gb as first
component, then reading the label {a, b} leads to another state with Gb as first
component. The second component remembers the last label read (one-step history). To see why this is necessary, observe that for ϕ = GFa the first component
of all states is the same. The second component allows one to check whether a
is read infinitely often. Finally, while the Rabin acceptance condition is a disjunction of Rabin pairs, the construction yields a disjunction of conjunctions of
Rabin pairs, cf. e.g. ϕ = GFa ∧ GFb, and so in a final step the “generalized
Rabin” automaton is expanded into a Rabin automaton.
The only optimizations of implementation used for the experiments of [7] are
the following. Firstly, only the reachable state space is constructed. Secondly,
the one-step history only records letters appearing in the first component of
each state. Thirdly, a simple subsumption of generalized Rabin conditions is
considered and the stronger (redundant) conditions are removed. Nevertheless,
no algorithm to do this has been presented and manual computation had to be
done to obtain the optimized results.
Rabinizer is a mature implementation of the procedure of [7] with several additional non-trivial optimizations. Rabinizer is written in Java, and uses BDDs
to construct the state space of the automata and generate Rabin pairs. While
for “easy” formulas ltl2dstar would often generate slightly smaller automata
than the implementation of [7], Rabinizer only generates a larger automaton
in 1 out of 27 benchmarks. Moreover, for “difficult” formulas, Rabinizer considerably outperforms the previous implementation. We list the most important
optimizations performed.
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– The evolution of the first component containing the formula to be satisfied
has been altered. In the original approach, in order to obtain the acceptance
condition easily, not all known information has been reflected immediately
in the state space thus resulting in redundant “intermediate” states.
– The generalized Rabin condition is now subject to several optimizations.
Firstly, conjunctions of “compatible” Rabin pairs are merged into single
pairs thus reducing the blowup from generalized Rabin to Rabin automaton. Secondly, some subformulae, such as outer F subformulae, are no more
considered in the acceptance condition generation.
– The one-step history now does not contain full information about the letters, but only equivalence classes of letters. The quotienting is done in the
coarsest way to still reflect the acceptance condition. A simple example is a
formula ϕ = GF(a ∨ b) where we only distinguish between reading any of
{{a}, {b}, {a, b}} and reading ∅.
– The blow-up of the generalized Rabin automaton into a Rabin automaton
has been improved. Namely, the copies of the original automaton are now
quotiented one by one according to the criterion above, but only the conjuncts corresponding to a particular copy are taken into account. Thus we
obtain smaller (and different) copies.
Further, linking of the copies is now made more efficient. Namely, the final
states in all but one copy have been removed completely.
– No special state is dedicated to be initial without any other use. Although
this results only in a decrease by one, it plays a role in tiny automata.
For further details, correctness proofs, and a detailed input/output description,
see Rabinizer’s web page http://www.model.in.tum.de/tools/rabinizer/.

3

Experimental Results

The following table shows the results on formulae from BEEM (BEnchmarks
for Explicit Model checkers)[9] and formulae from [11] on which ltl2dstar was
originally tested [6]. In both cases, we only take formulae of the (F,G)-fragment.
In the first case this is 11 out of 21, in the second 12 out of 28. There is a slight
overlap between the two sets. Further, we add conjunctions of strong fairness
conditions and a few other formulae.
For each formula ϕ, we give the size of the Rabin automaton generated by
ltl2dstar (using the recommended configuration with LTL2BA), the prototype
of [7], and Rabinizer. For reader’s convenience, we also include the size of nondeterministic Büchi automata generated by LTL2BA [4] and its recent improvement LTL3BA [2] whenever they differ. The last two columns state the number of
Rabin pairs for automata generated by ltl2dstar and Rabinizer, respectively.
In all the cases but one, Rabinizer generates automata of the same size as
ltl2dstar or often considerably smaller. Further, while in some cases Rabinizer
generates one additional pair, it generates less pairs when the number of pairs
is high. Runtimes have not been included, as Rabinizer transforms all formulae
within a second except for the conjunction of three fairness constraints. This
one took 13 seconds on an Intel i7 with 8 GB RAM, whereas ltl2dstar crashes
here and needs more than one day on a machine with 64 GB of RAM.
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Formula
ltl2dstar [7] Rabinizer LTL2(3)BA ∗-pairs R-pairs
G(a ∨ Fb)
4
5
4
2
1
2
FGa ∨ FGb ∨ GFc
8
9
8
6
3
3
F(a ∨ b)
2
4
2
2
1
1
GF(a ∨ b)
2
3
2
2
1
1
G(a ∨ Fa)
4
3
2
2
1
2
G(a ∨ b ∨ c)
3
4
2
1
1
1
G(a ∨ F(b ∨ c))
4
5
4
2
1
2
Fa ∨ Gb
4
7
3
4
2
2
G(a ∨ F(b ∧ c))
4
5
4
5 (2)
1
2
FGa ∨ GFb
4
5
4
5
2
2
GF(a ∨ b) ∧ GF(b ∨ c)
7
10
3
3
2
1
(FFa ∧ G¬a) ∨ (GG¬a ∧ Fa)3
1
4
1
1
0
0
GFa ∧ FGb
3
5
3
3
1
1
(GFa ∧ FGb) ∨ (FG¬a ∧ GF¬b)
5
5
4
7
2
2
FGa ∧ GFa
2
3
2
2 (3)
1
1
G(Fa ∧ Fb)
5
10
3
3
1
1
Fa ∧ F¬a
4
8
4
4
1
1
(G(b ∨ GFa) ∧ G(c ∨ GF¬a)) ∨ Gb ∨ Gc
13
36
18
11
3
4
(G(b ∨ FGa) ∧ G(c ∨ FG¬a)) ∨ Gb ∨ Gc
14
18
6
12 (8)
4
3
(F(b ∧ FGa) ∨ F(c ∧ FG¬a)) ∧ Fb ∧ Fc
7
18
5
15 (10)
1
2
(F(b ∧ GFa) ∨ F(c ∧ GF¬a)) ∧ Fb ∧ Fc
7
18
5
13 (10)
2
2
(GFa → GFb)
4
5
4
5
2
2
(GFa → GFb) ∧ (GFc → GFd)
11324
34
18
14
8
4
V3
1 304 707 1 560
462
40
10
8
i=1 (GFai → GFbi )
GF(Fa ∨ GFb ∨ FG(a ∨ b))
14
5
4
25 (6)
4
3
FG(Fa ∨ GFb ∨ FG(a ∨ b))
145
5
4
24 (6)
9
3
FG(Fa ∨ GFb ∨ FG(a ∨ b) ∨ FGb)
181
5
4
24 (6)
9
3
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Summary
Methods for probabilistic LTL model checking and LTL synthesis mostly require to construct a deterministic ω-automaton from a given LTL formula.
The automata used by the state-of-the-art tools such as PRISM are Rabin
automata. Theoretical algorithms sometimes also use Streett automata, too.
Here we present extensions of these algorithms to the setting of generalised Rabin automata of [KE12] (Paper A). Firstly, we deal with the analysis of the
product of Markov decision processes and the respective ω-automata, which is
needed for probabilistic LTL model checking. Secondly, we solve LTL games
with the generalised winning condition, which are needed for LTL synthesis.
Our theoretical results predict speed ups in orders of magnitude even for small,
but more complex formulae, such as e.g. fairness constraints. These predictions
have been confirmed by our implementations of the algorithms.

Author’s contribution: 65 %
• the extension of the algorithms,
• the proofs of correctness,
83

84
• analysis of the speed ups,
• parts of experimental evaluation,
• writing most of the paper (from Section 2 onwards with some exceptions
in Subsection 3.1).

Automata with Generalized Rabin Pairs for
Probabilistic Model Checking and LTL Synthesis
Krishnendu Chatterjee1? , Andreas Gaiser2?? , and Jan Křetı́nský2,3? ? ?
1
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IST Austria
Fakultät für Informatik, Technische Universität München, Germany
3
Faculty of Informatics, Masaryk University, Brno, Czech Republic

Abstract. The model-checking problem for probabilistic systems crucially relies on the translation of LTL to deterministic Rabin automata
(DRW). Our recent Safraless translation [KE12,GKE12] for the LTL(F,G)
fragment produces smaller automata as compared to the traditional approach. In this work, instead of DRW we consider deterministic automata
with acceptance condition given as disjunction of generalized Rabin pairs
(DGRW). The Safraless translation of LTL(F,G) formulas to DGRW results in smaller automata as compared to DRW. We present algorithms
for probabilistic model-checking as well as game solving for DGRW conditions. Our new algorithms lead to improvement both in terms of theoretical bounds as well as practical evaluation. We compare PRISM with
and without our new translation, and show that the new translation
leads to significant improvements.

1

Introduction

Logic for ω-regular properties. The class of ω-regular languages generalizes regular languages to infinite strings and provides a robust specification language
to express all properties used in verification and synthesis. The most convenient
way to describe specifications is through logic, as logics provide a concise and
intuitive formalism to express properties with very precise semantics. The lineartime temporal logic (LTL) [Pnu77] is the de-facto logic to express linear time
ω-regular properties in verification and synthesis.
Deterministic ω-automata. For model-checking purposes, LTL formulas can be
converted to nondeterministic Büchi automata (NBW) [VW86], and then the
problem reduces to checking emptiness of the intersection of two NBWs (representing the system and the negation of the specification, respectively). However, for two very important problems deterministic automata are used, namely,
(1) the synthesis problem [Chu62,PR89]; and (2) the model-checking problem
?
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for probabilistic systems or Markov decision processes (MDPs) [BK08] which
has a wide range of applications from randomized communication, to security
protocols, to biological systems. The standard approach is to translate LTL to
NBW [VW86], and then convert the NBW to a deterministic automata with Rabin acceptance condition (DRW) using Safra’s determinization procedure [Saf88]
(or using a recent improvement of Piterman [Pit06]).
Avoiding Safra’s construction. The key bottleneck of the standard approach in
practice is Safra’s determinization procedure which is difficult to implement due
to the complicated state space and data structures associated with the construction [Kup12]. As a consequence several alternative approaches have been
proposed, and the most prominent ones are as follows. The first approach is
the Safraless approach. One can reduce the synthesis problem to emptiness of
nondeterministic Büchi tree automata [KV05]; it has been implemented with
considerable success in [JB06]. For probabilistic model checking other constructions can be also used, however, all of them are exponential [Var85,CY95]. The
second approach is to use heuristic to improve Safra’s determinization procedure [KB06,KB07] which has led to the tool ltl2dstar [Kle]. The third approach
is to consider fragments of LTL. In [AT04] several simple fragments of LTL were
proposed that allow much simpler (single exponential as compared to the general double exponential) translations to deterministic automata. The generalized
reactivity(1) fragment of LTL (called GR(1)) was introduced in [PPS06] and a
cubic time symbolic representation of an equivalent automaton was presented.
The approach has been implemented in the ANZU tool [JGWB07]. Recently, the
(F, G)-fragment of LTL, that uses boolean operations and only F (eventually
or in future) and G (always or globally) as temporal operators, was considered
and a simple and direct translation to deterministic Rabin automata (DRW)
was presented [KE12]. Not only it covers all fragments of [AT04], but it can also
express all complex fairness constraints, which are widely used in verification.
Probabilistic model-checking. Despite several approaches to avoid Safra’s determinization, for probabilistic model-checking the deterministic automata are still
necessary. Since probabilistic model-checkers handle linear arithmetic, they do
not benefit from the symbolic methods of [PPS06,MS08] or from the tree automata approach. The approach for probabilistic model-checking has been to
explicitly construct a DRW from the LTL formula. The most prominent probabilistic model-checker PRISM [KNP11] implements the ltl2dstar approach.
Our results. In this work, we focus on the (F, G)-fragment of LTL. Instead of
the traditional approach of translation to DRW we propose a translation to
deterministic automata with generalized Rabin pairs. We present probabilistic
model-checking as well as symbolic game solving algorithms for the new class
of conditions which lead to both theoretical as well as significant practical improvements. The details of our contributions are as follows.
1. A Rabin pair consists of the conjunction of a Büchi (always eventually) and a
coBüchi (eventually always) condition, and a Rabin condition is a disjunction
of Rabin pairs. A generalized Rabin pair is the conjunction of conjunctions
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of Büchi conditions and conjunctions of coBüchi conditions. However, as
conjunctions of coBüchi conditions is again a coBüchi condition, a generalized Rabin pair is the conjunction of a coBüchi condition and conjunction
of Büchi conditions.† We consider deterministic automata where the acceptance condition is a disjunction of generalized Rabin pairs (and call them
DGRW). The (F, G)-fragment of LTL admits a direct and algorithmically
simple translation to DGRW [KE12] and we consider DGRW for probabilistic model-checking and synthesis. The direct translation of LTL(F,G)
could be done to a compact deterministic automaton with a Muller condition, however, the explicit representation of the Muller condition is typically
huge and not algorithmically efficient, and thus reduction to deterministic
Rabin automata was performed (with a blow-up) since Rabin conditions admit efficient algorithmic analysis. We show that DGRW allow both for a
very compact translation of the (F, G)-fragment of LTL as well as efficient
algorithmic analysis. The direct translation of LTL(F,G) to DGRW has the
same number of states as for a general Muller condition. For many formulae
expressing e.g. fairness-like conditions the translation to DGRW is significantly more compact than the previous ltl2dstar approach. For example, for
a conjunction of three strong fairness constraints, ltl2dstar produces a DRW
with more than a million states, translation to DRW via DGRW requires
469 states, and the corresponding DGRW has only 64 states.
2. One approach for probabilistic model-checking and synthesis for DGRW
would be to first convert them to DRW, and then use the standard algorithms. Instead we present direct algorithms for DGRW that avoids the
translation to DRW both for probabilistic model-checking and game solving.
The direct algorithms lead to both theoretical and practical improvements.
For example, consider the disjunctions of k generalized Rabin pairs such that
in each pair there is a conjunction of a coBüchi condition and conjunctions
of j Büchi conditions. Our direct algorithms for probabilistic model-checking
as well as game solving is more efficient by a multiplicative factor of j k and
2
j k +k as compared to the approach of translation to DRW for probabilistic
model checking and game solving, respectively. Moreover, we also present
symbolic algorithms for game solving for DGRW conditions.
3. We have implemented our approach for probabilistic model checking in
PRISM, and the experimental results show that as compared to the existing
implementation of PRISM with ltl2dstar our approach results in improvement of order of magnitude. Moreover, the results for games confirm that
the speed up is even greater than for probabilistic model checking.
†

Note that our condition (disjunction of generalized Rabin pairs) is very different
from both generalized Rabin conditions (conjunction of Rabin conditions) and the
generalized Rabin(1) condition of [Ehl11], which considers a set of assumptions and
guarantees where each assumption and guarantee consists ofWone RabinVpair. Syntactically, disjunction of generalized Rabin
V pairs
W condition is i (FGai ∧ j GFbij ),
whereas generalized Rabin
condition
is
(
j
V
V i (FGaij ∧ GFbij )), and generalized
Rabin(1) condition is ( i (FGai ∧ GFbi ) ⇒ j (FGaj ∧ GFbj )).
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2

Preliminaries

In this section, we recall the notion of linear temporal logic (LTL) and illustrate
the recent translation of its (F,G)-fragment to DRW [KE12,GKE12] through the
intermediate formalism of DGRW. Finally, we define an index that is important
for characterizing the savings the new formalism of DGRW brings as shown in
the subsequent sections.
2.1

Linear temporal logic

We start by recalling the fragment of linear temporal logic with future (F) and
globally (G) modalities.
Definition 1 (LTL(F,G) syntax). The formulae of the (F,G)-fragment of
linear temporal logic are given by the following syntax:
ϕ ::= a | ¬a | ϕ ∧ ϕ | ϕ ∨ ϕ | Fϕ | Gϕ
where a ranges over a finite fixed set Ap of atomic propositions.
We use the standard abbreviations tt := a ∨ ¬a and ff := a ∧ ¬a. Note that
we use the negation normal form, as negations can be pushed inside to atomic
propositions due to the equivalence of Fϕ and ¬G¬ϕ.
Definition 2 (LTL(F,G) semantics). Let w ∈ (2Ap )ω be a word. The ith
letter of w is denoted w[i], i.e. w = w[0]w[1] · · · . Further, we define the ith
suffix of w as wi = w[i]w[i + 1] · · · . The semantics of a formula on w is then
defined inductively as follows: w |= a ⇐⇒ a ∈ w[0]; w |= ¬a ⇐⇒ a ∈
/ w[0];
w |= ϕ ∧ ψ ⇐⇒ w |= ϕ and w |= ψ; w |= ϕ ∨ ψ ⇐⇒ w |= ϕ or w |= ψ; and

2.2

w |= Fϕ

⇐⇒ ∃ k ∈ N0 : wk |= ϕ

w |= Gϕ

⇐⇒ ∀ k ∈ N0 : wk |= ϕ

Translating LTL(F,G) into deterministic ω-automata

Recently, in [KE12,GKE12], a new translation of LTL(F,G) to deterministic automata has been proposed. This construction avoids Safra’s determinization and
makes direct use of the structure of the formula. We illustrate the construction
in the following examples.
Example 3. Consider a formula Fa ∨ Gb. The construction results in the following automaton. The state space of the automaton has two components. The first
component stores the current formula to be satisfied. Whenever a letter is read,
the formula is updated accordingly. For example, when reading a letter with no
b, the option to satisfy the formula due to satisfaction of Gb is lost and is thus
reflected in changing the current formula to Fa only.
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{b}

∅, {b}

˛˘ ¯
˛
Fa ∨ Gb ˛ {b}

start

∅

∅, {a}, {b}, {a, b}

˛˘
¯
˛
Fa ˛ ∅, {b}

{a}, {a, b}

˛˘
¯
˛
tt ˛ ∅, {a}, {b}, {a, b}

{a}, {a, b}

The second component stores the last letter read (actually, an equivalence
class thereof). The purpose of this component is explained in the next example.
For formulae with no mutual nesting of F and G this component is redundant.
The formula Fa ∨ Gb is satisfied either due to Fa or Gb. Therefore, when
viewed as a Rabin automaton, there are two Rabin pairs. One forcing infinitely
many visits of the third state (a in Fa must be eventually satisfied) and the
other prohibiting infinitely many visits of the second and third states (b in Gb
must never be violated). The acceptance condition is a disjunction of these pairs.
Example 4. Consider now the formula ϕ = GFa ∧ GF¬a. Satisfaction of this
formula does not depend on any finite prefix of the word and reading {a} or
∅ does not change the first component of the state. This infinitary behaviour
requires the state space to record which letters have been seen infinitely often
and the acceptance condition to deal with that. In this case, satisfaction requires
visiting the second state infinitely often and visiting the first state infinitely
often.
∅

{a}
{a}

˛˘ ¯
˛
ϕ˛ ∅

∅
˛˘
¯
˛
ϕ ˛ {a}

∅

˛˘ ¯˛
˛
˛
ϕ˛ ∅ ˛1

{a}

˛˘
¯ ˛˛
˛
ϕ ˛ {a} ˛ 1

{a}
∅
˛˘ ¯˛
˛
˛
ϕ˛ ∅ ˛2

∅
∅

{a}
˛˘
¯ ˛˛
˛
ϕ ˛ {a} ˛ 2

{a}

However, such a conjunction cannot be written as a Rabin condition. In order
to get a Rabin automaton, we would duplicate the state space. In the first copy,
we wait for reading {a}. Once this happens we move to the second copy, where
we wait for reading ∅. Once we succeed we move back to the first copy and start
again. This bigger automaton now allows for a Rabin condition. Indeed, it is
sufficient to infinitely often visit the “successful” state of the last copy as this
forces infinite visits of “successful” states of all copies.
In order to obtain a DRW from an LTL formula, [KE12,GKE12] first constructs an automaton similar to DGRW (like the one on the left) and then
the state space is blown-up and a DRW (like the one on the right) is obtained.
However, we shall argue that this blow-up is unnecessary for application in probabilistic model checking and in synthesis. This will result in much more efficient
algorithms for complex formulae. In order to avoid the blow-up we define and use
DGRW, an automaton with more complex acceptance condition, yet as we show
algorithmically easy to work with and efficient as opposed to e.g. the general
Muller condition.
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2.3

Automata with generalized Rabin pairs

In the previous example, the cause of the blow-up was the conjunction of Rabin
conditions. In [KE12], a generalized version of Rabin condition is defined that
allows for capturing conjunction. It is defined as a positive Boolean combination
of Rabin pairs. Whether a set Inf(ρ) of states visited infinitely often on a run ρ
is accepting or not is then defined inductively as follows:
Inf(ρ) |= ϕ ∧ ψ

⇐⇒ Inf(ρ) |= ϕ and Inf(ρ) |= ψ

Inf(ρ) |= ϕ ∨ ψ
Inf(ρ) |= (F, I)

⇐⇒ Inf(ρ) |= ϕ or Inf(ρ) |= ψ
⇐⇒ F ∩ Inf(ρ) = ∅ and I ∩ Inf(ρ) 6= ∅

Denoting Q as the set of all states, (F, I) is then equivalent to (F, Q) ∧ (∅, I).
Further, (F1 , Q) ∧ (F2 , Q) is equivalent to (F1 ∪ F2 , Q). Therefore, one can transform any such condition into a disjunctive normal form and obtain a condition
of the following form:


`i 
k

 ^

_
 Fi , Q ∧
∅, Iij 
(∗)
i=1

j=1

Therefore, in this paper we define the following new class of ω-automata:
Definition 5 (DGRW). An automaton with generalized Rabin pairs (DGRW)
is a (deterministic) ω-automaton A = (Q, q0 , δ) over an alphabet Σ, where
Q is a set of states, q0 is the initial state, δ : Q × Σ → Q is a transition
function, together with a generalized Rabin pairs (GRP) acceptance condition


Q
2Q
GR ⊆ 22 ×2 . A run ρ of A is accepting for GR = Fi , {Ii1 , . . . , Ii`i }
i∈
{1, . . . , k} if there is i ∈ {1, . . . , k} such that
Fi ∩ Inf(ρ) = ∅ and
Iij ∩ Inf(ρ) 6= ∅ for every j ∈ {1, . . . , `i }


Each (Fi , Ii ) = Fi , {Ii1 , . . . , Ii`i } is called a generalized Rabin pair (GRP),
and the GRP condition is thus a disjunction of generalized Rabin pairs..
W.l.o.g. we assume k > 0 and `i > 0 for each i ∈ {1, . . . , k} (whenever `i = 0 we
could set Ii = {Q}). Although the type of the condition allows for huge instances
of the condition, the construction of [KE12] (producing this disjunctive normal
form) guarantees efficiency not worse than that of the traditional determinization
approach. For a formula of size n, it is guaranteed that k ≤ 2n and `i ≤ n for each
n
i ∈ {1, . . . , k}. Further, the size of the state space is at most 2O(2 ) . Moreover,
consider “infinitary” formulae, where each atomic proposition has both F and
G as ancestors in the syntactic tree of the formula. Since the first component
of the state space is always the same, the size of the state space is bounded by
2|Ap| as the automaton only remembers the last letter read. We will make use of
this fact later.
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2.4

Degeneralization

As already discussed, one can blow up any automaton with generalized Rabin
pairs and obtain a Rabin automaton. We need the following notation. For any
n ∈ N, let [1..n] denote the set {1, . . . , n} equipped with the operation ⊕ of
cyclic addition, i.e. m ⊕ 1 = m + 1 for m < n and n ⊕ 1 = 1.
The DGRW defined above can now be degeneralized as follows. For each
i ∈ {1, . . . , k}, multiply the state space by [1..`i ] to keep track for which Iij we
are currently waiting for. Further, adjust the transition function so that we leave
the jth copy once we visit Iij and immediately go to the next copy. Formally,
σ
σ
for σ ∈ Σ set (q, w1 , . . . , wk ) −→ (r, w10 , . . . , wk0 ) if q −→ r and wi0 = wi for all i
wi
0
with q ∈
/ Ii and wi = wi ⊕ 1 otherwise.
The resulting blow-up factor is then the following:
Definition 6 (Degeneralization index). For a GRP condition GR = {(Fi , Ii ) |
Qk
i ∈ [1..k]}, we define the degeneralization domain B := i=1 [1..|Ii |] and the deQk
generalization index of GR to be |B| = i=1 |Ii |.
The state space of the resulting Rabin automaton is thus |B|-times bigger and
the number of pairs stays the same. Indeed, for each i ∈ {1, . . . , k} we have a
Rabin pair


Fi × B, Ii`i × {b ∈ B | b(i) = `i }
Example 7. In Example 3 there is one pair and the degeneralization index is 2.
Example 8. For a conjunction of three fairness constraints ϕ = (FGa ∨ GFb) ∧
(FGc ∨ GFd) ∧ (FGe ∨ GFf ), the Büchi components Ii ’s of the equivalent GRP
condition correspond to tt, b, d, f, b ∧ d, b ∧ f, d ∧ f, b ∧ d ∧ f . The degeneralization
index is thus |B| = 1 · 1 · 1 · 1 · 2 · 2 · 2 · 3 = 24. For four constraints, it is
1 · 14 · 26 · 34 · 4 = 20736. One can easily see the index grows doubly exponentially.

3

Probabilistic Model Checking

In this section, we show how automata with generalized Rabin pairs can significantly speed up model checking of Markov decision processes (i.e., probabilistic
model checking). For example, for the fairness constraints of the type mentioned
in Example 8 the speed-up is by a factor that is doubly exponential. Although
there are specialized algorithms for checking properties under strong fairness
constraints (implemented in PRISM), our approach is general and speeds up
for a wide class of constraints. The combinations (conjunctions, disjunctions) of
properties not expressible by small Rabin automata (and/or Streett automata)
are infeasible for the traditional approach, while we show that automata with
generalized Rabin pairs often allow for efficient model checking. First, we present
the theoretical model-checking algorithm for the new type of automata and the
theoretical bounds for savings. Second, we illustrate the effectiveness of the approach experimentally.
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3.1

Model checking using generalized Rabin pairs

We start with the definitions of Markov decision processes (MDPs), and present
the model-checking algorithms. For a finite set V , let Distr(V ) denote the set of
probability distributions on V .
Definition 9 (MDP and MEC). A Markov decision process (MDP) M =
(V, E, (V0 , VP ), δ) consists of a finite directed MDP graph (V, E), a partition
(V0 , VP ) of the finite set V of vertices into player-0 vertices (V0 ) and probabilistic
vertices (VP ), and a probabilistic transition function δ: VP → Distr(V ) such that
for all vertices u ∈ VP and v ∈ V we have (u, v) ∈ E iff δ(u)(v) > 0.
An end-component U of an MDP is a set of its vertices such that (i) the
subgraph induced by U is strongly connected and (ii) for each edge (u, v) ∈ E, if
u ∈ U ∩ VP , then v ∈ U (i.e., no probabilistic edge leaves U ).
A maximal end-component (MEC) is an end-component that is maximal
w.r.t. to the inclusion ordering.
If U1 and U2 are two end-components and U1 ∩U2 6= ∅, then U1 ∪U2 is also an
end-component. Therefore, every MDP induces a unique set of its MECs, called
MEC decomposition.
For precise definition of semantics of MDPs we refer to [Put94]. Note that
MDPs are also defined in an equivalent way in literature with a set of actions such
that every vertex and choice of action determines the probability distribution
over the successor states; the choice of actions corresponds to the choice of edges
at player-0 vertices of our definition.
The standard model-checking algorithm for MDPs proceeds in several steps.
Given an MDP M and an LTL formula ϕ
1. compute a deterministic automaton A recognizing the language of ϕ,
2. compute the product M = M × A,
3. solve the product MDP M.
The algorithm is generic for all types of deterministic ω-automata A. The leading probabilistic model checker PRISM [KNP11] re-implements ltl2dstar [Kle]
that transforms ϕ into a deterministic Rabin automaton. This approach employs Safra’s determinization and thus despite many optimization often results
in an unnecessarily big automaton.
There are two ways to fight the problem. Firstly, one can strive for smaller
Rabin automata. Secondly, one can employ other types of ω-automata. As to
the former, we have plugged our implementation Rabinizer [GKE12] of the approach [KE12] into PRISM, which already results in considerable improvement.
For the latter, Example 4 shows that Muller automata can be smaller than Rabin automata. However, explicit representation of Muller acceptance conditions
is typically huge. Hence the third step to solve the product MDP would be too
expensive. Therefore, we propose to use automata with generalized Rabin pairs.
On the one hand, DGRW often have small state space after translation.
Actually, it is the same as the state space of the intermediate Muller automaton
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of [KE12]. Compared to the corresponding naively degeneralized DRW it is |B|
times smaller (one can still perform some optimizations in the degeneralization
process, see the experimental results).
On the other hand, as we show below the acceptance condition is still algorithmically efficient to handle. We now present the steps to solve the product
MDP for a GRP acceptance condition, i.e. a disjunction of generalized Rabin
pairs. Consider an MDP with k generalized Rabin pairs (Fi , {Ii1 , . . . , Ii`i }), for
i = 1, 2, . . . , k. The steps of the computation are as follows:
1. For i = 1, 2, . . . , k;
(a) Remove the set of states Fi from the MDP.
(b) Compute the MEC decomposition.
(c) If a MEC C has a non-empty intersection with each Iij , for j = 1, 2, . . . , `i ,
then include C as a winning MEC.
(d) let Wi be the union of winning MECs (for the ith pair).
Sk
2. Let W be the union of Wi , i.e. W = i=1 Wi .
3. The solution (or optimal value of the product MDP) is the maximal probability to reach the set W .
Given an MDP with n vertices and m edges, let MEC(n, m) denote the complexity of computing the MEC decomposition; and LP(n, m) denotes the complexity
to solve linear-programming solution with m constraints over n variables.
Theorem 10. Given an MDP with n vertices and m edges with k generalized
Rabin pairs (Fi , {Ii1 , . . . , Ii`i }), for i = 1, 2, . . . , k, the solution can be achieved in
Pk
time O(k · MEC(n, m) + n · i=1 `i ) + O(LP(n, m)).
Remark 11. The best known complexity to solve MDPs with Rabin conditions
of k pairs require time O(k · MEC(n, m)) + O(LP(n, m)) time [dA97]. Thus degeneralization of generalized Rabin pairs to Rabin conditions and solving MDPs
would require time O(k · MEC(|B| · n, |B| · m)) + O(LP(|B| · n, |B| · m)) time.
The current best known algorithms for maximal end-component decomposition
require at least O(m · n2/3 ) time [CH11], and the simplest algorithms that are
typically implemented require O(n · m) time. Thus our approach is more efficient
at least by a factor of B 5/3 (given the current best known algorithms), and even
if both maximal end-component decomposition and linear-programming can be
solved in linear time, our approach leads to a speed-up by a factor of |B|, i.e. exponential in O(k) the number of non-trivially generalized Rabin pairs. In general
if β ≥ 1 is the sum of the exponents required to solve the MEC decomposition
(resp. linear-programming), then our approach is better by a factor of |B|β .
Example 12. A Rabin automaton for n constraints of Example 8 is of doubly
exponential size, which is also the factor by which the product and thus the running time grows. However, as the formula is “infinitary” (see end of Section 2.3),
the state space of the generalized automaton is 2Ap and the product is of the
very same size as the original system since the automaton only monitors the
current labelling of the state.
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3.2

Experimental results

In this section, we compare the performance of
L the original PRISM with its implementation of ltl2dstar producing Rabin
automata,
R PRISM with Rabinizer [GKE12] (our implementation of [KE12]) producing
DRW via optimized degeneralization of DGRW, and
GR PRISM with Rabinizer producing DGRW and with the modified MEC checking step.
We have performed a case study on the Pnueli-Zuck randomized mutual
exclusion protocol [PZ86] implemented as a PRISM benchmark. We consider
the protocol with 3, 4, and 5 participants. The sizes of the respective models are
s3 = 2 368, s4 = 27 600, and s5 = 308 800 states. We have checked these models
against several formulae illustrating the effect of the degeneralization index on
the speed up of our method; see Table 1.
In the first column, there are the formulae in the form of a PRISM query.
We ask for a maximal/minimal value over all schedulers. Therefore, in the Pmax
case, we create an automaton for the formula, whereas in the case of Pmin we
create an automaton for its negation. The second column then states the number
i of participants, thus inducing the respective size si of the model.
The next three columns depict the size of the product of the system and
the automaton, for each of the L, R, GR variants. The size is given as the
ratio of the actual size and the respective si . The number then describes also
the “effective” size of the automaton when taking the product. The next three
columns display the total running times for model checking in each variant.
The last three columns illustrate the efficiency of our approach. The first column tR /tGR states the time speed-up of the DGRW approach when compared
to the corresponding degeneralization. The second column states the degeneralization index |B|. The last column tL /tGR then displays the overall speed-up of
our approach to the original PRISM.
In the formulae, an atomic proposition pi = j denotes that the ith participant
is in its state j. The processes start in state 0. In state 1 they want to enter the
critical section. State 10 stands for being in the critical section. After leaving
the critical section, the process re-enters state 0 again.
Formulae 1 to 3 illustrate the effect of |B| on the ratio of sizes of the product
in the R and GR cases, see ssRi , and ratio of the required times. The theoretical
prediction is that sR /sGR = |B|. Nevertheless, due to optimizations done in the
degeneralization process, the first is often slightly smaller than the second one,
see columns ssRi and B. (Note that sGR /si is 1 for “infinitary” formulae.) For
R
is often smaller than |B|. However, with the growing size
the same reason, ttGR
of the systems it gets bigger hence the saving factor is larger for larger systems,
as discussed in the previous section.
Formulae 4 to 7 illustrate the doubly exponential growth of |B| and its impact
on systems of different sizes. The DGRW approach (GR method) is often the
only way to create the product at all.
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Table 1. Experimental comparison of L, R, and GR methods. All measurements
performed on Intel i7 with 8 GB RAM. The sign “−” denotes either crash, out-ofmemory, time-out after 30 minutes, or a ratio where one operand is −.
Formula
Pmax =?[GFp1 =10
∧ GFp2 =10
∧ GFp3 =10]
Pmax =?[GFp1 =10 ∧ GFp2 =10
∧ GFp3 =10 ∧ GFp4 =10]
Pmin =?[GFp1 =10 ∧ GFp2 =10
∧ GFp3 =10 ∧ GFp4 =10]
Pmax =?[(GFp1 =0 ∨ FGp2 6=0)
∧(GFp2 =0 ∨ FGp3 6=0)]

#
3
4
5
4
5
4
5
3
4
5
Pmax =?[(GFp1 =0 ∨ FGp1 6=0)
3
∧(GFp2 =0 ∨ FGp2 6=0)]
4
5
Pmax =?[(GFp1 =0 ∨ FGp2 6=0)
3
∧(GFp2 =0 ∨ FGp3 6=0)
4
∧(GFp3 =0 ∨ FGp1 6=0)]
5
Pmax =?[(GFp1 =0 ∨ FGp1 6=0)
3
∧(GFp2 =0 ∨ FGp2 6=0)
4
∧(GFp3 =0 ∨ FGp3 6=0)]
5
Pmin =?[(GFp1 6=10 ∨ GFp1 =0 ∨ FGp1 =1) 3
∧GFp1 6=0 ∧ GFp1 =1]
4
5
Pmax =?[(Gp1 6=10 ∨ Gp2 6=10 ∨ Gp3 6=10) 3
∧ (FGp1 6=1 ∨ GFp2 = 1 ∨ GFp3 = 1)
4
∧ (FGp2 6=1 ∨ GFp1 = 1 ∨ GFp3 = 1)
5
Pmin =?[(FGp1 6=0 ∨ FGp2 6=0 ∨ GFp3 =0) 3
∨ (FGp1 6=10 ∧ GFp2 = 10 ∧ GFp3 = 10) 4
5

sL
si

sR sGR
si
si

4.1
4.3
4.4
6
6.2
−
−
79.7
−
−
23.3
23.3
−
−
−
−
−
−
−
2.1
2.1
2.1
−
−
−
55.9
−
−

2.6
1
2.7
1
2.7
1
3.5
1
3.6
1
1
1
1
1
1.9
1
1.9
1
1.9
1
1.9
1
1.9
1
1.9
1
16.3
1
−
1
−
1
12
1
12.1
1
−
1
1
1
1
1
1
1
32 5.9
− 6.4
− −
4.7
1
4.6
1
−
1

tL
1.2
17.4
257.5
27.3
408.5
−
−
225.5
−
−
66.4
551.5
−
−
−
−
−
−
−
1.2
11.8
186.3
−
−
−
289.7
−
−

tR
0.4
1.8
15.2
2.5
17.8
36.5
610.6
4.1
61.7
1007
3.92
61
1002.7
122.1
−
−
76.3
1335.6
−
0.9
8.7
147.5
405
−
−
12.6
194.5
−

tGR
0.2
0.3
0.6
0.9
0.9
36.3
607.2
2.2
29.2
479
2.2
28.2
463
7.1
75.6
1219.5
7.2
78.9
1267.6
0.8
8.8
146.2
80.1
703.5
−
3.4
33.2
543

tR
tGR

2.2
6.4
26.7
2.8
20.4
1
1
1.8
2.1
2.1
1.8
2.2
2.2
17.2
−
−
12
19.6
−
1
1
1
5.1
−
−
3.7
5.9
−

Formula 8 is a Streett condition showing the approach still performs competitively. Formulae 9 and 10 combine Rabin and Streett condition requiring both
big Rabin automata and big Streett automata. Even in this case, the method
scales well. Further, Formula 9 contains non-infinitary behaviour, e.g. Gp1 6=10.
Therefore, the DGRW is of size greater than 1, and thus also the product is
bigger as can be seen in the sGR /si column.

4

Synthesis

In this section, we show how generalized Rabin pairs can be used to speed up
the computation of a winning strategy in an LTL(F,G) game and thus to speed
up LTL(F,G) synthesis. A game is defined like an MDP, but with the stochastic
vertices replaced by vertices of an adversarial player.
Definition 13. A game M = (V, E, (V0 , V1 )) consists of a finite directed game
graph (V, E) and a partition (V0 , V1 ) of the finite set V of vertices into player-0
vertices (V0 ) and player-1 vertices (V1 ).

|B|
3
3
3
4
4
1
1
2
2
2
2
2
2
24
24
24
24
24
24
1
1
1
8
8
8
12
12
12

tL
tGR

6.8
60.8
447.9
32.1
471.2
−
−
101.8
−
−
30.7
19.6
−
−
−
−
−
−
−
1.5
1.3
1.3
−
−
−
84.3
−
−
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An LTL game is a game together with an LTL formula with vertices as
atomic propositions. Similarly, a Rabin game and a game with GRP condition
(GRP game) is a game with a set of Rabin pairs, or a set of generalized Rabin
pairs, respectively.
A strategy is a function V ∗ → E assigning to each history an outgoing
edge of its last vertex. A play conforming to the strategy f of Player 0 is any
infinite sequence v0 v1 · · · satisfying vi+1 = f (v0 · · · vi ) whenever vi ∈ V0 , and just
(vi , vi+1 ) ∈ E otherwise. Player 0 has a winning strategy, if there is a strategy f
such that all plays conforming to f of Player 0 satisfy the LTL formula, Rabin
condition or GRP condition, depending on the type of the game. For further
details, we refer to e.g. [PP06].
One way to solve an LTL game is to make a product of the game arena
with the DRW corresponding to the LTL formula, yielding a Rabin game. The
current fastest solution of Rabin games works in time O(mnk+1 kk!) [PP06],
where n = |V |, m = |E| and k is the number of pairs. Since n is doubly exponential and k singly exponential in the size of the formula, this leads to a
doubly exponential algorithm. And indeed, the problem of LTL synthesis is 2EXPTIME-complete [PR89].
Similarly as for model checking of probabilistic systems, we investigate what
happens (1) if we replace the translation to Rabin automata by our new translation and (2) if we employ DGRW instead. The latter leads to the problem of
GRP games. In order to solve them, we extend the methods to solve Rabin and
Streett games of [PP06].
We show that solving a GRP game is faster than first degeneralizing them
and then solving the resulting Rabin game. The induced speed-up factor is |B|k .
In the following two subsections we show how to solve GRP games and analyze
the complexity. The subsequent section reports on experimental results.
4.1

Generalized Rabin ranking

We shall compute a ranking of each vertex, which intuitively states how far
from winning we are. The existence of winning strategy is then equivalent to
the existence of a ranking where Player 0 can always choose a successor of the
current vertex with smaller ranking, i.e. closer to fulfilling the goal.
Let (V, E, (V0 , V1 )) be a game, {(F1 , I1 ), . . . , (Fk , Ik )} a GRP condition with
the corresponding degeneralization domain B. Further, let n := |V | and denote
the set of permutations over a set S by S!.
Definition 14. A ranking is a function r : V × B → R where R is the ranking
domain {1, . . . , k}! × {0, . . . , n}k+1 ∪ {∞}.
The ranking r(v, wf ) gives information important in the situation when we are
wf (i)
in vertex v and are waiting for a visit of Ii
for each i given by wf ∈ B. As
time passes the ranking should decrease. To capture this, we define the following
functions.
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Definition 15. For a ranking r and given v ∈ V and wf ∈ B, we define nextv :
B→B
(
wf (i)
wf (i)
if v ∈
/ Ii
nextv (wf )(i) =
wf (i)
wf (i) ⊕ 1 if v ∈ Ii
and next : V × B → R
(
min(v,w)∈E r(w, nextv (wf ))
next(v, wf ) =
max(v,w)∈E r(w, nextv (wf ))

if v ∈ V0
if v ∈ V1

where the order on (π1 · · · πk , w0 w1 · · · wk ) ∈ R is given by the lexicographic order
>lg on w0 π1 w1 π2 w2 · · · πk wk and ∞ being the greatest element.
Intuitively, the ranking r(v, wf ) = (π1 · · · πk , w0 w1 · · · wk ) is intended to bear the
following information. The permutation π states the importance of the pairs. The
pair (Fπ1 , Iπ1 ) is the most important, hence we are not allowed to visit Fπ1 and
we desire to either visit Iπ1 , or not visit Fπ2 and visit Iπ2 and so on. If some
important Fi is visited it becomes less important. The importance can be freely
changed only finitely many (i0 ) times. Otherwise, only less important pairs can
be permuted if a more important pair makes good progress. Further, wi measures
the worst possible number of steps until visiting Iπi . This intended meaning is
formalized in the following notion of good rankings.
Definition 16. A ranking r is good if for every v ∈ V, wf ∈ B with r(v, wf ) 6=
∞ we have r(v, wf ) >v,wf next(v, wf ).
We define (π1 · · · πk , w0 w1 · · · wk ) >v,wf (π10 · · · πk0 , w00 w10 · · · wk0 ) if either w0 >
0
w0 , or w0 = w00 with >1v,wf hold. Recursively, >`v,wf holds if one of the following
holds:
– π` > π`0
– π` = π`0 , v 6|= Fπ` and w` > w`0
wf (π )

– π` = π`0 , v 6|= Fπ` and v |= Iπ` `
k+1
– π` = π`0 , v |6 = Fπ` and w` = w`0 and >`+1
v,wf holds (where >v,wf never holds)
Moreover, if one of the first three cases holds, we say that `v,wf holds.
Intuitively, > means the second element is closer to the next milestone and ` ,
moreover, that it is so because of the first ` pairs in the permutation.
Similarly to [PP06], we obtain the following correctness of the construction.
Note that for |B| = 1, the definitions of the ranking here and the Rabin ranking
of [PP06] coincide. Further, the extension with |B| > 1 bears some similarities
with the Streett ranking of [PP06].
Theorem 17. For every vertex v, Player 0 has a winning strategy from v if and
only if there is a good ranking r and wf ∈ B with r(v, wf ) 6= ∞.
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4.2

A fixpoint algorithm

In this section, we show how to compute the smallest good ranking and thus
solve the GRP game. Consider a lattice of rankings ordered component-wise, i.e.
r1 >c r2 if for every v ∈ V and wf ∈ B, we have r1 (v, wf ) >lg r2 (v, wf ). This
induces a complete lattice. The minimal good ranking is then a least fixpoint of
the operator Lift on rankings given by:

Lift(r)(v, wf ) = max r(v, wf ), min{x | x >v,wf next(v, wf )}
where the optima are considered w.r.t. >lg . Intuitively, if Player 0 cannot choose
a successor smaller than the current vertex (or all successors of a Player 1 vertex
are greater), the ranking of the current vertex must rise so that it is greater.
Theorem 18. The smallest good ranking can be computed in time O(mnk+1 kk!·
|B|) and space (nk · |B|).
Proof. The lifting operator can be implemented similarly as in [PP06]. With
every change, the affected predecessors to be updated are put in a worklist, thus
working in time O(k · out-deg(v)).
most |R|P
PSince every element can be lifted atk+1
times, the total time is O( v∈V wf ∈B k·out-deg(v)·|R|)
=
|B|km·n
k!. The
P
P
space required to store the current ranking is O( v∈V wf ∈B k) = n·|B|·k. t
u
We now compare our solution to the one that would solve the degeneralized
Rabin game. The number of vertices of the degeneralized Rabin game is |B|
times greater. Hence the time needed is multiplied by a factor |B|k+2 , instead of
|B| in the case of a GRP game. Therefore, our approach speeds up by a factor
of |B|k+1 , while the space requirements are the same in both cases, namely
O(nk · |B|).
Example 19. A conjunction of two fairness constraints of example 8 corresponds
to |B| = 2 and k = 4, hence we save by a factor of 24 = 16. A conjunction of
three fairness constraints corresponds to |B| = 24 and k = 8, hence we accelerate
248 ≈ 1011 times.
Further, let us note that the computation can be implemented recursively as
in [PP06]. The winning set is µZ. GR(GR, tt, ♥Z) where GR(∅, ϕ, W ) = W ,
GR(GR, ϕ, W ) =

_
i∈[1..k]

νY.

^


µX. GR GR \ {(Fi , Ii )}, ϕ ∧ ¬Fi ,

j∈[1..|Ii |]


W ∨ (ϕ ∧ ¬Fi ∧ Iij ∧ ♥Y ) ∨ (ϕ ∧ ¬F ∧ ♥X)
♥ϕ = {u ∈ V0 | ∃(u, v) ∈ E : v |= ϕ} ∪ {u ∈ V1 | ∀(u, v) ∈ E : v |= ϕ} and
µ and ν denote the least and greatest fixpoints, respectively. The formula then
provides a succinct description of a symbolic algorithm.
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4.3

Experimental Evaluation

Reusing the notation of Section 3.2, we compare the performance of the methods
for solving LTL games. We build and solve a Rabin game using
L
ltl2dstar producing DRW (from LTL formulae),
R
Rabinizer producing DRW, and
GR Rabinizer producing DGRW.
We illustrate the methods on three different games and three LTL formulae;
see Table 2. The games contain 3 resp. 6 resp. 9 vertices. Similarly to Section 3.2,
si denotes the number of vertices in the ith arena, sL , sR , sGR the number
of vertices in the resulting games for the three methods, and tL , tR , tGR the
respective running times.
Formula 1 allows for a winning strategy and the smallest ranking is relatively
small, hence computed quite fast. Formula 2, on the other hand, only allows for
larger rankings. Hence the computation takes longer, but also because in L and
R cases the automata are larger than for formula 1. While for L and R, the
product is usually too big, there is a chance to find small rankings in GR fast.
While for e.g. FG(a ∨ ¬b ∨ c), the automata and games would be the same for
all three methods and the solution would only take less than a second, the more
complex formulae 1 and 2 show clearly the speed up.
Table 2. Experimental comparison of L, R, and GR methods for solving LTL games.
Again the sign “−” denotes either crash, out-of-memory, time-out after 30 minutes, or
a ratio where one operand is −.
Formula
si ssLi
(GFa ∧ GFb ∧ GFc)
3 22
∨(GF¬a ∧ GF¬b ∧ GF¬c) 6 21.3
9 20.6
(GFa ∨ FGb) ∧ (GFc ∨ GF¬a) 3 21
∧(GFc ∨ GF¬b)
6 16.2
9 17.6

5

sR sGR
si
si

7.3
7.3
7
10
9.2
9.2

4
3.7
3.6
4
3.7
3.6

tR
tL
tL
tR tGR tGR
|B| tGR
63.2 1.6
1.1 1.4 9 48.2
878.6 14.1
7.3
2 9 130.3
− 54.8 31.3 1.8 9
−
− 117.5
12 9.8 6
−
−
− 196.7 − 6
−
−
− 1017.8 − 6
−

Conclusions

In this work we considered the translation of the LTL(F,G) fragment to deterministic ω-automata that is necessary for probabilistic model checking as well as
synthesis. The direct translation to deterministic Muller automata gives a compact automata but the explicit representation of the Muller condition is huge and
not algorithmically amenable. In contrast to the traditional approach of translation to deterministic Rabin automata that admits efficient algorithms but incurs
a blow-up in translation, we consider deterministic automata with generalized
Rabin pairs (DGRW). The translation to DGRW produces the same compact
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automata as for Muller conditions. We presented efficient algorithms for probabilistic model checking and game solving with DGRW conditions which shows
that the blow-up of translation to Rabin automata is unnecessary. Our results
establish that DGRW conditions provide the convenient formalism that allows
both for compact automata as well as efficient algorithms. We have implemented
our approach in PRISM, and experimental results show a huge improvement over
the existing methods. Two interesting directions of future works are (1) extend
our approach to LTL with the U(until) and the X(next) operators; and (2) consider symbolic computation and Long’s acceleration of fixpoint computation (on
the recursive algorithm), instead of the ranking function based algorithm for
games, and compare the efficiency of both the approaches.
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Summary
Methods for probabilistic LTL model checking and LTL synthesis mostly require
to construct a deterministic ω-automaton from a given LTL formula. We extend
the approach of [KE12] (Paper A) for the LTL fragment with only F and G operators to the fragment with X, F, G and U operators where U does not appear
in the scope of any G in the positive normal form. Further, instead of Rabin
automata we produce the respective generalised Rabin automata since these are
directly applicable in probabilistic LTL model checking and LTL synthesis as
we show in [CGK13] (Paper C). The idea of the extension is the following. In
the previous approach, each state of the automaton had two components: (1)
the formula to be currently satisfied, and (2) the current letter read. With the
introduction of X operator, the second component now carries last n steps of
the history where n is the nesting depth of the X operator. This is further vastly
optimised by keeping only an equivalence class of the history with respect to
subformulae occurring in the scope of G operators. Experimental results show
huge improvement for formulae involving combinations of properties dependent
only on suffixes.
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Rabinizer 2:
Small Deterministic Automata for LTL\GU
Jan Křetı́nský1,2∗ and Ruslán Ledesma Garza1†
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Abstract. We present a tool that generates automata for LTL(X,F,G,U)
where U does not occur in any G-formula (but F still can). The tool generates deterministic generalized Rabin automata (DGRA) significantly
smaller than deterministic Rabin automata (DRA) generated by stateof-the-art tools. For complex properties such as fairness constraints, the
difference is in orders of magnitude. DGRA have been recently shown to
be as useful in probabilistic model checking as DRA, hence the difference
in size directly translates to a speed up of the model checking procedures.

1

Introduction

Linear temporal logic (LTL) is a very useful and appropriate language for specifying properties of systems. In the verification process that follows the automatatheoretic approach, an LTL formula is first translated to an ω-automaton and
then a product of the automaton and the system is constructed and analyzed.
The automata used here are typically non-deterministic Büchi automata (NBA)
as they recognize all ω-regular languages and thus also LTL languages. However,
for two important applications, deterministic ω-automata are important: probabilistic model checking and synthesis of reactive modules for LTL specifications.
Here deterministic Rabin automata (DRA) are typically used as deterministic
Büchi automata are not as expressive as LTL. In order to transform an NBA
to a DRA, one needs to employ either Safra’s construction (or some other exponential construction). This approach is taken in PRISM [7] a leading probabilistic model checker, which reimplements the optimized Safra’s construction of
ltl2dstar [4]. However, a straight application of this very general construction
often yields unnecessarily large automata and thus also large products, often too
large to be analyzed.
In order to circumvent this difficulty, one can focus on fragments of LTL. The
most prominent ones are GR(1)—a restricted, but useful fragment of LTL(X,F,G)
allowing for fast synthesis—and fragments of LTL(F,G) as investigated in e.g. [1].
Recently [6], we showed how to construct DRA from LTL(F,G) directly without
NBA. As we argued there, this is an interesting fragment also because it can
express all complex fairness constraints, which are widely used in verification.
We implemented our approach in a tool Rabinizer [3] and observed significant
improvements, especially for complex formulae: for example, for a conjunction
of three fairness constraints ltl2dstar produces a DRA with more than a milion states, while Rabinizer produces 469 states. Moreover, we introduced a new
type of automaton a deterministic generalized Rabin automaton (DGRA), which
∗
†

The author is supported by the Czech Science Foundation, grant No. P202/12/G061.
The author is supported by the DFG Graduiertenkolleg 1480 (PUMA).
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is an intermediate step in our construction, and only has 64 states in the fairness example and only 1 state if transition acceptance is used. In [2], we then
show that for probabilistic model checking DGRA are not more difficult to handle than DRA. Hence, without tradeoff, we can use often much smaller DGRA,
which are only produced by our construction.
Here, we present a tool Rabinizer 2 that extends our method and implements it for LTL\GU a fragment of LTL(X,F,G,U) where U are not inside G-formulae (but F still can) in negation normal form. This fragment is
not only substantially more complex, but also practically more useful. Indeed,
with the unrestricted X-operator, it covers GR(1) and can capture properties
describing local structure of systems and is necessary for description of precise sequences of steps. Further, U-operator allows to distinguish paths depending on their initial parts and then we can require different fairness constraints on different paths such as in waitU(answer 1 ∧φ1 )∨waitU(answer 2 ∧φ2 )
where φ1 , φ2 are two fairness constraints. As another example, consider patterns
for “before”: for “absence” we have Fr → (¬pUr), for “constrained chains”
Fr → (p → (¬rU(s ∧ ¬r ∧ ¬z ∧ X((¬r ∧ ¬z)Ut))))Ur.
Furthermore, as opposed to other tools (including Rabinizer), Rabinizer 2
can also produce DGRA, which are smaller by orders of magnitude for complex
formulae. For instance, for a conjunction of four fairness constraints the constructed DGRA has 256 states, while the directly degeneralized DRA is 20736times bigger [2]. As a result, we not only obtain smaller DRA now for much
larger fragment (by degeneralizing the DGRA into DRA), but also the power of
DGRA is made available for this fragment allowing for the respective speed up
of probabilistic model checking.
The tool can be downloaded and additional materials and proofs found at
http://www.model.in.tum.de/~kretinsk/rabinizer2.html

2

Algorithm

b ∨ (a ∧ X(aUb))

{a}

Let us fix a formula ϕ of LTL\GU . We construct an automaton A(ϕ) recognizing models of ϕ. Details can be
{b}, {a, b}
∅
found on the tool’s webpage. In every step, A(ϕ) unfolds ϕ as in [6], now we also define Unf(ψ1 Uψ2 ) =
Unf(ψ2 ) ∨ (Unf(ψ1 ) ∧ X(ψ1 Uψ2 )). Then it checks whether
ff
2{a,b} tt
2{a,b}
the letter currently read complies with thus generated requirements, see the example on the right for ϕ = aUb. E.g. reading {a} yields
requirement X(aUb) for the next step, thus in the next step we have Unf(aUb)
which is the same as in the initial state, hence we loop.
Some requirements can be checked at a finite time by this unfolding, such as
bU(a ∧ Xb), some cannot, such as GF(a ∧ Xb). The state space has to monitor
the latter requirements (such as the repetitive satisfaction of a ∧ Xb) separately.
To this end, let Gϕ := {Gψ ∈ sf(ϕ)} and Fϕ := {Fψ ∈ sf(ω) | for some ω ∈
Gϕ } where sf(ϕ) denotes the set of all subformulae of ϕ. Then Rec := {ψ |
Gψ ∈ Gϕ or Fψ ∈ Fϕ } is the set of recurrent subformulae of ϕ, whose repeated
satisfaction we must check. (Note that no U occurs in formulae of Rec.) In the
case without the X operator [6, 3], such as with GFa, it was sufficient to record
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the currently read letter in the states of A(ϕ). Then the acceptance condition
checks whether e.g. a is visited infinitely often. Now we could extend this to keep
history of the last n letters read where n is the nesting depth of the X operator
in ϕ. In order to reduce the size of the state space, we rather store equivalence
classes thereof. This is realized by automata. For every ξ ∈ Rec, we have a finite
automaton B(ξ), and A(ϕ) will keep track of its current states.
Construction of B(ξ): We define a finite automaton B(ξ) = (Qξ , iξ , δξ , Fξ )
over 2Ap by
– the set of states Qξ = B+ (sf(ξ)), where B+ (S) is the set
a ∨ b ∨ X(b ∧ Ga)
2{a,b}
of positive Boolean functions over S and tt and ff ,
– the initial state iξ = ξ,
{a}, {b}, {a, b}
∅
– the final states Fξ where each atomic proposition has F
or G as an ancestor in the syntactic tree (i.e. no atomic
b ∧ (Ga)
tt
propositions are guarded by only X’s and Boolean connectives),
∅, {a}
{b}, {a, b}
– transition relation δξ is defined by transitions
Ga

ν

χ −→ X−1 (χ[ν]) for every ν ⊆ Ap and χ ∈
/F
ν
i −→ i
for every ν ⊆ Ap
where χ[ν] is the function χ with tt and ff plugged in for atomic propositions
according to ν and X−1 χ strips away the initial X (whenever there is one) from
each formula in the Boolean combination χ. Note that we do not unfold inner
F- and G-formulae. See an example for ξ = a ∨ b ∨ X(b ∧ Ga) on the right.
Construction of A(ϕ): The state space has two components. Beside the component keeping track of the input formula, we also keep track of the history
for every recurrent formula of Rec. The second component is then a vector of
length |Rec| keeping the current set of states of each B(ξ). Formally, we define
A(ϕ) = (Q, i, δ) to be a deterministic finite automaton over Σ = 2Ap given by
Y
– set of states Q = B+ (sf(ϕ) ∪ Xsf(ϕ)) ×
2Qξ where XS = {Xs | s ∈ S},
ξ∈Rec

– the initial state i = hUnf(ϕ), (ξ 7→ {iξ })ξ∈Rec i;
– the transition function δ is defined by transitions
ν

hψ, (Rξ )ξ∈Rec i −→ hUnf(X−1 (ψ[ν])), δξ (Rξ , ν)


ξ∈Rec

i

On A(ϕ) it is possible to define an acceptance condition such that A(ϕ)
recognizes models of ϕ. The approach is similar to [6], but now we have to take
the information of each B(ξ) into account. We use this information to get lookahead necessary for evaluating X-requirements in the first component of A(ϕ).
However, since storing complete future look-ahead would be costly, B(ξ) actually
stores the compressed information of past. The acceptance condition allows then
for deducing enough information about the future.
Further optimizations include not storing states of each B(ξ), but only the
currently relevant ones. E.g. after reading ∅ in GFa ∨ (b ∧ GFc), it is no more
interesting to track if c occurs infinitely often. Further, since only the infinite
behaviour of B(ξ) is important and it has acyclic structure (except for the initial
states), instead of the initial state we can start in any subset of states. Therefore,
we start in a subset that will occur repetitively and we thus omit unnecessary
initial transient parts of A(ϕ).

ff
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3

Experimental results

We compare our tool to ltl2dstar, which yields the same automata as its Java
reimplementation in PRISM. We consider some formulae on which ltl2dstar
was originally tested [5], some formulae used in a network monitoring project
Liberouter (https://www.liberouter.org/) showing the LTL\GU fragment is practically very relevant, and several other formulae with more involved structure
such as ones containing fairness constraints. For results on the LTL(F,G) subfragment, we refer to [3]. Due to [2], it only makes sense to use DGRA and we
thus display the sizes of DGRA for Rabinizer 2 (except for the more complex
cases this, however, coincides with the degeneralized DRA). Here “?” denotes
time-out after 30 minutes. For more experiments, see the webpage.
Formula
ltl2d* R.2
(Fp)U(Gq)
4
3
(Gp)Uq
5
5
¬(pUq)
4
3
G(p → Fq) ∧ ((Xp)Uq) ∨ ¬X(pU(p ∧ q))
19
8
G(q ∨ XGp) ∧ G(r ∨ XG¬p)
5 14
((G(F(p1 ) ∧ F(¬p1 )))) → (G((p2 ∧ Xp2 ∧ ¬p1 ∧ Xp1 → ((p3 ) → Xp4 ))))
11
8
((p1 ∧ XG(¬p1 )) ∧ (G((Fp2 ) ∧ (F¬p2 ))) ∧ ((¬p2 ))) → (((¬p2 )U
G(¬((p3 ∧ p4 ) ∨ (p3 ∧ p5 ) ∨ (p3 ∧ p6 ) ∨ (p4 ∧ p5 ) ∨ (p4 ∧ p6 ) ∨ (p5 ∧ p6 )))))
17
8
(Xp1 ∧ G((¬p1 ∧ Xp1 ) → XXp1 ) ∧ GF¬p1 ∧ GFp2 ∧ GF¬p2 ) →
(G(p3 ∧ p4 ∧!p2 ∧ Xp2 → X(p1 ∨ X(¬p4 ∨ p1 ))))
9
7
Fr → (p → (¬rU(s ∧ ¬r ∧ ¬z ∧ X((¬r ∧ ¬z)Ut))))Ur
6
5
((GF(a ∧ XXb) ∨ FGb) ∧ FG(c ∨ (Xa ∧ XXb)))
353 73
GF(XXXa ∧ XXXXb) ∧ GF(b ∨ Xc) ∧ GF(c ∧ XXa)
2127 85
(GFa ∨ FGb) ∧ (GFc ∨ FG(d ∨ Xe))
18176 40
(GF(a ∧ XXc) ∨ FGb) ∧ (GFc ∨ FG(d ∨ Xa ∧ XXb))
? 142
aUb ∧ (GFa ∨ FGb) ∧ (GFc ∨ FGd) ∨ aUc ∧ (GFa ∨ FGd) ∧ (GFc ∨ FGb)
? 60
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Summary
Continuous-time Markov decision processes are an established model in operations research, biology, performance evaluation etc. for modelling either open
systems or closed controllable systems. Modelling open controllable systems
and optimisation of their behaviour requires a game extension. We give such
an extension called continuous-time stochastic games and study its properties. Firstly, we establish determinacy and non/existence of optimal timeabstract strategies in these games. Secondly, we extend and optimise the algorithm for time-bounded reachability with ε-optimal time-abstract strategies
in the continuous-time Markov decision processes of [BHHK04] to the setting of
continuous-time stochastic games and analyse its complexity. Thirdly, we give
an algorithm to compute optimal time-abstract strategies.
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• the results and proofs concerning the structure of optimal and ε-optimal
strategies,
• the design of parts of the algorithms and the respective proofs of correctness,
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Abstract
We study continuous-time stochastic games with time-bounded reachability objectives and time-abstract strategies. We show that each vertex in such a game
has a value (i.e., an equilibrium probability), and we classify the conditions
under which optimal strategies exist. Further, we show how to compute εoptimal strategies in finite games and provide detailed complexity estimations.
Moreover, we show how to compute ε-optimal strategies in infinite games with
finite branching and bounded rates where the bound as well as the successors
of a given state are effectively computable. Finally, we show how to compute
optimal strategies in finite uniform games.
Keywords: continuous time stochastic systems, time-bounded reachability,
stochastic games

1. Introduction
Markov models are widely used in many diverse areas such as economics, biology, or physics. More recently, they have also been used for performance and
dependability analysis of computer systems. Since faithful modeling of computer systems often requires both randomized and non-deterministic choice, a
lot of attention has been devoted to Markov models where these two phenomena co-exist, such as Markov decision processes and stochastic games. The latter
I This is an extended version of FSTTCS’09 paper with full proofs and improved complexity
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Aid. Vojtěch Forejt was supported in part by ERC Advanced Grant VERIWARE and a Royal
Society Newton Fellowship.
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2 Present address:
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model of stochastic games is particularly apt for analyzing the interaction between a system and its environment, which are formalized as two players with
antagonistic objectives (we refer to, e.g., [1, 2, 3] for more comprehensive expositions of results related to games in formal analysis and verification of computer
systems). So far, most of the existing results concern discrete-time Markov decision processes and stochastic games, and the accompanying theory is relatively
well-developed (see, e.g., [4, 5]).
In this paper, we study continuous-time stochastic games (CTGs) and hence
also continuous-time Markov decision processes (CTMDPs) with time-bounded
reachability objectives. Roughly speaking, a CTG is a finite or countably infinite
graph with three types of vertices—controllable vertices (boxes), adversarial
vertices (diamonds), and actions (circles). The outgoing edges of controllable
and adversarial vertices lead to the actions that are enabled at a given vertex.
The outgoing edges of actions lead to controllable or adversarial vertices, and
every edge is assigned a positive probability so that the total sum of these
probabilities in each vertex is equal to 1. Further, each action is assigned a
positive real rate. A simple finite CTG is shown below.
0.1
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4
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A game is played by two players,  and ♦, who are responsible for selecting
the actions (i.e., resolving the non-deterministic choice) in the controllable and
adversarial vertices, respectively. The selection is timeless, but performing a selected action takes time which is exponentially distributed (the parameter is the
rate of a given action). When a given action is finished, the next vertex is chosen randomly according to the fixed probability distribution over the outgoing
edges of the action. A time-bounded reachability objective is specified by a set T
of target vertices and a time bound t > 0. The goal of player  is to maximize
the probability of reaching a target vertex before time t, while player ♦ aims at
minimizing this probability.
Note that events such as component failures, user requests, message receipts,
exceptions, etc., are essentially history-independent, which means that the time
between two successive occurrences of such events is exponentially distributed.
CTGs provide a natural and convenient formal model for systems exhibiting
these features, and time-bounded reachability objectives allow to formalize basic
liveness and safety properties of these systems.
Previous work. Although the practical relevance of CTGs with timebounded reachability objectives to verification problems is obvious, to the best
of our knowledge there are no previous results concerning even very basic properties of such games. A more restricted model of uniform CTMDPs is studied
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in [6, 7]. Intuitively, a uniform CTMDP is a CTG where all non-deterministic
vertices are controlled just by one player, and all actions are assigned the same
rate. In [6], it is shown that the maximal and minimal probability of reaching
a target vertex before time t is efficiently computable up to an arbitrarily small
given error, and that the associated strategy is also effectively computable. An
open question explicitly raised in [6] is whether this result can be extended to all
(not necessarily uniform) CTMDP. In [6], it is also shown that time-dependent
strategies are more powerful than time-abstract ones, and this issue is addressed
in greater detail in [7] where the mutual relationship between various classes of
time-dependent strategies in CTMDPs is studied. Furthermore, in [8] rewardbounded objectives in CTMDPs are studied.
Our contribution is twofold. Firstly, we examine the fundamental properties of CTGs, where we aim at obtaining as general (and tight) results as
possible. Secondly, we consider the associated algorithmic issues. Concrete
results are discussed in the following paragraphs.
Fundamental properties of CTGs. We start by showing that each vertex
v in a CTG with time-bounded reachability objectives has a value, i.e., an
equilibrium probability of reaching a target vertex before time t. The value is
equal to supσ inf π Pvσ,π (Reach ≤t (T )) and inf π supσ Pvσ,π (Reach ≤t (T )), where σ
and π range over all time-abstract strategies of player  and player ♦, and
Pvσ,π (Reach ≤t (T )) is the probability of reaching T before time t when starting
in v in a play obtained by applying the strategies σ and π. This result holds
for arbitrary CTGs which may have countably many vertices and actions. This
immediately raises the question whether each player has an optimal strategy
which achieves the outcome equal to or better than the value against every
strategy of the opponent. We show that the answer is negative in general, but an
optimal strategy for player ♦ is guaranteed to exist in finitely-branching CTGs,
and an optimal strategy for player  is guaranteed to exist in finitely-branching
CTGs with bounded rates (see Definition 2.2). These results are tight, which is
documented by appropriate counterexamples. Moreover, we show that in the
subclasses of CTGs just mentioned, the players have also optimal CD strategies
(a strategy is CD if it is deterministic and “counting”, i.e., it only depends on
the number of actions in the history of a play, where actions with the same
rate are identified). Note that CD strategies still use infinite memory and in
general they do not admit a finite description. A special attention is devoted
to finite uniform CTGs, where we show a somewhat surprising result—both
players have finite memory optimal strategies (these finite memory strategies
are deterministic and their decision is based on “bounded counting” of actions;
hence, we call them “BCD”). Using the technique of uniformization, one can
generalize this result to all finite (not necessarily uniform) games, see [9].
Algorithms. We show that for finite CTGs, ε-optimal strategies for both
2|R|+O(1)
time,
players are computable in |V |2 · |A| · bp 2 · (max R) · t + ln 1ε
where |V | and |A| is the number of vertices and actions, resp., bp is the maximum
bit-length of transition probabilities and rates (we assume that rates and the
probabilities in distributions assigned to the actions are represented as fractions

116

of integers encoded in binary), |R| is the number of rates, max R is the maximal
rate, and t is the time bound. This solves the open problem of [6] (in fact, our
result is more general as it applies to finite CTGs, not just to finite CTMDPs).
Actually, the algorithm works also for infinite-state CTGs as long as they are
finitely-branching, have bounded rates, and satisfy some natural “effectivity
assumptions” (see Corollary 5.26). For example, this is applicable to the class
of infinite-state CTGs definable by pushdown automata (where the rate of a
given configuration depends just on the current control state), and also to other
automata-theoretic models. Finally, we show how to compute the optimal BCD
strategies for both players in finite uniform CTGs.
Some proofs that are rather technical have been shifted into Appendix C.
2. Definitions
In this paper, the sets of all positive integers, non-negative integers, rational
numbers, real numbers, non-negative real numbers, and positive real numbers
are denoted by N, N0 , Q, R, R≥0 , and R>0 , respectively. Let A be a finite or
countably infinite
set. A probability distribution on A is a function f : A → R≥0
P
such that
a∈A f (a) = 1. The support of f is the set of all a ∈ A where
f (a) > 0. A distribution f is Dirac if f (a) = 1 for some a ∈ A. The set of all
distributions on A is denoted by D(A). A σ-field over a set Ω is a set F ⊆ 2Ω that
contains Ω and is closed under complement and countable union. A measurable
space is a pair (Ω, F) where Ω is a set called sample space and F is a σ-field
over Ω whose elements are called measurable sets. A probability measure over a
measurable space (Ω, F) is a function P : F → R≥0 suchSthat, for each
P countable
collection {Xi }i∈I of pairwise disjoint elements of F, P( i∈I Xi ) = i∈I P(Xi ),
and moreover P(Ω) = 1. A probability space is a triple (Ω, F, P), where (Ω, F)
is a measurable space and P is a probability measure over (Ω, F). Given two
measurable sets X, Y ∈ F such that P(Y ) > 0, the conditional probability of
X under the condition Y is defined as P(X | Y ) = P(X ∩ Y )/P(Y ). We say
that a property A ⊆ Ω holds for almost all elements of a measurable set Y if
P(Y ) > 0, A ∩ Y ∈ F, and P(A ∩ Y | Y ) = 1.
In our next definition we introduce continuous-time Markov chains
(CTMCs). The literature offers several equivalent definitions of CTMCs (see,
e.g., [10]). For purposes of this paper, we adopt the variant where transitions
have discrete probabilities and the rates are assigned to states.
Definition 2.1. A continuous-time Markov chain (CTMC) is a tuple
M = (S, P, R, µ), where S is a finite or countably infinite set of states, P is
a transition probability function assigning to each s ∈ S a probability distribution over S, R is a function assigning to each s ∈ S a positive real rate, and µ
is the initial probability distribution on S.
x

If P(s)(s0 ) = x > 0, we write s → s0 or shortly s → s0 . A time-abstract
path is a finite or infinite sequence u = u0 , u1 , . . . of states such that ui−1 → ui
for every 1 ≤ i < length(u), where length(u) is the length of u (the length of
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an infinite sequence is ∞). A timed path (or just path) is a pair w = (u, t),
where u is a time-abstract path and t = t1 , t2 , . . . is a sequence of positive
reals such that length(t) = length(u). We put length(w ) = length(u), and for
every 0 ≤ i < length(w ), we usually write w(i) and w[i] instead of ui and ti ,
respectively.
Infinite paths are also called runs. The set of all runs in M is denoted Run M ,
or just Run when M is clear from the context. A template is a pair (u, I), where
u = u0 , u1 , . . . is a finite time-abstract path and I = I0 , I1 , . . . a finite sequence of
non-empty intervals in R≥0 such that length(u) = length(I )+1. Every template
(u, I) determines a basic cylinder Run (u, I) consisting of all runs w such that
w(i) = ui for all 0 ≤ i < length(u), and w[j] ∈ Ij for all 0 ≤ i < length(u) − 1.
To M we associate the probability space (Run , F, P) where F is the σ-field
generated by all basic cylinders Run (u, I) and P : F → R≥0 is the unique
probability measure on F such that
length(u)−2

P(Run (u, I)) = µ(u0 )·

Y



P(ui )(ui+1 ) · e−R(ui )·inf(Ii ) − e−R(ui )·sup(Ii )

i=0

Note that if length(u) = 1, the “big product” above is empty and hence equal
to 1.
Now we formally define continuous-time games, which generalize continuoustime Markov chains by allowing not only probabilistic but also non-deterministic
choice. Continuous-time games also generalize the model of continuous-time
Markov decision processes studied in [6, 7] by splitting the non-deterministic
vertices into two disjoint subsets of controllable and adversarial vertices, which
are controlled by two players with antagonistic objectives. Thus, one can model
the interaction between a system and its environment.
Definition 2.2. A continuous-time game (CTG) is a tuple G =
(V, A, E, (V , V♦ ), P, R) where V is a finite or countably infinite set of vertices,
A is a finite or countably infinite set of actions, E is a function which to every
v ∈ V assigns a non-empty set of actions enabled in v, (V , V♦ ) is a partition
of V , P is a function which assigns to every a ∈ A a probability distribution on
V , and R is a function which assigns a positive real rate to every a ∈ A.
We require that V ∩ A = ∅ and use N to denote the set V ∪ A. We say that
G is finitely-branching if for each v ∈ V the set E(v) is finite (note that P(a) for
a given a ∈ A can still have an infinite support even if G is finitely branching).
We say that G has bounded rates if supa∈A R(a) < ∞, and that G is uniform if
R is a constant function. Finally, we say that G is finite if N is finite.
If V or V♦ is empty (i.e., there is just one type of vertices), then G is a
continuous-time Markov decision process (CTMDP). Technically, our definition
of CTMDP is slightly different from the one used in [6, 7], but the difference is
only cosmetic. The two models are equivalent in a well-defined sense (a detailed
explanation is included in Appendix B). Also note that P and R associate the
probability distributions and rates directly to actions, not to pairs of V ×A. This
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is perhaps somewhat non-standard, but leads to simpler notation (since each
vertex can have its “private” set of enabled actions, this is no real restriction).
A play of G is initiated in some vertex. The non-deterministic choice is
resolved by two players,  and ♦, who select the actions in the vertices of V
and V♦ , respectively. The selection itself is timeless, but some time is spent
by performing the selected action (the time is exponentially distributed with
the rate R(a)), and then a transition to the next vertex is chosen randomly
according to the distribution P(a). The players can also select the actions
randomly, i.e., they select not just a single action but a probability distribution
on the enabled actions. Moreover, the players are allowed to play differently
when the same vertex is revisited. We assume that both players can see the
history of a play, but cannot measure the elapsed time.
Let
∈ {, ♦}. A strategy for player
is a function which to each wv ∈
N ∗ V assigns a probability distribution on E(v). The sets of all strategies
for player  and player ♦ are denoted by Σ and Π, respectively. Each pair of
strategies (σ, π) ∈ Σ×Π together with an initial vertex v̂ ∈ V determine a unique
play of the game G, which is a CTMC G(v̂, σ, π) where N ∗ A is the set of states,
the rate of a given wa ∈ N ∗ A is R(a) (the rate function of G(v̂, σ, π) is also
denoted by R), and the only non-zero transition probabilities are between states
x
of the form wa and wava0 with wa → wava0 iff one of the following conditions
is satisfied:
• v ∈ V , a0 ∈ E(v), and x = P(a)(v) · σ(wav)(a0 ) > 0;
• v ∈ V♦ , a0 ∈ E(v), and x = P(a)(v) · π(wav)(a0 ) > 0.
The initial distribution is determined as follows:
• µ(v̂a) = σ(v̂)(a) if v̂ ∈ V and a ∈ E(v̂);
• µ(v̂a) = π(v̂)(a) if v̂ ∈ V♦ and a ∈ E(v̂);
• in the other cases, µ returns zero.
Note that the set of states of G(v̂, σ, π) is infinite. Also note that all states
reachable from a state v̂a, where µ(v̂a) > 0, are alternating sequences of vertices
and actions. We say that a state w of G(v̂, σ, π) hits a vertex v ∈ V if v is the
last vertex which appears in w (for example, v1 a1 v2 a2 hits v2 ). Further, we say
that w hits T ⊆ V if w hits some vertex of T . From now on, the paths (both
finite and infinite) in G(v̂, σ, π) are denoted by Greek letters α, β, . . .. Note that
for every α ∈ Run G(v̂,σ,π) and every i ∈ N0 we have that α(i) = wa where
wa ∈ N ∗ A.
We denote by R(G) the set of all rates used in G (i.e., R(G) = {R(a) |
a ∈ A}), P
and by H(G) the set of all vectors of the form i : R(G) → N0
satisfying
r∈R(G) i(r) < ∞. When G is clear from the context, we write
just R and
H
P instead of R(G) and H(G), respectively. For every i ∈ H, we
put |i| = r∈R i(r). For every r ∈ R, we denote by 1r the vector of H such
that 1r (r) = 1 and 1r (r0 ) = 0 if r0 6= r. Further, for every wx ∈ N ∗ N we
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define the vector iwx ∈ H such that iwx (r) returns the cardinality of the set
{j ∈ N0 | 0 ≤ j < length(w ), w(j) ∈ A, R(w(j)) = r}. (Note that the last
element x of wx is disregarded.) Given i ∈ H and wx ∈ N ∗ N , we say that
wx matches i if i = iwx .
We say that a strategy τ is counting (C) if τ (wv) = τ (w0 v) for all v ∈ V and
w, w0 ∈ N ∗ such that iwv = iw0 v . In other words, a strategy τ is counting if the
only information about the history of a play w which influences the decision of
τ is the vector iwv . Hence, every counting strategy τ can be considered as a
function from H×V to D(A), where τ (i, v) corresponds to the value of τ (wv) for
every wv matching i. A counting strategy τ is bounded counting (BC) if there
is k ∈ N such that τ (wv) = τ (w0 v) whenever length(w ) ≥ k and length(w 0 ) ≥ k.
A strategy τ is deterministic (D) if τ (wv) is a Dirac distribution for all wv.
Strategies that are not necessarily counting are called history-dependent (H),
and strategies that are not necessarily deterministic are called randomized (R).
Thus, we obtain the following six types of strategies: BCD, BCR, CD, CR, HD,
and HR. The most general (unrestricted) type is HR, and the importance of the
other types of strategies becomes clear in subsequent sections.
In this paper, we are interested in continuous-time games with time-bounded
reachability objectives, which are specified by a set T ⊆ V of target vertices and
a time bound t ∈ R>0 . Let v be an initial vertex. Then each pair of strategies
(σ, π) ∈ Σ × Π determines a unique outcome Pvσ,π (Reach ≤t (T )), which is the
probability of all α ∈ Run G(v,σ,π) that visit T before time t (i.e., there is i ∈ N0
Pi−1
such that α(i) hits T and j=0 α[j] ≤ t). The goal of player  is to maximize
the outcome, while player ♦ aims at the opposite. In our next definition we
recall the standard concept of an equilibrium outcome called the value.
Definition 2.3. We say that a vertex v ∈ V has a value if
sup inf Pvσ,π (Reach ≤t (T ))

σ∈Σ π∈Π

=

inf sup Pvσ,π (Reach ≤t (T ))

π∈Π σ∈Σ

If v has a value, then val (v) denotes the value of v defined by the above equality.
The existence of val (v) follows easily by applying the powerful result of Martin
about weak determinacy of Blackwell games [11] (more precisely, one can use
the determinacy result for stochastic games presented in [12] which builds on
[11]). In Section 3, we give a self-contained proof of the existence of val (v),
which also brings further insights used later in our algorithms. Still, we think
it is worth noting how the existence of val (v) follows from the results of [11, 12]
because the argument is generic and can be used also for more complicated
timed objectives and a more general class of games over semi-Markov processes
[4] where the distribution of time spent by performing a given action is not
necessarily exponential.
Theorem 2.4. Every vertex v ∈ V has a value.
Proof. Let us consider an infinite path of G initiated in v, i.e., an infinite sequence v0 , a0 , v1 , a1 , . . . where v0 = v and ai ∈ E(vi ), P(ai )(vi+1 ) > 0 for all
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i ∈ N0 . Let f be a real-valued function over infinite paths of G defined as
follows:
• If a given path does not visit a target vertex (i.e., vi 6∈ T for all i ∈ N0 ),
then f returns 0;
• otherwise, let i ∈ N0 be the least index such that vi ∈ T . The function f
returns the probability P(X0 + · · · + Xi−1 ≤ t) where every Xj , 0 ≤ j < i,
is an exponentially distributed random variable with the rate R(aj ) (we
assume that all Xj are mutually independent). Intuitively, f returns the
probability that the considered path reaches vi before time t.
Note that f is Borel measurable and bounded. Also note that every run in a
play G(v, σ, π) initiated in v determines exactly one infinite path in G (the time
stamps are ignored). Hence, f determines a unique random variable over the
runs in G(v, σ, π) which is denoted by fvσ,π . Observe that fvσ,π does not depend
on the time stamps which appear in the runs of G(v, σ, π), and hence we can
apply the results of [12] and conclude that
sup inf E[fvσ,π ]

σ∈Σ π∈Π

=

inf sup E[fvσ,π ]

π∈Π σ∈Σ

where E[fvσ,π ] is the expected value of fvσ,π . To conclude the proof, it suffices to
realize that Pvσ,π (Reach ≤t (T )) = E[fvσ,π ].
Since values exist, it makes sense to define ε-optimal and optimal strategies.
Definition 2.5. Let ε ≥ 0. We say that a strategy σ ∈ Σ is an ε-optimal
maximizing strategy in v (or just ε-optimal in v) if
inf Pvσ,π (Reach ≤t (T )) ≥ val (v) − ε

π∈Π

and that a strategy π ∈ Π is an ε-optimal minimizing strategy in v (or just
ε-optimal in v) if
sup Pvσ,π (Reach ≤t (T )) ≤ val (v) + ε

σ∈Σ

A strategy is ε-optimal if it is ε-optimal in every v. A strategy is optimal in v
if it is 0-optimal in v, and just optimal if it is optimal in every v.
3. The Existence of Values and Optimal Strategies
In this section we first give a self-contained proof that every vertex in a
CTG with time-bounded reachability objectives has a value (Theorem 3.6).
The argument does not require any additional restrictions, i.e., it works also for
CTGs with infinite state-space and infinite branching degree. As we shall see,
the ideas presented in the proof of Theorem 3.6 are useful also for designing
an algorithm which for a given ε > 0 computes ε-optimal strategies for both
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players. Then, we study the existence of optimal strategies. We show that
even though optimal minimizing strategies may not exist in infinitely-branching
CTGs, they always exist in finitely-branching ones. As for optimal maximizing
strategies, we show that they do not necessarily exist even in finitely-branching
CTGs, but they are guaranteed to exist if a game is both finitely-branching and
has bounded rates (see Definition 2.2).
For the rest of this section, we fix a CTG G = (V, A, E, (V , V♦ ), P, R), a set
T ⊆ V of target vertices, and a time bound t > 0. Given i ∈ H where |i| > 0,
we denote by Fi the probability distribution function of the random variable
P
Pi(r) (r)
(r)
(r)
Xi = r∈R i=1 Xi where all Xi are mutually independent and each Xi
is an exponentially distributed random variable with the rate r (for reader’s
convenience, basic properties of exponentially distributed random variables are
recalled in Appendix A). We also define F0 as a constant function returning 1
for every argument (here 0 ∈ H is the empty history, i.e., |0| = 0). In the special
case when R is a singleton, we use F` to denote Fi such that i(r) = `, where r
is the only element of R. Further, given ∼ ∈ {<, ≤, =} and k ∈ N, we denote
by Pvσ,π (Reach ≤t
∼k (T )) the probability of all α ∈ Run G(v,σ,π) that visit T for the
first time in the number of steps satisfying the constraint ∼ k and
before time t
Pi−1
(i.e., there is i ∈ N0 such that i = min{j | α(j) hits T } ∼ k and j=0 α[j] ≤ t).
We first restate Theorem 2.4 and give its constructive proof.
Theorem 3.6. Every vertex v ∈ V has a value.
Proof. Given σ ∈ Σ, π ∈ Π, j ∈ H, and u ∈ V , we denote by P σ,π (u, j) the
probability of all runs α ∈ Run G(u,σ,π) such that for some n ∈ N0 the state α(n)
hits T and matches j, and for all 0 ≤ j < n we have that α(j) does not hit T .
Then we introduce two functions A, B : H × V → [0, 1] where
X
Fi+j (t) · P σ,π (v, j)
A(i, v) = sup inf
σ∈Σ π∈Π

B(i, v)

=

inf sup

π∈Π σ∈Σ

j∈H

X

Fi+j (t) · P σ,π (v, j)

j∈H

Clearly, it suffices to prove that A = B, because then for every vertex v ∈ V we
also have that A(0, v) = B(0, v) = val (v). The equality A = B is obtained by
demonstrating that both A and B are equal to the (unique) least fixed point of a
monotonic function V : (H × V → [0, 1]) → (H × V → [0, 1]) defined as follows:
for every H : H × V → [0, 1], i ∈ H, and v ∈ V we have that


v∈T
Fi (t)
P
V(H)(i, v) = supa∈E(v) u∈V P(a)(u) · H(i + 1R(a) , u) v ∈ V \ T

P

inf a∈E(v) u∈V P(a)(u) · H(i + 1R(a) , u) v ∈ V♦ \ T
Let us denote by µV the least fixed point of V. We show that µV = A = B.
The inequality A  B (where  is the standard pointwise order) is obvious and
follows directly from the definition of A and B. Hence, it suffices to prove the
following two assertions:
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1. By the following claim we obtain µV  A.
Claim 3.7. A is a fixed point of V.
2. For every ε > 0 there is a CD strategy πε ∈ Π such that for every i ∈ H
and every v ∈ V we have that
X
sup
Fi+j (t) · P σ,πε (v, j) ≤ µV(i, v) + ε
σ∈Σ

j∈H

from which we get B  µV.
The strategy πε can be defined as follows.PGiven i ∈ H and v ∈ V♦ , we put
πε (i, v)(a) = 1 for some a ∈ A satisfying u∈V P(a)(u)·µV(i+1R(a) , u) ≤
ε
. We prove that πε indeed satisfies the above equality. For
µV(i, v) + 2|i|+1
every σ ∈ Σ, every i ∈ H, every v ∈ V and every k ≥ 0, we denote
X
Rσk (i, v) :=
Fi+j (t) · P σ,πε [i] (v, j)
j∈H
|j|≤k

Here πε [i] is the strategy obtained from πε by πε [i](j, u) := πε (i + j, u).
The following claim then implies that Rσ (i, v) := limk→∞ Rσk (i, v) ≤
µV(i, v) + ε.
Claim 3.8. For every σ ∈ Σ, k ≥ 0, i ∈ H, v ∈ V , ε ≥ 0, we have
Rσk (i, v) ≤ µV(i, v) +

k
X
j=1

ε
2|i|+j

Both Claim 3.7 and 3.8 are purely technical, for proofs see Appendix C.1.
It follows directly from Definition 2.3 and Theorem 3.6 that both players
have ε-optimal strategies in every vertex v (for every ε > 0). Now we examine
the existence of optimal strategies. We start by observing that optimal strategies
do not necessarily exist in general.
Observation 3.9. Optimal minimizing and optimal maximizing strategies in
continuous-time games with time-bounded reachability objectives do not necessarily exist, even if we restrict ourselves to games with finitely many rates (i.e.,
R(G) is finite) and finitely many distinct transition probabilities.
Proof. Consider a game G = (V, A, E, (V , V♦ ), P, R), where V = {vi | i ∈
N0 } ∪ {start, down}, A = {ai , bi | i ∈ N} ∪ {c, d}, E(start) = {ai | i ∈ N},
E(vi ) = {bi } for all i ∈ N, E(v0 ) = {c}, E(down) = {d}, P(ai )(vi ) = 1,
P(c)(v0 ) = 1, P(d)(down) = 1, and P(bi ) is the uniform distribution that
chooses down and vi−1 for all i ∈ N, and R assigns 1 to every action. The
structure of G is shown in Figure 1 (the partition of V into (V , V♦ ) is not
fixed yet, and the vertices are therefore drawn as ovals).
P∞ If we putV = V ,
σ,π
we obtain that supσ∈Σ Pstart
(Reach ≤1 ({down})) = `=1 21` F`+1 (1) where π
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Figure 1: Optimal strategies may not exist.

is the trivial strategy for player ♦. However, there is obviously no optimal
maximizing strategy. On the other hand, if we put V♦ = V , we have that
σ,π
inf π∈Π Pstart
(Reach ≤1 ({v0 })) = 0 where σ is the trivial strategy for player ,
but there is no optimal minimizing strategy.
However, if G is finitely-branching, then the existence of an optimal minimizing CD strategy can be established by adapting the construction used in the
proof of Theorem 3.6.
Theorem 3.10. If G is finitely-branching, then there is an optimal minimizing
CD strategy.
Proof. It suffices to reconsider the second assertion of the proof of Theorem 3.6.
Since G is finitely-branching, the infima over enabled actions in the definition
of V are actually minima. Hence, in the definition of πε , we can set ε = 0 and
pick actions yielding minimal values. Thus the strategy πε becomes an optimal
minimizing CD strategy.
Observe that for optimal minimizing strategies we did not require that G
has bounded rates. The issue with optimal maximizing strategies is slightly
more complicated. First, we observe that optimal maximizing strategies do not
necessarily exist even in finitely-branching games.
Observation 3.11. Optimal maximizing strategies in continuous-time games
with time-bounded reachability objectives may not exist, even if we restrict ourselves to finitely-branching games.
Proof. Consider a game G = (V, A, E, (V , V♦ ), P, R), where V = V = {vi , ui |
i ∈ N0 } ∪ {win, lose}; A = {ai , bi , end i | i ∈ N0 } ∪ {w, `}, E(win) = {w},
E(lose) = {`}, and E(vi ) = {ai , bi }, E(ui ) = {endi } for all i ∈ N0 ; R(w) =
R(`) = 1, and R(ai ) = R(bi ) = 2i , R(endi ) = 2i+1 for all i ∈ N0 ; P(w)(win) =
P(`)(lose) = 1, and for all i ∈ N0 we have that P(ai )(vi+1 ) = 1, P(bi )(ui ) = 1,
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Figure 2: Optimal maximizing strategies may not exist in finitely-branching games.

and P(endi ) is the distribution that assigns ri to win and 1 − ri to lose, where
ri is the number discussed below. The structure of G is shown in Figure 2 (note
that for clarity, the vertices win and lose are drawn multiple times, and their
only enabled actions w and ` are not shown).
For every k ∈ N, let ik ∈ H be the vector that assigns 1 to all r ∈ R such that
r ≤ 2k , and 0 to all other rates. Let us fix t ∈ Q and q > 21 such that Fik (t) ≥ q
for every k
P∈k N. Note that such t and q exist because the mean value associated
to Fik is i=0 1/2i < 2 and hence it suffices to apply Markov inequality. For
1
. It is
every j ≥ 0, we fix some rj ∈ Q such that q − 21j ≤ Fij+1 (t) · rj ≤ q − 2j+1
easy to check that rj ∈ [0, 1], which means that the function P is well-defined.
We claim that supσ∈Σ Pvσ,π
(Reach ≤t ({win})) = q (where π is the
0
trivial strategy for player ♦), but there is no strategy σ such that
Pvσ,π
(Reach ≤t ({win})) = q. The first part follows by observing that player 
0
can reach win within time t with probability at least q − 21j for an arbitrarily
large j by selecting the actions a0 , . . . , aj−1 and then bj . The second part follows
from the fact that by using bj , the probability of reaching win from v0 becomes
strictly less than q, and by not selecting bj at all, this probability becomes equal
to 0.
Observe that again the counterexample is a CTMDP. Now we show that if G
is finitely-branching and has bounded rates, then there is an optimal maximizing
CD strategy. First, observe that for each k ∈ N0
≤t
σ,π
k+1
sup inf Pvσ,π (Reach ≤t
(zero)(0, v)
≤k (T )) = inf sup Pv (Reach ≤k (T )) = V

σ∈Σ π∈Π

π∈Π σ∈Σ

(1)
where V is the function defined in the proof of Theorem 3.6,
zero : H × V → [0, 1] is a constant function returning zero for every argument, and 0 is the empty history. A proof of Equality 1 is obtained
by a straightforward induction on k.
We use val k (v) to denote the
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k-step value defined by Equality 1, and we say that strategies σk ∈ Σ
and πk ∈ Π are k-step optimal if for all v ∈ V , π ∈ Π, and σ ∈ Σ we have
k
σ,πk
inf π∈Π Pvσk ,π (Reach ≤t
(Reach ≤t
The
≤k (T )) = supσ∈Σ Pv
≤k (T )) = val (v).
existence and basic properties of k-step optimal strategies are stated in our
next lemma.
Lemma 3.12. If G is finitely-branching and has bounded rates, then we have
the following:
1. For all ε > 0, k ≥ (sup R)te2 − ln ε, σ ∈ Σ, π ∈ Π, and v ∈ V we have
that
≤t
σ,π
Pvσ,π (Reach ≤t (T )) − ε ≤ Pvσ,π (Reach ≤t
(T ))
≤k (T )) ≤ Pv (Reach

2. For every k ∈ N, there are k-step optimal BCD strategies σk ∈ Σ and
πk ∈ Π. Further, for all ε > 0 and k ≥ (sup R)te2 − ln ε we have that
every k-step optimal strategy is also an ε-optimal strategy.
Proof. See Appendix C.2.
If G is finitely-branching and has bounded rates, one may be tempted to
construct an optimal maximizing strategy σ by selecting those actions that
are selected by infinitely many k-step optimal BCD strategies for all k ∈ N
(these strategies are guaranteed to exist by Lemma 3.12 (2)). However, this is
not so straightforward, because the distributions assigned to actions in finitelybranching games can still have an infinite support. Intuitively, this issue is
overcome by considering larger and larger finite subsets of the support so that
the total probability of all of the infinitely many omitted elements approaches
zero. Hence, a proof of the following theorem is somewhat technical.
Theorem 3.13. If G is finitely-branching and has bounded rates, then there is
an optimal maximizing CD strategy.
Proof. For the sake of this proof, given a set of runs R ⊆ Run G(v̂,σ,π) , we
denote Pv̂σ,π (R) the probability of R in G(v̂, σ, π). For every k ∈ N we fix a
k-step optimal BCD strategy σk of player  (see Lemma 3.12). Let us order
the set R of rates into an enumerable sequence r1 , r2 . . . and the set V into
an enumerable sequence v1 , v2 . . .. We define a sequence of sets of strategies
Σ ⊇ Γ0 ⊇ Γ1 ⊇ · · · as follows. We put Γ0 = {σ` | ` ∈ N} and we construct
Γ` to be an infinite subset of Γ`−1 such that we have σ(i, vn ) = σ 0 (i, vn ) for all
σ, σ 0 ∈ Γ` , all n ≤ ` and all i ∈ H such that |i| ≤ ` and i(rj ) = 0 whenever
j > `. Note that such a set exists since Γ`−1 is infinite and the conditions above
partition it into finitely many classes, one of which must be infinite.
Now we define the optimal strategy σ. Let i ∈ H and vn ∈ V , we choose a
number ` such that ` > |i|, ` > n and i(j) = 0 for all j > ` (note that such `
exists for any i ∈ H and vn ∈ V ). We put σ(i, vn ) = σ 0 (i, vn ) where σ 0 ∈ Γ` .
It is easy to see that σ is a CD strategy, it remains to argue that it is optimal.
Suppose the converse, i.e. that it is not ε-optimal in some vin for some ε > 0.
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Let us fix k satisfying conditions of part 1 of Lemma 3.12 for 4ε . For each
a ∈ A there is a set Ba ⊆ V such that V \ Ba is finite and P(a)(Ba ) ≤
0
0
ε
ε
0
0
σ 0 ,π 0
(Uiv,σ ,π ) ≤ 2k
4k . For all strategies σ and π and all k we have that Pv
0

0

where Uiv,σ ,π is the set of all runs of G(v, σ 0 , π 0 ) that do not contain any state
of the form v0 a0 . . . ai−1 vi ai where vi ∈ Bai−1 . As a consequence we have
0
0
0
0
Tk
0
0 Tk
0
0
Pvσ ,π ( i=0 Uiv,σ ,π ) ≤ 4ε . In the sequel, we denote U v,σ ,π = i=0 Uiv,σ ,π and
0
0
we write just U instead of U v,σ ,π if v, σ and π are clear from the context.
Let W be the set of histories of the form v0 a0 . . . vi−1 ai−1 vi where i ≤ k,
v0 = vin , and for all 0 ≤ j < i we have aj ∈ E(vj ), P(aj )(vi+j ) > 0 and
vj+1 6∈ Baj . We claim that there is m ≥ n s.t. σm is 4ε -optimal and satisfies
σ(w) = σm (w) for all w ∈ W . To see that such a strategy exists, observe that
W is finite, which means that there is a number ` such that k ≤ ` and for
all w ∈ W , there is no vi in w such that i > ` and whenever a is in w, then
R(a) = ri for i < `. Now it suffices to choose arbitrary 4ε -optimal strategy
σm ∈ Γ` .
One can prove by induction on the length of path from vin to T that the
following equality holds true for all π.
≤t
m ,π
Pvσin
(Reach ≤k
(T ) \ U ) = Pvσ,π
(Reach ≤t
≤k (T ) \ U )
in

Finally, we obtain
min Pvσ,π
(Reach ≤t
≤k (T ) \ U )
in
π∈Π

=

m ,π
min Pvσin
(Reach ≤t
≤k (T ) \ U )

π∈Π

m ,π
≥ min Pvσin
(Reach ≤t
≤m (T ) \ U ) −

π∈Π

m ,π
≥ min Pvσin
(Reach ≤t
≤m (T )) −

π∈Π

≥ val (vin ) −

ε
4

ε
2

ε ε
− ≥ val (vin ) − ε
4 2

which means that σ is ε-optimal in vin .
4. Optimal Strategies in Finite Uniform CTGs
In this section, we restrict ourselves to finite uniform CTGs, i.e.
R(a) = r > 0 for all a ∈ A. The histories from H are thus vectors of length
1, hence we write them as integers. We prove that both players have optimal
BCD strategies in such games. More precisely, we prove a stronger statement
that there are optimal strategies that after some number of steps eventually
behave in a stationary way. A CD strategy τ is stationary if τ (h, v) depends
just on v for every vertex v. Besides, for a CD strategy τ , a strategy τ [h] is
defined by τ [h](h0 , v) = τ (h + h0 , v). Further, recall that bp is the maximum
bit-length of the fractional representation of transition probabilities.
Theorem 4.14. In a finite uniform CTG, there exist optimal CD strategies
σ ∈ Σ, π ∈ Π and k ∈ N such that σ[k] and π[k] are stationary; in particular, σ
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and π are optimal BCD strategies. Moreover, if all transition probabilities are
2
3
rational then one can choose k = rt(1 + 2bp·|A| ·|V | ).
We then also show that this result is tight in the sense that optimal BCD
strategies do not necessarily exist in uniform CTGs with infinitely many states
even if the branching is finite (see Observation 4.23). In Section 5, we use these
results to design an algorithm which computes the optimal BCD strategies in
finite uniform games. Further, using the method of uniformization where a
general game is reduced to a uniform one, the results can be extended to general
(not necessarilly uniform) finite games, see [9].
Before proving the theorem we note that the crucial point is to understand
the behaviour of optimal strategies after many (i.e. k) steps have already been
taken. In such a situation, not much time is left and it turns out that in such
a situation optimal strategies optimize the probability of reaching T in as few
steps as possible. This motivates the central definition of greedy strategies.
Intuitively, a greedy strategy optimizes the outcome of the first step. If there
are more options to do so, it chooses among these options so that it optimizes
the second step, etc.
Definition 4.15. For strategies σ ∈ Σ and π ∈ Π and a vertex v, we define a

→
−
= Pvσ,π (Reach <∞
step reachability vector P σ,π
=i (T )) i∈N0 . A strategy σ ∈ Σ is
v
→
− 0
→
−
= maxσ0 ∈Σ minπ∈Π P σv ,π where the optima3
greedy if for every v, minπ∈Π P σ,π
v
are considered in the lexicographical order. Similarly, a strategy π ∈ Π is greedy
→
− 0
→
−
for every v.
= minπ0 ∈Π maxσ∈Σ P σ,π
if maxσ∈Σ P σ,π
v
v
We prove the theorem as follows:
1. Optimal CD strategies are guaranteed to exist by Theorem 3.10 and Theorem 3.13.
2. For every optimal CD strategy τ , the strategy τ [k] is greedy (see Proposition 4.16).
3. There exist stationary greedy strategies (see Proposition 4.21). Let τg be
such a strategy. Then for an optimal strategy τ , the strategy τ̄ defined by
(
τ (h, v)
if h < k;
τ̄ (h, v) =
τg (h, v) otherwise
is clearly BCD and also optimal. Indeed, all greedy strategies guarantee
the same probabilities to reach the target. (This is clear by definition,
since their step reachability vectors are the same.) Therefore, we can
freely interchange them without affecting the guaranteed outcome.
3 We can use optima instead of extrema as the optimal strategies obviously exist in finite
discrete-time (with the time bound being infinite) games even when the number of steps is
fixed.
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Proposition 4.16. Let τ be an optimal strategy. Then there is k ∈ N such that
τ [k] is greedy. Moreover, if all transition probabilities are rational then one can
2
3
choose k = rt(1 + 2bp·|A| ·|V | ).
In order to prove the proposition, we relax our definition of greedy strategies.
A strategy is greedy on s steps if the greedy strategy condition holds for the
step reachability vector where only first s elements are considered. A strategy τ
is always greedy on s steps if for all i ∈ N0 the strategy τ [i] is greedy on s steps.
We use this relaxation of greediness to prove the proposition as P
follows. We
firstly prove that every optimal strategy is always greedy on |E| := v∈V |E(v)|
steps (by instantiating Lemma 4.17 for s = |E| ≤ |A| · |V |) and then Lemma
4.18 concludes by proving that being always greedy on |E| steps guarantees
greediness.
Lemma 4.17. For every s ∈ N there is δ > 0 such that for every optimal CD
strategy τ the strategy τ [rt(1 + 1/δ)] is always greedy on s steps. Moreover, if
all transition probabilities are rational, then one can choose δ = 1/2bp·|V |·|E|·s .
Proof. We look for a δ such that for every optimal strategy σ ∈ Σ if σ[h] is not
greedy on s steps then h < k, where k = rt(1 + 1/δ). Let thus σ be an optimal
CD strategy and s ∈ N. For σ[h] that is not greedy on s steps there is i ≤ s, a
vertex v and a strategy σ ∗ such that

and for all j < i


→
−
inf P σ[h],π
<
v
i

π∈Π

π∈Π


→
−
inf P σ[h],π
=
v
j

→
− ∗ 
inf P σv ,π j

π∈Π

→
− ∗ 
inf P σv ,π i

π∈Π

This implies that there is i ≤ s such that inf π∈Π Pvσ

∗

,π

(Reach <∞
≤i (T )) −

σ[h],π
(Reach <∞
inf π∈Π Pv
≤i (T ))

is positive. Since the game is finite there is a fixed
δ > 0 such that difference of this form is (whenever it is non-zero) greater
than δ for all deterministic strategies σ and σ ∗ , v ∈ V and i ≤ s. Moreover,
if all transition probabilities are rational, then δ can be chosen to be 1/M s ,
where M is the least common multiple of all probabilities denominators. Ini
deed, Pvσ,τ (Reach <∞
≤i (T )) is clearly expressible as `/M for some ` ∈ N0 . Since
there are at most |V | · |E| probabilities, we have δ ≥ 1/2bp·|V |·|E|·s .
We define a (not necessarily counting) strategy σ̄ that behaves like σ, but
when h steps have been taken and v is reached, it behaves as σ ∗ . We show that
for h ≥ k this strategy σ̄ would be an improvement against the optimal strategy
σ. There is clearly an improvement at the h + ith step provided one gets there
on time, and this improvement is at least δ. Nonetheless, in the next steps there
may be an arbitrary decline. Altogether due to optimality of σ
≤t
0 ≥ inf π∈Π Pv̂σ̄,π (Reachh≤t (T )) − inf π∈Π Pv̂σ,π (Reach
(T )) ≥
i
h

≥ inf π∈Π Pv̂σ,π ( → v) · Fh+i (t) · δ − Fh+i+1 (t) · 1 = (∗)
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h

where Pv̂σ,π ( → v) is the probability that after h steps we will be in v. We need
to show that the inequality 0 ≥ (∗) implies h < k. We use the following key
argument that after taking sufficiently many steps, the probability of taking
strictly more than one step before the time limit is negligible compared to the
probability of taking precisely one more step, i.e. that for all n ≥ k = rt(1+1/δ)
we have
Fn+1 (t)
Fn+1 (t)
<
<δ
Fn (t)
Fn (t) − Fn+1 (t)
P∞
As Fn+1 (t) = i=1 e−r·t (rt)n+i /(n + i)!, this is proved by the following:
∞

∞

X n!(rt)i
X (rt)i
rt
Fn+1 (t)
=
=
<
<δ
i
Fn (t) − Fn+1 (t)
(n
+
i)!
(n
+
1)
n
+
1 − rt
i=1
i=1
This argument thus implies h + i < k, hence we conclude that indeed h < k.
The minimizing part is dual.
The following lemma concludes the proof of the proposition.
Lemma 4.18. A strategy is greedy iff it is always greedy on |E| steps.
Proof. We need to focus on the structure of greedy strategies. Therefore, we
provide their inductive characterization. Moreover, this characterization can be
easily turned into an algorithm computing all greedy strategies.
W.l.o.g. let us assume that all states in T are absorbing, i.e. the only transitions leading from them are self-loops.
Algorithm 1 computes which actions can be chosen in greedy strategies. We
begin with the original game and keep on pruning inoptimal transitions until
we reach a fix-point. In the first iteration, we compute the value R1 (v) for each
vertex v, which is the optimal probability of reaching T in one step. We remove
all transitions that are not optimal in this sense. In the next iteration, we
consider reachability in precisely two steps. Note that we chose among the onestep optimal possibilities only. Transitions not optimal for two-steps reachability
are removed and so forth. After stabilization, using only the remaining “greedy”
transitions thus results in greedy behavior.
Claim 4.19. A strategy is always greedy on s steps iff it uses transitions from
Es only (as defined by Algorithm 1).
In particular, a strategy τ is always greedy on |E| steps iff it uses transitions
from E|E| only. For the proof of Claim 4.19 see Appendix C.3.
Claim 4.20. A strategy is greedy iff it uses transitions from E|E| only.
The proof of Claim 4.20 now follows easily. Since the number of edges is finite, there is a fix-point En = En+1 , moreover, n ≤ |E|. Therefore, any strategy
using E|E| only is by Claim 4.19 always greedy on s steps for all s ∈ N0 , hence
clearly greedy. On the other hand, every greedy strategy is in particular always
greedy on |E| steps and thus uses transitions from E|E| only again by Claim 4.19.
This concludes the proof of the Lemma and thus also of Proposition 4.16.
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Algorithm 1 computing all greedy edges
(
R0 (v) =

if v ∈ T,
otherwise.

1
0

E0 (v) = E(v)
Ri+1 (a) =

X

P(a)(u) · Ri (u)

u∈V

(
maxa∈Ei (v) Ri+1 (a) if v ∈ V ,
Ri+1 (v) =
mina∈Ei (v) Ri+1 (a) otherwise.
Ei+1 (v) = Ei (v) ∩ {a | Ri+1 (a) = Ri+1 (v)}

We now move on to Proposition 4.21 that concludes the proof of the theorem.
Proposition 4.21. There are greedy stationary strategies σg ∈ Σ and πg ∈ Π.
Moreover, the strategies σg and πg are computable in polynomial time.
Proof. The complexity of Algorithm 1 is polynomial in the size of the game
graph as the fix-point is reached within |E| steps. And as there is always a
transition enabled in each vertex (the last one is trivially optimal), we can
choose one transition in each vertex arbitrarily and thus get a greedy strategy
(by Claim 4.20) that is stationary.
Corollary 4.22. In a finite uniform game with rational transition probabili2
3
ties, there are optimal strategies τ such that τ [rt(1 + 2bp·|A| ·|V | )] is a greedy
stationary strategy.
A natural question is whether Theorem 4.14 and Corollary 4.22 can be extended to infinite-state uniform CTGs. The question is answered in our next
observation.
Observation 4.23. Optimal BCD strategies do not necessarily exist in uniform
infinite-state CTGs, even if they are finitely-branching and use only finitely
many distinct transition probabilities.
Proof. Consider a game G = (V, A, E, (V , V♦ ), P, R) where V = V =
{vi , ui , ūi , ûi | i ∈ N0 } ∪ {down}, A = {ai , hati , bari , b̂i , b̄i | i ∈ N0 },
E(vi ) = {ai }, E(ui ) = {bari , hati }, E(ûi ) = {b̂i }, and E(ūi ) = {b̄i } for all
i ∈ N0 . P is defined as follows:
• P(a0 ) is the uniform distribution on {v0 , v1 , u0 }, P(ai ) is the uniform
distribution on {ui , vi+1 } for i > 0,
• P(hati )(ûi ) = 1 and P(bari )(ūi ) = 1 for i ≥ 0,
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ū0
û0
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Figure 3: Optimal BCD strategies may not exist in infinite uniform games.

• P(b̄0 )(û0 ) = 1, and P(b̄i )(ūi−1 ) = 1 for i > 0,
• P(b̂i ) is the uniform distribution on {ûi−1 , down} for i ≥ 1.
We set R(a) = 1 for all a ∈ A. The structure of G is shown in Figure 3. Observe
that player  has a real choice only in states ui .
We show that if the history is of the form v0 a0 v1 a1 . . . vi ai ui (where i ∈ N0 ),
the optimal strategy w.r.t. reaching û0 within time t = 1 must choose the action
1
2i+2 (1)
i+2
· F2i+2 (1), i.e. that F
,
bari . We need to show that F2i+3 (1) > 2i+2
F2i+3 (1) < 2
for infinitely many is. This follows by observing that for i > 0
P∞
F2i+2 (1)
j=2i+2
= P∞
F2i+3 (1)
j=2i+3

1
j!
1
j!

P∞
<

1
j=2i+2 j!
1
(2i+3)!

< (2i + 3) +

∞
X
k=0

1
< 2i + 5 < 2i+2
(2i + 3)k

On the other hand, from Lemma 4.17 one can deduce that for all i there is
j ≥ i such that any optimal strategy must choose hati if the history is of the
form (v0 a0 )j v1 a1 . . . vi ai ui . Thus no strategy with counting bounded by k ∈ N
can be optimal as one can choose j ≥ i > k.

5. Algorithms
Now we present algorithms which compute ε-optimal BCD strategies in
finitely-branching CTGs with bounded rates and optimal BCD strategies in
finite uniform CTGs. In this section, we assume that all rates and distributions
used in the considered CTGs are rational.
5.1. Computing ε-optimal BCD strategies
For this subsection, let us fix a CTG G = (V, A, E, (V , V♦ ), P, R), a set T ⊆
V of target vertices, a time bound t > 0, and some ε > 0. For simplicity, let us
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Algorithm 2 Compute the function C
{1st phase: compute the approximations of Fi (t) and P}
for all vectors i ∈ H, where |i| ≤ k do
2|i|+1
i (t)|
compute a number `i (t) > 0 such that |Fi (t)−`
≤ 2ε
.
Fi (t)
for all actions a ∈ A and vertices u ∈ V do
compute a floating point representation p(a)(u) of P(a)(u) satisfying
2k+1
|P(a)(u)−p(a)(u)|
.
≤ 2ε
P(a)(u)
nd
{2 phase: compute the functions R and C in a bottom up manner}
for all vector lenghts j from k down to 0 do
for all vectors i ∈ H of length |i| = j do
for all vertices v ∈ V do
if v ∈ T then
R(i, v) ← `i (t)
else if |i| = k then
R(i, v) ← 0
else if v ∈ V then P
R(i, v) ← maxa∈E(v) u∈V p(a)(u) · R(i + 1R(a) , u)
C(i, v) ← a where a is the action that realizes the maximum above
else if v ∈ V♦ then P
R(i, v) ← mina∈E(v) u∈V p(a)(u) · R(i + 1R(a) , u)
C(i, v) ← a where a is the action that realizes the minimum above

first assume that G is finite; as we shall see, our algorithm does not really depend
on this assumption, as long as the game is finitely-branching, has bounded
rates, and its structure can be effectively generated (see Corollary 5.26). Let
k = (max R)te2 − ln( 2ε ). Then, due to Lemma 3.12, all k-step optimal strategies
are 2ε -optimal. We use the remaining 2ε for numerical imprecisions.
We need to specify the ε-optimal BCD strategies σε ∈ Σ and πε ∈ Π on
the first k steps. For every i ∈ H, where |i| < k, and for every v ∈ V , our
algorithm computes an action C(i, v) ∈ E(v) which represents the choice of the
constructed strategies. That is, for every i ∈ H, where |i| < k, and for every
v ∈ V , we put σε (i, v)(C(i, v)) = 1, and for the other arguments we define σε
arbitrarily so that σε remains a BCD strategy. The strategy πε is induced by
the function C in the same way.
The procedure to compute the function C is described in Algorithm 2. For
computing C(i, v) it uses a family of probabilities R(i, u) of reaching T from u
before time t in at most k − |i| steps using the strategies σε and πε (precisely,
using the parts of strategies σε and πε computed so far) and assuming that the
history matches i. Actually, our algorithm computes the probabilities R(i, u)
only up to a sufficiently small error so that the actions chosen by C are “sufficiently optimal” (i.e., the strategies σε and πε are ε-optimal, but they are not
necessarily k-step optimal for the k chosen above).
Lemma 5.24. The strategies σε and πε are ε-optimal.
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Proof. See Appendix C.4.
Assuming that the probabilities P(a)(u) and rates are given as fractions with
both numerator and denominator represented in binary with length bounded by
bp, a complexity analysis of the algorithm reveals the following.
Theorem 5.25. Assume that G is finite. Then for every ε > 0 there are εoptimal BCD strategies σε ∈ Σ and πε ∈ Π computable in time |V |2 · |A| · bp 2 ·
2|R|+O(1)
.
(max R) · t + ln 1ε
Proof. We analyze the complexity of Algorithm 2. We start with 1st phase.
Recall that k = (max R)te2 + ln 1ε . (Here we use ε instead of ε/2 as this
difference is clearly absorbed in the O-notation.)
2k+1
We approximate the value of Fi (t) to the relative precision
P (ε/2) −rt as follows. According to [13], the value of Fi (t) is expressible as r∈R qr e . First,
qr here is a polynomial in t and can be precisely computed using polynomially many (in |i| ≤ k and |R|) arithmetical operations on integers with length
bounded by bp+ln k+ln t. Hence the computation of qr as a fraction can be done
in time bp 2 · k O(1) · |R|O(1) and both the numerator and the denominator are of
length bp ·k O(1) ·|R|O(1) . We approximate this fraction with a floating point representation with relative error (ε/4)2k+1 . This can be done in linear time w.r.t.
the length of the fraction and k ln 1ε , hence again in the time bp 2 · k O(1) · |R|O(1) .
Secondly, according to [14], the floating point approximation of e−rt with the
relative error (ε/4)2k+1 can be computed in time less than quadratic in k ln 1ε .
Altogether, we can compute an (ε/2)2k+1 -approximation of each Fi (t) in time
|R| · bp 2 · k O(1) · |R|O(1) = bp 2 · k O(1) · |R|O(1) . This procedure has to be repeated for every i ∈ H, where |i| ≤ k. The number of such i’s is bounded by

|R|+k
≤ O(k |R| ). So computing all (ε/2)2k+1 -approximations `i (t) of values
k
Fi (t) can be done in time O(k |R| ) · bp 2 · k O(1) · |R|O(1) ⊆ bp 2 · k |R|+O(1) .
Using a similar procedure as above, for every a ∈ A and u ∈ V , we compute
the floating point approximation p(a)(u) of P(a)(u) to the relative precision
(ε/2)2k+1 in time linear in bp·k ln 1ε . So the first phase takes time bp 2 ·k |R|+O(1) +
|A| · |V | · O(bp · k ln 1ε ) ⊆ |V | · |A| · bp 2 · k |R|+O(1) .
In 2nd phase, the algorithm computes the table R and outputs the results
into the table C. The complexity is thus determined by the product of the table
size and
compute one item in the table. The size of the tables is
 the time to
|R|+k
|R|
·
|V
|
≤
O(k
· |V |).
k
The value of R(i, u) according to the first case has already been computed in
1st phase. To compute the value according to the third or fourth case we have to
compare numbers whose representation has at most bp 2 ·k |R|+O(1) +k·bp ·k ln( 1ε )
bits. To compute R(i, v), we need to compare |A| such sums of |V | numbers.
So the 2nd phase takes at most time O(k |R| · |V |) · |V | · |A| · bp 2 · k |R|+O(1) ⊆
|V |2 · |A| · bp2 · k 2|R|+O(1) .
Altogether, the overall time complexity of Algorithm 2 is bounded by

2|R|+O(1)
1
|V |2 · |A| · bp 2 · k 2|R|+O(1) = |V |2 · |A| · bp 2 · (max R)t + ln
ε
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Note that our algorithm needs to analyze only a finite part of G. Hence, it
also works for infinite games which satisfy the conditions formulated in the next
corollary.
Corollary 5.26. Let G be a finitely-branching game with bounded rates and let
v ∈ V . Assume that the vertices and actions of G reachable from v in a given
finite number of steps are effectively computable, and that an upper bound on
rates is also effectively computable. Then for every ε > 0 there are effectively
computable BCD strategies σε ∈ Σ and πε ∈ Π that are ε-optimal in v.
Proof. By Lemma 3.12, there is k ∈ N such that all k-step optimal strategies are
ε
4 -optimal. Thus we may safely restrict the set of vertices of the game G to the
set Vreach of vertices reachable from v in at most k steps (i.e. for all v 0 ∈ Vreach
there is a sequence v0 . . . vk ∈ V ∗ and a0 . . . ak ∈ A∗ such that, v0 = v, vk = v 0 ,
ai ∈ E(vi ) for all 0 ≤ i ≤ k and P(ai )(vi+1 ) > 0 for all 0 ≤ i < k). Moreover,
for every action a ∈ A which is
of Vreach there is a finite set
Penabled in a vertex
ε
Ba of vertices such that 1 − u∈Ba P(a)(u) < 4k
. We restrict the domain of
P(a) to Ba by assigning
P the probability 0 to all vertices of V \ Ba and adding
the probability 1 − u∈Ba P(a)(u) to an arbitrary vertex of Ba . Finally, we
restrict the set of vertices once more to the vertices reachable in k steps from v
using the restricted P. Then the resulting game is finite and by Theorem 5.25
there is an 4ε -optimal BCD strategy σ 0 in this game. Now it suffices to extend
σ 0 to a BCD strategy σ in the original game by defining, arbitrarily, its values
for vertices and actions removed by the above procedure. It is easy to see that
σ is an ε-optimal BCD strategy in G.
5.2. Computing optimal BCD strategies in uniform finite games
For the rest of this subsection, we fix a finite uniform CTG G =
(V, A, E, (V , V♦ ), P, R) where R(a) = r > 0 for all a ∈ A. Let k =
2
3
rt(1 + 2bp·|A| ·|V | ) (see Corollary 4.22).
The algorithm works similarly as the one of Section 5.1, but there are also
some differences. Since we have just one rate, the vector i becomes just a number
i. Similarly as in Section 5.1, our algorithm computes an action C(i, v) ∈ E(v)
representing the choice of the constructed optimal BCD strategies σmax ∈ Σ and
πmin ∈ Π. By Corollary 4.22, every optimal strategy can, from the k-th step
on, start to behave as a fixed greedy stationary strategy, and we can compute
such a greedy stationary strategy in polynomial time. Hence, the optimal BCD
strategies σmax and πmin are defined as follows:
(
(
C(i, v) if i < k;
C(i, v) if i < k;
σmax (i, v) =
πmin (i, v) =
σg (v)
otherwise.
πg (v)
otherwise.
To compute the function C, our algorithm uses a table of symbolic representations of the (precise) probabilities R(i, v) (here i ≤ k and v ∈ V ) of reaching T
from v before time t in at most k − i steps using the strategies σmax and πmin
and assuming that the history matches i.
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The function C and the family of all R(i, v) are computed (in a bottom up
fashion) as follows: For all 0 ≤ i ≤ k and v ∈ V we have that

if v ∈ T

i (t)
F

P∞ F (t) · P σg ,πg (Reach <∞ (T ))
if
v 6∈ T and i = k
v
=j
j=0 i+j
R(i, v) =
P

maxa∈E(v) u∈V P(a)(u) · R(i + 1, u) if v ∈ V \ T and i < k


P

mina∈E(v) u∈V P(a)(u) · R(i + 1, u)
if v ∈ V♦ \ T and i < k
For all i < k and
P v ∈ V , we put C(i, v) = a where a is an action maximizing
or minimizing
u∈V P(a)(u) · R(i + 1, u), depending on whether v ∈ V or
v ∈ V♦ , respectively. The effectivity of computing such an action (this issue is
not trivial) is discussed in the proof of the following theorem.
Theorem 5.27. The BCD strategies σmax and πmin are optimal and effectively
computable.
Proof. We start by showing that σmax and πmin are optimal. Let us denote by
Σg (resp. Πg ) the set of all CD strategies σ ∈ Σ (resp. π ∈ Π) such that for
all u ∈ V (u ∈ V♦ ) and i ≥ k we have σ(i, u) = σg (u), which is a stationary
greedy strategy. By Corollary 4.22, for every v ∈ V we have
val (v) = max min Pvσ,π (Reach ≤t (T )) = min max Pvσ,π (Reach ≤t (T ))
π∈Πg σ∈Σg

σ∈Σg π∈Πg

Recall that given a CD strategy τ and i ≥ 0, we denote by τ [i] a strategy
obtained from τ by τ [i](j, u) = τ (i + j, u). Let us denote
P̄

σ,π

(i, v) =

∞
X

Fi+j (t) · Pvσ[i],π[i] (Reach <∞
=j (T ))

j=0

For every i ≥ 0 we put
val (i, v) = max min P̄ σ,π (i, v) = min max P̄ σ,π (i, v)
σ∈Σg π∈Πg

π∈Πg σ∈Σg

Given i ≥ 0 and π ∈ Π, we define
K̄ π (i, v) := P̄ σmax ,π (i, v)
Similarly, given i ∈ H and σ ∈ Σ, we define
K̄ σ (i, v) := P̄ σ,πmin (i, v)
Using this fomulation, the optimality of σmax and πmin is proven in the
following claim.
Claim 5.28. Let i ≤ k and v ∈ V . We have
min K̄ π (i, v) = R(i, v) = max K̄ σ (i, v)

(2)

R(i, v) = val (i, v)

(3)

π∈Πg

σ∈Σg
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Proof. We start by proving the equation (2). If v ∈ T , then K̄ π (i, v) =
K̄ σ (i, v) = Fi (t) = R(i, v). Assume that v 6∈ T . We proceed by induction
on n = k − i. For n = 0 we have
K̄ π (i, v) = K̄ σ (i, v) = P̄ σg ,πg (i, v) = R(i, v)
Assume the claim holds true for n and consider n + 1. If v ∈ V and
σmax (i, v)(b) = 1,
X
min K̄ π (i, v) = min
P(b)(u) · K̄ π (i + 1, u)
π∈Πg

π∈Πg

=

X

u∈V

P(b)(u) · min K̄ π (i + 1, u)
π∈Πg

u∈V

=

X

P(b)(u) · R(i + 1, u)

u∈V

X

= max
a∈E(v)

P(a)(u) · R(i + 1, u)

u∈V

= R(i, v)

and
X

max K̄ σ (i, v) = max

σ∈Σg

σ∈Σg

σ(i, v)(a)

a∈E(v)

X

= max
a∈E(v)

= max
a∈E(v)

P(a)(u) · K̄ σ (i + 1, u)

u∈V

P(a)(u) · max K̄ σ (i + 1, u)
σ∈Σg

u∈V

X

X

P(a)(u) · R(i + 1, u)

u∈V

= R(i, v)

For u ∈ V♦ the proof is similar.
Now the equation (3) follows easily:
R(i, v) = min K̄ π (i, v) ≤ max min P̄ σ,π (i, v) =
π∈Πg

σ∈Σg π∈Πg

min max P̄ σ,π (i, v) ≤ max K̄ σ (i, v) = R(i, v)

π∈Πg σ∈Σg

σ∈Σg

This proves that σmax and πmin are optimal.
Effective computability of σmax and πmin . We show how to compute the table C(i, v). Assume that we have already computed the symbolic representations of the values R(i + 1, u) for all u ∈ V . Later we show that
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P∞

σ ,π

Fi+j (t)·Pv g g (Reach <∞
=j (T )) can effectively be expressed as a linear combination of transcendental numbers of the form ect where c is algebraic. Therefore, each difference
of the compared numbers can effectively be expressed as a
P
finite sum j ηj eδj where the ηj and δj are algebraic numbers and the δj ’s are
pairwise distinct. Now it suffices to apply Lemma 2 of [15] to decide whether
the difference is greater than P
0, or not.
σg ,πg
∞
(Reach <∞
It remains to show that
=j (T )) is effectively
j=0 Fi+j (t) · Pv
P
δj
0
expressible in the form
j ηj e . Consider a game G obtained from G by
adding new vertices v1 , . . . , vi and new actions a1 , . . . , ai , setting E(vj ) = {aj }
for 1 ≤ j ≤ i, and setting P(ai )(v) = 1, and P(aj )(vj+1 ) = 1 for 1 ≤ j < i
(intuitively, we have just added a simple path of length i from a new vertex
v1 to v). We put R(aj ) = r for 1 ≤ j ≤ i. As the strategies σg and πg are
stationary, they can be used in G0 (we just make them select aj in vj ).
Since vj 6∈ T for all 1 ≤ j ≤ i we obtain
j=0

Pvσ1g ,πg (Reach ≤t (T )) =

∞
X

Fj (t) · Pvσ1g ,πg (Reach <∞
=j (T )) =

j=0
∞
X

Fi+j (t) · Pvσ1g ,πg (Reach <∞
=i+j (T )) =

j=0

∞
X

Fi+j (t) · Pvσg ,πg (Reach <∞
=j (T ))

j=0

As σg and πg are stationary, the chain G0 (v1 , σg , πg ) can be treated as a
finite continuous time Markov chain. Therefore we may apply results
P∞of [13] and
σ ,π
obtain the desired form of Pv1g g (Reach ≤t (T )), and hence also of j=0 Fi+j (t) ·
σ ,π
Pv g g (Reach <∞
=j (T )).
6. Conclusions, Future Work
We have shown that vertices in CTGs with time bounded reachability objectives have a value, and we classified the subclasses of CTGs where a given player
has an optimal strategy. We also proved that in finite uniform CTGs, both
players have optimal BCD strategies. Finally, we designed algorithms which
compute ε-optimal BCD strategies in finitely-branching CTGs with bounded
rates, and optimal BCD strategies in finite uniform CTGs.
There are at least two interesting directions for future research. First, we
can consider more general classes of strategies that depend on the elapsed time
(in our setting, strategies are time-abstract). In [6], it is demonstrated that
time-dependent strategies are more powerful (i.e., can achieve better results)
than the time-abstract ones. However, this issue is somewhat subtle—in [7], it
is shown that the power of time-dependent strategies is different when the player
knows only the total elapsed time, the time consumed by the last action, or the
complete timed history of a play. The analog of Theorem 3.6 in this setting
is examined in [16]. In [17] ε-optimal time-dependent strategies are computed
for CTMDPs. Second, a generalization to semi-Markov processes and games,
where arbitrary (not only exponential) distributions are considered, would be
desirable.
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Appendix A. Exponentially Distributed Random Variables
For reader’s convenience, in this section we recall basic properties of exponentially distributed random variables.
A random variable over a probability space (Ω, F, P) is a function X : Ω → R
such that the set {ω ∈ Ω | X(ω) ≤ c} is measurable for every c ∈ R. We usually
write just X∼c to denote the set {ω ∈ Ω | X(ω) ∼ c}, where ∼ is a comparison
and c ∈ R. The expected value of X is defined by the Lebesgue integral
R
X(ω) dP. A function f : R → R≥0 is a density of a random variable X if for
ω∈Ω
Rc
every c ∈ R we have that P(X≤c) = −∞ f (x) dx . If a random variable X has a
density functionR f , then the expected value of X can also be computed by a (Rie∞
mann) integral −∞ x·f (x) dx . Random variables X, Y are independent if for all
c, d ∈ R we have that P(X≤c∩Y ≤d) = P(X≤c)·P(Y ≤d). If X and Y are independent random variables with density functions fX and fY , then the random
variable X + Y (defined by X + Y (ω) = X(ω) + Y (ω))
R ∞ has a density function
f which is the convolution of fX and fY , i.e., f (z) = −∞ fX (x) · fY (z − x) dx .
A random variable X has an exponential distribution with rate λ if
P(X ≤ c) = 1 − e−λc for every c ∈ R≥0 . The density function fX of X is then
≥0
defined as fX (c) = λe−λc for all
and fX (c) = 0 for all c < 0. The
R ∞c ∈ R ,−λx
expected value of X is equal to −∞ x · λe
dx = 1/λ.
Lemma A.29. Let M = (S, P, R, µ) be a CTMC, j ∈ N0 , t ∈ R≥0 , and
u0 , . . . , uj ∈ S. Let U be the set of all runs (u, s) where u starts with u0 , . . . , uj
Pj
and i=0 sj ≤ t . We have that
P(U ) = Fi (t) · µ(u0 ) ·

j−1
Y

P(u` )(u`+1 )

`=0

where i assigns to every rate r the cardinality of the set {k | R(uk ) = r, 0 ≤ k ≤
j}
Proof. By induction on j. For j = 0 the lemma holds, because we P(U ) = µ(u0 )
by definition.
Now suppose that j > 0 and the lemma holds for all k < j. We
Pk denote by
0
Ukt the set of all runs (u, s) where u starts with u0 , . . . , uj and i=0 si = t0 .
We have that
Z t
x
P(U ) =
P(Uj−1
) · P(uj−1 )(uj ) · e−R(uj−1 )·(t−x) dx
0
!
Z t
j−2
Y
=
Fi−1R(uj−1 ) (x) ·
P(u` )(u`+1 ) P(uj−1 )(uj ) · e−R(uj−1 )·(t−x) dx
0

=

j−1
Y

`=0

Z
P(u` )(u`+1 ) ·
0

`=0

= Fi (t) ·

j−1
Y
`=0

t

Fi−1R(uj−1 ) (x) · e−R(uj−1 )·(t−x) dx

P(u` )(u`+1 )
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Appendix B. A Comparison of the Existing Definitions of CTMDPs
As we already mentioned in Section 2, our definition of CTG (and hence also
CTMDP) is somewhat different from the definition of CTMDP used in [6, 7].
To prevent misunderstandings, we discuss the issue in greater detail in here and
show that the two formalisms are in fact equivalent. First, let us recall the
alternative definition CTMDP used in [6, 7].
Definition B.30. A CTMDP is a triple M = (S, A, R), where S is a finite or
countably infinite set of states, A is a finite or countably infinite set of actions,
and R : (S × A × S) → R≥0 is a rate matrix.
A CTMDP M = (S, A, R) can be depicted as a graph where S is the set of
vertices and s → s0 is an edge labeled by (a, r)
iff R(s, a, s0 ) = r > 0. The
(a,r)
conditional probability of selecting the edge s −→ s0 , under theP
condition that
the action a is used, is defined as r/R(s, a), where R(s, a) =
(a,r̂) r̂. The
s −→ ŝ
time needed to perform the action a in s is exponentially distributed with the
rate R(s, a). This means that M can be translated into an equivalent CTG
where the set of vertices is S, the set of actions is
{(s, a) | s ∈ S, a ∈ A, R(s, a, s0 ) > 0 for some s0 ∈ S}
where the rate of a given action (s, a) is R(s, a), and P((s, a))(s0 ) =
R(s, a, s0 )/R(s, a). This translation also works in the opposite direction (assuming that V = V or V = V♦ ). To illustrate this, consider the following
CTG:
0.1

3
a

v1

0.2
v2

0.1

0.7

0.4

b
5

c 4
v3

0.9

0.6

An equivalent CTMDP (in the sense of Definition B.30) looks as follows:

a, 0.6

v2

c, 0.4; a, 0.6

a, 0.3
a, 0.3; b, 2

v1
b, 2

c, 0.4

b, 3; a, 2.1

c, 3.6; a, 2.1

v3

c, 3.6; b, 3
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However, there is one subtle issue regarding strategies. In [6, 7], a strategy
(controller) selects an action in every vertex. The selection may depend on the
history of a play. In [6, 7], it is noted that if a controller is deterministic, then the
resulting play is a CTMC. If a controller is randomized, one has to add “intermediate” discrete-time states which implement the timeless randomized choice,
and hence the resulting play is not a CTMC, but a mixture of discrete-time
and continuous-time Markov chains. In our setting, this problem disappears,
because the probability distribution chosen by a player is simply “multiplied”
with the probabilities of outgoing edges of actions. For deterministic strategies,
the two approaches are of course completely equivalent.
Appendix C. Technical Proofs
Appendix C.1. Proofs of Claim 3.7 and Claim 3.8
Claim 3.7. A is a fixed point of V.
Proof. If v ∈ T , we have
A(i, v) = sup inf Fi (t) = V(A)(i, v)
σ∈Σ π∈Π

Assume that v 6∈ T . Given a strategy τ ∈ Σ ∪ Π and a ∈ A, we denote by τ a
a strategy defined by τ a (wu) := τ (vawu). Note that supσ∈Σ inf π∈Π P σ,π (·, ·) =
a
a
supσ∈Σ inf π∈Π P σ ,π (·, ·) for any a ∈ A.
If v ∈ V ,
X
X
V(A)(i, v) =
sup
P(a)(u) · sup inf
Fi+1R(a) +j (t) · P σ,π (u, j)
σ∈Σ π∈Π

a∈E(v) u∈V

=

sup

X

d(a)

d∈D(E(v)) a∈A

=
=

=

=

=

=

sup

sup inf

sup inf

d∈D(E(v)) σ∈Σ π∈Π

sup inf

σ∈Σ π∈Π

sup inf

σ∈Σ π∈Π

sup inf

σ∈Σ π∈Π

sup inf

σ∈Σ π∈Π

X

X

d(a)

X
u∈V

X

d(a)

a∈A

σ(v)(a)

j∈H
j(R(a))>0

X

Fi+j (t)

X

Fi+1R(a) +j (t) · P σ,π (u, j)

j∈H

X

Fi+1R(a) +j (t) · P σ,π (u, j)

j∈H

X

P(a)(u)

P(a)(u)

u∈V

a∈A

P(a)(u)

u∈V

X

X

j∈H

σ∈Σ π∈Π

X

X

X

P(a)(u) · sup inf

a∈A

a∈A

j∈H

j∈H

u∈V

d∈D(E(v)) σ∈Σ π∈Π

sup

X

Fi+j (t) · P σ

a

,π a

(u, j − 1R(a) )

j∈H
j(R(a))>0

X

Fi+j (t) · P σ

a

,π a

(u, j − 1R(a) )

j∈H
j(R(a))>0

Fi+j (t) · σ(v)(a)

X

P(a)(u) · P σ

a

,π a

(u, j − 1R(a) )

u∈V

X

σ(v)(a)

a∈A
j(R(a))>0

Fi+j (t)P σ,π (v, j)

X
u∈V

P(a)(u) · P σ

a

,π a

(u, j − 1R(a) )
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If v ∈ V♦ ,
V(A)(i, v)

=

inf
a∈E(v)

=

X

X

d∈D(E(v))

=
=
=

=

=

=

=

σ∈Σ π∈Π

u∈V

inf
inf

a∈A

u∈V

sup inf

X

inf

inf

σ∈Σ d∈D(E(v)) π∈Π

sup

inf

inf

σ∈Σ d∈D(E(v)) π∈Π

sup inf

σ∈Σ π∈Π

sup inf

σ∈Σ π∈Π

sup inf

σ∈Σ π∈Π

sup inf

σ∈Σ π∈Π

X

d(a)

d∈D(E(v)) σ∈Σ π∈Π

sup

X

P(a)(u) · sup inf

X

σ∈Σ π∈Π

d(a)

X
u∈V

X

d(a)

u∈V

X

X

d(a)

a∈A

j∈H
j(R(a))>0

X

Fi+j (t)

Fi+1R(a) +j (t) · P σ,π (u, j)

j∈H

X

Fi+1R(a) +j (t) · P σ,π (u, j)

X

Fi+1R(a) +j (t) · P σ,π (u, j)

j∈H

X

P(a)(u)

Fi+j (t) · P σ

a

,π a

(u, j − 1R(a) )

j∈H
j(R(a))>0

X

P(a)(u)

u∈V

a∈A

P(a)(u)

u∈V

X

X

P(a)(u)

X

j∈H

a∈A

X

X

P(a)(u) · sup inf

X

a∈A

j∈H

j∈H

a∈A

π(v)(a)

Fi+1R(a) +j (t) · P σ,π (u, j)

Fi+j (t) · P σ

a

,π a

(u, j − 1R(a) )

j∈H
j(R(a))>0

Fi+j (t) · π(v)(a)

X

P(a)(u) · P σ

a

,π a

(u, j − 1R(a) )

u∈V

X

π(v)(a)

a∈A
j(R(a))>0

X

P(a)(u) · P σ

a

,π a

u∈V

Fi+j (t)P σ,π (v, j)

j∈H

Claim 3.8. For every σ ∈ Σ, k ≥ 0, i ∈ H, v ∈ V , ε ≥ 0, we have
Rσk (i, v) ≤ µV(i, v) +

k
X
j=1

ε
2|i|+j

Proof. For v ∈ T we have
Rσk (i, v) = Fi (t) = µV(i, v)
Assume that v 6∈ T . We proceed by induction on k. For k = 0 we have
Rσk (i, v) = 0 ≤ µV(i, v)

(u, j − 1R(a) )
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For the induction step, first assume that v ∈ V \ T
X
X
a
Rσk (i, v) =
σ(v)(a)
P(a)(u) · Rσk−1 (i + 1R(a) , u)
a∈E(v)

u∈V

X

X


≤

σ(v)(a)

P(a)(u) · µV(i + 1R(a) , u) +


=


X

P(a)(u) · µV(i + 1R(a) , u) +

µV(i, v) +

k
X
j=2

2|i|+j
k
X
j=2

u∈V

a∈E(v)

≤

X

σ(v)(a) ·



ε

j=2

u∈V

a∈E(v)



k
X



ε
2|i|+j

ε
2|i|+j

Finally, assume that v ∈ V♦ \ T , and let a ∈ A be the action such that
πε (i, v)(a) = 1
X
a
Rσk (i, v) =
P(a)(u) · Rσk−1 (i + 1R(a) , u)
u∈V


≤

X

P(a)(u) · µV(i + 1R(a) , u) +

j=2

u∈V

!
=

X

P(a)(u) · µV(i + 1R(a) , u)

≤ µV(i, v) +

+

ε
2|i|+j

k
X
j=2

u∈V

≤ µV(i, v) +



k
X



ε
2|i|+j

k
X

ε
ε
+
2|i| j=2 2|i|+j
k
X
j=1

ε
2|i|+j

Appendix C.2. Proof of Lemma 3.12
Lemma 3.12. If G is finitely-branching and has bounded rates, then we have
the following:
1. For all ε > 0, k ≥ (sup R)te2 − ln ε, σ ∈ Σ, π ∈ Π, and v ∈ V we have
that
≤t
σ,π
Pvσ,π (Reach ≤t (T )) − ε ≤ Pvσ,π (Reach ≤t
(T ))
≤k (T )) ≤ Pv (Reach

2. For every k ∈ N, there are k-step optimal BCD strategies σ k ∈ Σ and
π k ∈ Π. Further, for all ε > 0 and k ≥ (sup R)te2 − ln ε we have that
every k-step optimal strategy is also an ε-optimal strategy.
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Proof. ad 1. Let us fix a rate r = sup R. It suffices to see that (here, the
random variables used to define Fi have rate r)
∞
X

Pvσ,π (Reach ≤t
=n (T ))

∞
X

≤

n=k+1

≤

n=k+1
∞
X

Fn (t) · Pvσ,π (Reach ≤∞
=n (T ))
Fk+1 (t) · Pvσ,π (Reach ≤∞
=n (T ))

n=k+1

= Fk+1 (t) ·

∞
X

Pvσ,π (Reach ≤∞
=n (T ))

n=k+1

≤ Fk+1 (t)
which is less than ε for k ≥ rte2 − ln ε by the following claim.
Claim C.34. For every ε ∈ (0, 1) and n ≥ rte2 − ln ε we have Fn (t) < ε.
Proof.
Fn (t) = 1 − e−rt

n−1
X
i=0

x

By Taylor’s theorem for e =
get

∞
X
(rt)i
(rt)i
= e−rt
= (∗)
i!
i!
i=n

xi
i=0 i!

P∞

and Lagrange form of the remainder we

(rt)n rt
(rt)n
(∗) ≤ e−rt
e =
= (∗∗)
n!
n!
√
By Stirling’s formula n! ≈ n(n/e)n we get

n  n  − ln ε
rte
1
1
(∗∗) <
<
<
=ε
n
e
e
by assumptions.
ad 2. We proceed similarly as in the proof of Theorem 3.6 (we also use some
notation of the proof of Theorem 3.6). Recall that given σ ∈ Σ, π ∈ Π, j ∈ H,
and u ∈ V , we denote by P σ,π (u, j) the probability of all runs α ∈ Run G(u,σ,π)
such that for some n ∈ N0 the state α(n) hits T and matches j, and for all
0 ≤ j < n we have that α(j) does not hit T .
Given (σ, π) ∈ Σ × Π, i ∈ H such that |i| ≤ k, and v ∈ V , we define
X
P̄ σ,π (i, v) :=
Fi+j (t) · P σ,π (v, j)
j∈H
|j|≤k−|i|

the probability of reaching T from v before time t in at most k − |i| steps using
the strategies σ and π and assuming that the history matches i.
To define the CD strategies σ k and π k we express the value
supσ∈Σ inf π∈Π P̄ σ,π (i, v) (= inf π∈Π supσ∈Σ P̄ σ,π (i, v), see below) using the following recurrence.
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Given i ∈ H, where |i| ≤ k, and v ∈ V , we define

Fi (t)



0
R̄(i, v) :=
P

maxa∈E(v) u∈V P(a)(u) · R̄(i + 1R(a) , u)


P

mina∈E(v) u∈V P(a)(u) · R̄(i + 1R(a) , u)

if
if
if
if

v
v
v
v

∈T
6∈ T and |i| = k
∈ V \ T and |i| < k
∈ V♦ \ T and |i| < k

For v 6∈ T and |i| < k we define σ k (i, v) and π k (i, v) in the following way. If
v ∈ V , we put σ k (i, v)(a) = 1 for some action a which realizes the maximum
in the definition of R̄(i, v). Similarly, if v ∈ V♦ , we put π k (i, v)(a) = 1 for some
action a which realizes the minimum in the definition of R̄(i, v). For |i| ≥ k and
v ∈ V we define σ k (i, v) and π k (i, v) arbitrarily so that σ k and π k remain BCD.
For every CD strategy τ ∈ Σ ∪ Π and i ∈ H, we denote by τ [i] the strategy
obtained from τ by τ [i](j, u) := τ (i + j, u).
Given π ∈ Π, i ∈ H where |i| ≤ k, and v ∈ V , we define
Z π (i, v) := P̄ σ

k

[i],π

(i, v)

Similarly, given σ ∈ Σ, i ∈ H where |i| ≤ k, and v ∈ V , we define
Z σ (i, v) := P̄ σ,π

k

[i]

(i, v)

We prove the following claim.
Claim C.35. Let i ∈ H, where |i| ≤ k, and v ∈ V . Then
R̄(i, v)

=
=

inf Z π (i, v)

(C.1)

sup Z σ (i, v)

(C.2)

π∈Π
σ∈Σ

=
=

sup inf P̄ σ,π (i, v)

(C.3)

inf sup P̄ σ,π (i, v)

(C.4)

σ∈Σ π∈Π
π∈Π σ∈Σ

In particular, the strategies σ k and π k are k-step optimal because P̄ σ,π (0, v) =
Pvσ,π (Reach ≤t
≤k (T )).
Proof. First, if v ∈ T , then for all (σ, π) ∈ Σ × Π we have P̄ σ,π (i, v) = Fi (t) =
R̄(i, v). Assume that v 6∈ T . We proceed by induction on n = k − |i|. For n = 0
we have P̄ σ,π (i, v) = 0 = R̄(i, v). Assume the lemma holds for n, we show that
it holds also for n + 1.
We start by proving the equation (C.1). Using the notation of the proof of
Theorem 3.6, given a strategy τ ∈ Σ ∪ Π and a ∈ A, we denote by τ a a strategy
defined by τ a (wu) := τ (vawu).
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If v ∈ V and σ k (i, v)(b) = 1,
inf Z π (i, v) = inf

π∈Π

π∈Π

X

=

X

b

P(b)(u) · Z π (i + 1R(b) , u)

u∈V
b

P(b)(u) · inf Z π (i + 1R(b) , u)
π∈Π

u∈V

X

=

P(b)(u) · inf Z π (i + 1R(b) , u)
π∈Π

u∈V

X

=

P(b)(u) · R̄(i + 1R(b) , u)

u∈V

X

= max
a∈E(v)

P(a)(u) · R̄(i + 1R(a) , u)

u∈V

= R̄(i, v)

If u ∈ V♦ ,
X

inf Z π (i, v) = inf

π∈Π

π∈Π

=

π(v)(a)
X

d∈D(E(v))

= min
a∈E(v)

= min

X

a

P(a)(u) · inf Z π (i + 1R(a) , u)

u∈V

π∈Π

P(a)(u) · inf Z π (i + 1R(a) , u)
π∈Π

u∈V

X

a∈E(v)

d(a)

a∈E(v)

X

a

P(a)(u) · Z π (i + 1R(a) , u)

u∈V

a∈E(v)

inf

X

P(a)(u) · R̄(i + 1R(a) , u)

u∈V

= R̄(i, v)

The equation (C.2) can be proved in a similar manner.
The claim follows from the following
R̄(i, v) = inf Z π (i, v) ≤ sup inf P̄ σ,π (i, v) ≤
π∈Π

σ∈Σ π∈Π

≤ inf sup P̄ σ,π (i, v) ≤ sup Z σ (i, v) = R̄(i, v)
π∈Π σ∈Σ

σ∈Σ

The rest of the lemma is easily obtained from 1. as follows. Let ε > 0 and
consider k ≥ (sup R)te2 − ln ε. Then 1. implies that the value R̄(0, v) of the
k-step game initiated in v satisfies val (v) − ε ≤ R̄(0, v) ≤ val (v). Therefore all
k-step optimal strategies are ε-optimal.
Appendix C.3. Proof of Claim 4.19
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Claim 4.19. A strategy is always greedy on s steps iff it uses transitions from
Es only (as defined by Algorithm 1).
Proof. For the ‘if’ direction, we prove by induction on n that
→
− 
→
− 
→
− 
= max P σ,π̄
= min P σ̄,π
max min P σ,π
v
v
v
(1,...,n)
(1,...,n)
(1,...,n)
σ∈Σ

π∈Π

σ∈Σ π∈Π

for all strategies σ̄ ∈ Σ and π̄ ∈ Π that use edges from En only. It is sufficient
to prove that
→
−  (1)
→
− 
(2)
max min P σ,π
= Rn (v) = min P σ̄,π
v
v
n
n
σ∈Σ π∈Π

π∈Π

for every strategy σ̄ ∈ Σ that uses edges from En only. (The minimizing part is
dual.) The case n = 0 is trivial. Now consider n + 1. For v ∈ V \ T ,
X

→
− 
→
−
min P σ̄,π
=
σ̄(0, v)(u) min P σ̄[1],π
v
u
n+1
n
π∈Π

π∈Π

u∈V

by IH (2) and En+1 ⊆ En

=

X

σ̄(0, v)(u) · Rn (u)

u∈V

σ̄ uses En+1 only
by IH (1)

a∈En (v)

X

=

(∗)

→
− 
P(a)(u) · max min P σ,π
u
n
σ∈Σ π∈Π

u∈V

X

= max
a∈An (v)

P(a)(u) · Rn (u)

u∈V

= max
a∈En (v)

by IH

X

= max

→
− 
P(a)(u) · max min P σ,π
u
n
σ∈Σ π∈Π

u∈V

→
− 
= max min P σ,π
v
n+1
σ∈Σ π∈Π

where An (v) is the set of all edges going from v that any strategy always greedy
on n steps can choose. I.e. it is the desired abstractly defined set of greedy
edges, which is equal to the computed set En (v) by the induction hypothesis.
Since (∗) = Rn+1 (v), the equality with the first and the last expression proves
the claim. Similarly for v ∈ V♦ \ T ,
X

→
− 
→
−
min P σ̄,π
=
min
P(a)(u) · min P σ̄[1],π
v
u
n+1
n
π∈Π

by IH (2) and En+1 ⊆ En
by IH for the minimizing part

a∈An (v)

=

X

min
a∈An (v)

a∈En (v)

by IH (1)

= min
a∈E(v)

by IH for the minimizing part

P(a)(u) · Rn (u)

u∈V

X

= min

π∈Π

u∈V

P(a)(u) · Rn (u)

X

a∈An (v)

(∗∗)

→
− 
P(a)(u) · max min P σ,π
u
n
σ∈Σ π∈Π

u∈V

= max

=

u∈V

X

→
− 
P(a)(u) · max min P σ,π
u
n

u∈V

→
− 
= max min P σ,π
v
n+1
σ∈Σ π∈Π

σ∈Σ π∈Π
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where (∗∗) = Rn+1 (v). The case with v ∈ T is trivial as states in T are
absorbing.
We prove the “only if” direction by contraposition. If a strategy τ uses a
transition a ∈ E \ Es in v then there is i ≤ s such that a has been cut off in
the ith step. Therefore a did not realize the i steps optimum (equal to Ri (v)).
Hence τ is not greedy on n steps.
Appendix C.4. Proof of Lemma 5.24
Lemma 5.24. The strategies σε and πε are ε-optimal.
Proof. We use some notation of the proof of Theorem 3.6. Recall that given
σ ∈ Σ, π ∈ Π, j ∈ H, and u ∈ V , we denote by P σ,π (u, j) the probability of
all runs α ∈ Run G(u,σ,π) such that for some n ∈ N0 the state α(n) hits T and
matches j, and for all 0 ≤ j < n we have that α(j) does not hit T .
Given (σ, π) ∈ Σ × Π, i ∈ H, where |i| ≤ k, and v ∈ V , we define
X
P̄ σ,π (i, v) :=
Fi+j (t) · P σ,π (v, j)
j∈H
|j|≤k−|i|

the probability of reaching T from v before time t in at most k − |i| steps using
the strategies σ and π and assuming that the history already matches i. We
have shown in the proof of Claim C.35 that for every i ∈ H, where |i| ≤ k, and
v ∈ V , the value
max min P̄ σ,π (i, v) = min max P̄ σ,π (i, v)
σ∈Σ π∈Π

π∈Π σ∈Σ

is equal to R̄(i, v) defined by the following equations:

Fi (t)



0
R̄(i, v) :=
P

maxa∈E(v) u∈V P(a)(u) · R̄(i + 1R(a) , u)


P

mina∈E(v) u∈V P(a)(u) · R̄(i + 1R(a) , u)

if
if
if
if

v
v
v
v

∈T
6∈ T and |i| = k
∈ V \ T and |i| < k
∈ V♦ \ T and |i| < k

k
Note that P̄ σ,π (0, v) = Pvσ,π (Reach ≤t
≤k (T )) and thus R̄(0, v) = val (v), the kstep value in v.
Note that assuming li (t) = Fi (t) for all i ∈ H satisfying |i| ≤ k, we would
obtain that each R(i, v) is precisely R̄(i, v) and hence that σε and πε are k-step
optimal strategies.
Let us allow imprecisions in the computation of li (t). We proceed as follows: First we show, by induction, that each value R(i, v) approximates the
2|i|+1
value R̄(i, v) with relative error 2ε
(Claim C.38 below). From this we get,
also by induction, that both minπ∈Π P̄ σε ,π (i, v) and maxσ∈Σ P̄ σ,πε (i, v) approx2|i|+1
imate R̄(i, v) with relative error 2ε
as well (Claim C.39 below). In other
words, σε and πε are 2ε -optimal strategies in the k-step game. Together with the
assumptions imposed on k we obtain that σε and πε are ε-optimal strategies.
2n+1
.
For n ≥ 0, we denote by err n the number 2ε
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Claim C.38. For all i ∈ H and v ∈ V we have
(1 − err |i| ) · R̄(i, v)

≤

R(i, v)

≤

(1 + err |i| ) · R̄(i, v)

Proof. If v ∈ T , then R̄(i, v) = Fi (t) and R(i, v) = li (t), and the inequality
follows from the definition of li (t). Assume that v 6∈ T . We proceed by induction
on n = k − |i|. For n = 0 we have R̄(i, v) = 0 = R(i, v). Assume the inequality
holds for any v and i ∈ H such that |i| = k − n. Let us consider i ∈ H such that
|i| = k − n − 1 and v ∈ V . If v ∈ V we have
X
R(i, v) = max
p(a)(u) · R(i + 1R(a) , u)
a∈E(v)

≤

max
a∈E(v)

=

u∈V

X

P(a)(u) · (1 + err |i|+1 ) · R̄(i + 1R(a) , u) · (1 + err |i|+1 )

u∈V

(1 + err |i|+1 )2 · max

a∈E(v)

≤

X

P(a)(u) · R̄(i + 1R(a) , u)

u∈V

(1 + err |i| ) · R̄(i, v)

and, similarly,
R(i, v) ≥ (1 − err |i| ) · R̄(i, v)
For v ∈ V♦ the proof is similar.
We denote by ΣCD and ΠCD the sets of all CD strategies of Σ and Π, respectively. Recall that given a strategy τ ∈ ΣCD ∪ ΠCD and i ∈ H, we denote by
τ [i] the strategy obtained from τ by τ [i](j, u) := τ (i + j, u).
Given i ∈ H and π ∈ Π, we define
K π (i, v) := P̄ σε [i],π[i] (i, v)
Similarly, given i ∈ H and σ ∈ Σ, we define
K σ (i, v) := P̄ σ[i],πε [i] (i, v)
Claim C.39. Let i ∈ H, where |i| ≤ k, and v ∈ V . We have
min K π (i, v) ≥ R̄(i, v) · (1 − err |i| )

π∈ΠCD

max K σ (i, v) ≤ R̄(i, v) · (1 + err |i| )

σ∈ΣCD

Proof. If v ∈ T , then K π (i, v) = K σ (i, v) = Fi (t) and R̄(i, v) = li (t), and
similarly as above, the result follows from the definition of li (t). Assume that
v 6∈ T . We proceed by induction on n := k − |i|. For n = 0 we have 0 =
K π (i, v) = K σ (i, v) = R̄(i, u). Assume the lemma holds true for n and consider
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n + 1. If v ∈ V and σε (i, v)(b) = 1,
X
min K π (i, v) = min
P(b)(u) · K π (i + 1R(b) , u)
π∈ΠCD

π∈ΠCD

=

X

u∈V

P(b)(u) · min K π (i + 1R(b) , u)
π∈ΠCD

u∈V

≥

X

P(b)(u) · R̄(i + 1R(b) , u) · (1 − err |i|+1 )

u∈V

≥

X

p(b)(u) ·

u∈V

1 − err |i|+1
1
· R(i + 1R(b) , u) ·
1 + err |i|+1
1 + err |i|+1

1 − err |i|+1
(1 + err |i|+1 )2

= R(i, v) ·

≥ R̄(i, v) · (1 − err |i|+1 ) ·

1 − err |i|+1
(1 + err |i|+1 )2

≥ R̄(i, v) · (1 − err |i| )

and
X

max K σ (i, v) = max

σ∈ΣCD

σ∈Σ

σ(i, v)(a)

= max
a∈E(v)

≤ max
a∈E(u)

P(a)(u) · max K σ (i + 1R(a) , u)
σ∈Σ

u∈V

X

P(a)(u) · K σ (i + 1R(a) , u)

u∈V

a∈E(v)

X

X

P(a)(u) · R̄(i + 1R(a) , u) · (1 + err |i|+1 )

u∈V

≤ R̄(i, u) · (1 + err |i| ) .
For u ∈ V♦ the proof is similar.
This proves that σε and πε are ε-optimal, since the absolute error is smaller
than the relative error as the probabilities are at most 1.
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Summary
Interactive Markov chains are a slight extension of the widespread continuoustime Markov decision processes. Their main advantage is compositionality,
which facilitates hierarchical design and analysis of systems. However, the analysis of interactive Markov chains has so far been limited to closed controllable
systems or open, but uncontrollable systems. We provide a framework for analysis and optimisation of controllable systems operating in an unknown environment. This in turn enables compositional verification of separate components
of the system. We give an algorithm computing the optimal guarantee to reach
a given state within a given time bound when the system is composed with
an unknown IMC environment, provided the system has at each moment only
internal or only synchronising actions available. In such a case the time complexity of the analysis is the same as for the earlier analysis of closed systems.
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Abstract
Interactive Markov chains (IMC) are compositional behavioral models extending both labeled
transition systems and continuous-time Markov chains. IMC pair modeling convenience - owed
to compositionality properties - with effective verification algorithms and tools - owed to Markov
properties. Thus far however, IMC verification did not consider compositionality properties, but
considered closed systems. This paper discusses the evaluation of IMC in an open and thus
compositional interpretation. For this we embed the IMC into a game that is played with the
environment. We devise algorithms that enable us to derive bounds on reachability probabilities
that are assured to hold in any composition context.
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1

Introduction

With the increasing complexity of systems and software reuse, component based development concepts gain more and more attention. In this setting developers are often facing the
need to develop a component with only partial information about the surrounding components at hand, especially when relying on third-party components to be inter-operated with.
This motivates verification approaches that ensure the functionality of a component in an
environment whose behavior is unknown or only partially known. Compositional verification
approaches aim at methods to prove guarantees on isolated components in such a way that
when put together, the entire system’s behavior has the desired properties based on the
individual guarantees.
The assurance of reliable functioning of a system relates not only to its correctness, but
also to its performance and dependability. This is a major concern especially in embedded system design. A natural instantiation of the general component-based approach in the
continuous-time setting are interactive Markov chains [24]. Interactive Markov chains (IMC)
are equipped with a sound compositional theory. IMC arise from classical labeled transition
systems by incorporating the possibility to change state according to a random delay governed by some negative exponential distribution. This twists the model to one that is running
in continuous real time. State transitions may be triggered by delay expirations, or may be
triggered by the execution of actions. By dropping the new type of transitions, labeled transition systems are regained in their entirety. By dropping action-labeled transitions instead,
one arrives at one of the simplest but also most widespread class of performance and de155
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pendability models, continuous-time Markov chains (CTMC). IMC have a well-understood
compositional theory, rooted in process algebra [3], and are in use as semantic backbones
for dynamic fault trees [6], architectural description languages [5, 8], generalized stochastic
Petri nets [25] and Statemate [4] extensions, and are applied in a large spectrum of practical
applications, ranging from networked hardware on chips [15] to water treatment facilities [21]
and ultra-modern satellite designs [16].
In recent years, various analysis techniques have been proposed [18, 27, 23, 26, 34, 19]
for IMC. The pivotal verification problem considered is that of time-bounded reachability. It
is the problem to calculate or approximate the probability that a given state (set) is reached
within a given deadline. However, despite the fact that IMC support compositional model
generation and minimization very well, the analysis techniques considered thus far are not
compositional. They are all bound to the assumption that the analyzed IMC is closed,
i.e. does not depend on interaction with the environment. Technically, this is related to
the maximal-progress assumption governing the interplay of delay and action execution of
an IMC component: Internal actions are assumed to happen instantaneously and therefore
take precedence over delay transitions while external actions do not. External actions are
the process algebraic means for interaction with other components. Remarkably, in all the
published IMC verification approaches, all occurring actions are assumed to be internal
(respectively internalized by means of a hiding operator prior to analysis).
In this paper, we instead consider open IMC, where the control over external actions is
in the hands of and possibly delayed by an environment. The environment can be thought
of as summarizing the behavior of one or several interacting components. As a consequence,
we find ourselves in the setting of a timed game, where the environment has the (timed)
control over external actions, while the IMC itself controls choices over internal actions. The
resulting game turns out to be remarkably difficult, owed to the interplay of timed moves
with external and internal moves of both players.
Concretely, assume we are given an IMC C which contains some internal non-deterministic
transitions and also offers some external actions for synchronization to an unknown environment. Our goal is to synthesize a scheduler controlling the internal transitions which
maximizes the probability of reaching a set G of goal states, in time T no matter what and
when the environment E decides to synchronize with the external actions. The environment
E ranges over all possible IMC able to synchronize with the external actions of C.
To get a principal understanding of the complications faced, we need to consider a
restricted setting, where C does not enable internal and external transitions at the same
state. We provide an algorithm which approximates the probability in question up to a
given precision ε > 0 and also computes an ε-optimal scheduler. The algorithm consists of
two steps. First, we reduce the problem to a game where the environment is not an IMC
but can decide to execute external actions at non-deterministically chosen time instances.
In a second step, we solve the resulting game on C using discretization. Our discretization is
based on the same approach as the algorithm of [34]. However, the algorithm as well as its
proof of correctness is considerably more complicated due to presence of non-deterministic
choices of the player controlling the environment. We finally discuss what happens if we
allow internal and external transitions to be enabled at the same time.
Example. To illustrate the concepts by an example application, we can consider a variant of the faulttolerant workstation cluster [22] depicted on the right.
The overall system consists of two sub-clusters connected
via a backbone; each of them contains N workstations.

1

1
2
..
.
N

left backbone right
switch

switch

2
..
.
N
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Any component can fail and then needs to be repaired to become operational again. There
is a single repair unit (not depicted) which must take decisions what to repair next when
multiple components are failed. The entire system can be modelled using the IMC composition operators [22], but we are now also in the position to study a partial model, where some
components, such as one of the switches, are left unspecified. We seek for the optimal repair
schedule regardless of how the unknown components are implemented. We can answer questions such as: “What is the worst case probability to hit a state in which premium service is
not guaranteed within T time units?” with premium service only being guaranteed if there
are at least N operational workstations connected to each other via operational switches.
Our contribution. We investigate the problem of compositionally verifying open IMC.
In particular, we introduce the problem of synthesizing optimal control for time-bounded
reachability in an IMC interacting in an unknown environment, provided no state enables
internal and external transition. Thereafter, we solve the problem of finding ε-optimal
schedulers using the established method of discretization, give bounds on the size of the
game to be solved for a given ε and thus establish upper complexity bound for the problem.
Complete proofs and further relevant details can be found in the full version [10].
Related work. Model checking of open systems has been proposed in [28]. The synthesis
problem is often stated as a game where the first player controls a component and the
second player simulates an environment [31]. There is a large body of literature on games
in verification, including recent surveys [1, 13]. Stochastic games have been applied to
e.g. concurrent program synthesis [33] and for collaboration strategies among compositional
stochastic systems [14]. Although most papers deal with discrete time games, lately games
with stochastic continuous-time have gained attention [7, 30, 9, 11]. Some of the games
we consider in the present paper exploit special cases of the games considered in [7, 11].
However, both papers prove decidability only for qualitative reachability problems and do
not discuss compositionality issues. Further, while systems of [30, 9] are very similar to ours,
the structure of the environment is fixed there and the verification is thus not compositional.
The same holds for [32, 20], where time is under the control of the components.
The time-bounded reachability problem for closed IMC has been studied in [23, 34] and
compositional abstraction techniques to compute it are developed in [26]. In the closed
interpretation, IMC have some similarities with continuous-time Markov decision processes,
CTMDP. Algorithms for time-bounded reachability in CTMDP and corresponding games
are developed in [2, 9, 30]. A numerically stable algorithm for time-bounded properties for
CTMDP is developed in [12].

2

Interactive Markov Chains

In this section, we introduce the formalism of interactive Markov chains together with the
standard way to compose them. After giving the operational interpretation for closed systems, we define the fundamental problem of our interest, namely we define the value of
time-bounded reachability and introduce the studied problems.
We denote by N, N0 , R>0 , and R≥0 the sets of natural numbers, natural numbers with
zero, positive real numbers and non-negative real numbers, respectively.
I Definition 1 (IMC). An interactive Markov chain (IMC) is a tuple C = (S, Actτ , ,→, , s0 )
where S is a finite set of states, Actτ is a finite set of actions containing a designated internal
action τ , s0 ∈ S is an initial state,
,→ ⊆ S × Actτ × S is an interactive transition relation, and
⊆ S × R>0 × S is a Markovian transition relation.
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a

Elements of Act := Actτ \ {τ } are called external actions. We write s ,→ t whenever
a
(s, a, t) ∈ ,→, and further succe (s) = {t ∈ S | ∃a ∈ Act : s ,→ t} and succτ (s) = {t ∈ S |
τ
λ
s ,→ t}. Similarly, we write s t whenever (s, λ, t) ∈
where λ is called a rate of the
λ
transition, and succM (s) = {t ∈ S | ∃λ : s t}. We assume w.l.o.g. that for each pair
of states s and t, there is at most one Markovian transition from s to t. We say that an
external, or internal, or Markovian transition is available in s if succe (s) 6= ∅, or succτ (s) 6= ∅,
or succM (s) 6= ∅, respectively.
We also define a total exit rate function E : S → R≥0 which assigns to each state the
P
sum of rates of all outgoing Markovian transitions, i.e. E(s) =
λ λ where the sum is
s t
zero if succM (s) is empty. Furthermore, we define a probability matrix P(s, t) = λ/E(s) if
λ
s t; and P(s, t) = 0, otherwise.
IMC are well suited for compositional modeling, where systems are built out of smaller
ones using composition operators. Parallel composition and hiding operators are central to
the modeling style, where parallel components synchronize using shared action, and further
synchronization can be prohibited by hiding (i.e. internalizing) some actions. IMC employ
the maximal progress assumption: Internal actions take precedence over the advance of
time [24].
I Definition 2 (Parallel composition). For IMC C1 = (S1 , Actτ1 , ,→1 , 1 , s01 ) and C2 =
(S2 , Actτ2 , ,→2 , 2 , s02 ) and a synchronization alphabet A ⊆ Act1 ∩ Act2 , the parallel composition C1 kA C2 is the IMC C1 = (S1 × S2 , Actτ1 ∪ Actτ2 , ,→, , (s01 , s02 )) where ,→ and
are defined as the smallest relations satisfying
a
a
a
s1 ,→ s01 and s2 ,→ s02 and a ∈ A implies (s1 , s2 ) ,→ (s01 , s02 ),
a 0
a
0
s1 ,→ s1 and a 6∈ A implies (s1 , s2 ) ,→ (s1 , s2 ) for each s2 ∈ S2 ,
a
a
s2 ,→ s02 and a 6∈ A implies (s1 , s2 ) ,→ (s1 , s02 ) for each s1 ∈ S1 ,
λ
λ
s1 s01 implies (s1 , s2 ) (s01 , s2 ) for each s2 ∈ S2 , and
λ 0
λ
s2 s2 implies (s1 , s2 ) (s1 , s02 ) for each s1 ∈ S1 .
I Definition 3 (Hiding). For an IMC C = (S, Actτ , ,→, , s0 ) and a hidden alphabet A ⊆
Act, the hiding CA is the IMC (S, Actτ \ A, ,→0 , , s0 ) where ,→0 is the smallest relation
a
τ
a
satisfying for each s ,→ s0 that a ∈ A implies s ,→ 0 s0 , and a 6∈ A implies s ,→ 0 s0 .
The analysis of IMC has thus far been restricted to closed IMC [18, 27, 23, 26, 34,
19]. In a closed IMC, external actions do not appear as transition labels (i.e. ,→ ⊆ S ×
{τ } × S). In practice, this is achieved by an outermost hiding operator Act closing the
composed system. Non-determinism among internal τ transitions is resolved using a (historydependent) scheduler σ [34].
Let us fix a closed IMC C = (S, Actτ , ,→, , s0 ). The IMC C under a scheduler σ moves
from state to state, and in every state may wait for a random time. This produces a run
which is an infinite sequence of the form s0 t0 s1 t1 · · · where sn is the n-th visited state and
tn is the time spent there. After n steps, the scheduler resolves the non-determinism based
on the history h = s0 t0 · · · sn−1 tn−1 sn as follows.
I Definition 4 (Scheduler). A scheduler1 for an IMC C = (S, Actτ , ,→, , s0 ) is a measurable2 function σ : (S × R≥0 )∗ × S → S such that for each history h = s0 t0 s1 · · · sn with
succτ (sn ) 6= ∅ we have σ(h) ∈ succτ (sn ). The set of all schedulers for C is denoted by S(C).
1
2

For the sake of simplicity, we only consider deterministic schedulers in this paper.
More precisely, σ −1 (s) is measurable in the product topology of the discrete topology on S and the
Borel topology on R≥0 .
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The decision of the scheduler σ(h) determines tn and sn+1 as follows. If succτ (sn ) 6= ∅,
then the run proceeds immediately, i.e. in time tn := 0, to the state sn+1 := σ(h). Otherwise,
if succτ (sn ) = ∅, then only Markovian transitions are available in sn . In such a case, the
run moves to a randomly chosen next state sn+1 with probability P(sn , sn+1 ) after waiting
for a random time tn chosen according to the exponential distribution with the rate E(sn ).
One of the fundamental problems in verification and performance analysis of continuous-time stochastic systems is the time-bounded reachability. Given a set of goal states
G ⊆ S and a time bound
T ∈ R≥0 , the

 value of time-bounded reachability is defined as
supσ∈S(C) PCσ ♦≤T G where PCσ ♦≤T G denotes the probability that a run of C under the
scheduler σ visits a state of G before time T . The pivotal problem in the algorithmic analysis
of IMC is to compute this value together with a scheduler that achieves the supremum. As
the value is not rational in most cases, the aim is to provide an efficient approximation
algorithm and compute an ε-optimal scheduler. The value of time-bounded reachability can
be approximated up to a given error tolerance ε > 0 in time O(|S|2 ·(λT )2 /ε) [29], where λ is
the maximal rate of C, and the procedure also yields an ε-optimal scheduler. We generalize
both the notion of the value as well as approximation algorithms to the setting of open IMC,
i.e. those that are not closed, and motivate this extension in the next section.

3

Compositional Verification

In this section we turn our attention to the central questions studied in this paper. How
can we decide how well an IMC component C performs (w.r.t. time-bounded reachability)
when acting in parallel with an unknown environment? And how to control the component
to establish a guarantee as high as possible?
Speaking thus far in vague terms, this amounts to finding a scheduler σ for C which
maximizes the probability of reaching a target set G before T no matter what environment
E is composed with C. As we are interested in compositional modeling using IMC, the
environments are supposed to be IMC with the same external actions as C (thus resolving
the external non-determinism of C). We also need to consider all resolutions of the internal
non-determinism of E as well as the non-determinism arising from synchronization of C and
E using another scheduler π. So we are interested in the following value:
sup inf P[G is reached in composition of C and E before T using σ and π].
σ

E,π

Now, let us be more formal and fix an IMC C = (S, Actτ , ,→, , s0 ). For a given environment IMC E with the same action alphabet Actτ , we introduce a composition
C(E) = (C kAct E)Act
where all open actions are hidden, yielding a closed system. Note that the states of C(E)
are pairs (c, e) where c is a state of C and e is a state of E. We consider a scheduler σ of
C and a scheduler π of C(E) respecting σ on internal actions of C. We say that π respects
σ, denoted by π ∈ S(C(E), σ), if for every history h = (c0 , e0 ) t0 · · · tn−1 (cn , en ) of C(E) the
scheduler π satisfies one of the following conditions:
a
a
π(h) = (c, e) where cn ,→ c and en ,→ e (π resolves synchronization)
τ
π(h) = (cn , e) where en ,→ e (π chooses a move in the environment)
π(h) = (σ(hC ), en ) where hC = c0 t0 · · · tn−1 cn (π chooses a move in C according to σ).
Given a set of goal states G ⊆ S and a time bound T ∈ R≥0 , the value of compositional
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time-bounded reachability is defined as
sup
σ∈S(C)

inf

E∈ENV
π∈S(C(E),σ)

 ≤T

π
PC(E)
♦ GE

(∗)

where ENV denotes the set of all IMC with the action alphabet Actτ and GE = G×SE where
SE is the set of states of E. As for the closed IMC, our goal is to efficiently approximate this
value together with a maximizing scheduler. Before we present an approximation algorithm
based on discretization, we illustrate some of the effects of the open system perspective.
Example. The figure on the right depicts
1
1
done
do’
fix
an IMC on which we approximate the value (∗)
1
τ
for T = 2 and G = {done}. From the initial
do
?
10
state do, the system may go randomly either
τ
20
1
fail
fast
to the target done or to fail. Concurrently, the
interrupt
external action interrupt may switch the run to
the state ?, where the scheduler σ chooses between two successors (1) the state fast allowing
fast but risky run to the target and (2) the state fix that guarantees reaching the target but
takes longer time. The value (∗) is approximately 0.47 and an optimal scheduler goes to fix
only if there are more than 1.2 minutes left. Note that the probability of reaching the target
in time depends on when the external action interrupt is taken. The most “adversarial”
environment executes interrupt after 0.8 minutes from the start.
Results. We now formulate our main result concerning efficient approximation of the
value of compositional time-bounded reachability. In fact, we provide an approximation
algorithm for a restricted subclass of IMC defined by the following two assumptions:
I Assumption 1. Each cycle contains a Markovian transition.
This assumption is standard over all analysis techniques published for IMC [18, 27, 23, 26,
34, 19]. It implies that the probability of taking infinitely many transitions in finite time,
i.e. of Zeno behavior, is zero. This is a rather natural assumption and does not restrict the
modeling power much, since no real system will be able to take infinitely many transitions
in finite time anyway. Furthermore, the assumed property is a compositional one, i.e. it is
preserved by parallel composition and hiding.
I Assumption 2. Internal and external actions are not enabled at the same time, i.e. for
each state s, either succe (s) = ∅ or succτ (s) = ∅.
Note that both assumptions are met by the above mentioned example. However, Assumption 2 is not compositional; specifically, it is not preserved by applications of the hiding
operator. A stronger assumption would require the environment not to trigger external
actions in zero time after a state change. This is indeed implied by Assumption 2 which
basically asks internal transitions of the component to be executed before any external actions are taken into account.3 In fact, the reverse precedence cannot be implemented in real
systems, if internal actions are assumed to be executed without delay. Any procedure implemented in C for checking the availability of external actions will involve some non-zero delay
(unless one resorts to quantum effects). From a technical point of view, lifting Assumption 2
makes the studied problems considerably more involved; see Section 6 for further discussion.

3

To see this one can construct a weak simulation relation between a system violating Assumption 2 and
one satisfying it, where any state with both internal and external transitions is split into two: the first
one enabling the internal transitions and a new τ to the second one only enabling the external ones.
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I Theorem 5. Let ε > 0 be an approximation bound and C = (S, Actτ , ,→, , s0 ) be an
IMC satisfying Assumptions 1 and 2. Then one can approximate the value of compositional
time-bounded reachability of C up to ε and compute an ε-optimal scheduler in time O(|S|2 ·
(λT )2 /ε), where λ is the maximal rate of C and T is the reachability time-bound.
In the remainder of the paper, we prove this theorem and discuss its restrictions. First,
we introduce a new kind of real-time games, called CE games, that are played on open
IMC. Then we reduce the compositional time-bounded reachability of C to time-bounded
reachability objective in the CE game played just on the component C (see Proposition 6).
In Section 5, we show how to reduce, using discretization, the time-bounded reachability
in CE games to step-bounded reachability in discrete-time stochastic games (see Proposition 8), that in turn can be solved using simple backward propagation. Finally, we show,
in Proposition 9, how to transform optimal strategies in the discretized stochastic games to
ε-optimal schedulers for C.

4

Game of Controller and Environment

In order to approximate (∗), the value of compositional time-bounded reachability, we turn
the IMC C into a two-player controller–environment game (CE game) G. The CE game
naturally combines two approaches to real-time systems, namely the stochastic flow of time
as present in CTMC with the non-deterministic flow of time as present in timed automata.
The game G is played on the graph of an IMC C played by two players: con (controlling the
component C) and env (controlling/simulating the environment). In essence, con chooses
in each state with internal transitions one of them, and env chooses in each state with
external (and hence synchronizing) transitions either which of them should be taken, or a
delay te ∈ R>0 . Note that, due to Assumption 2, the players control the game in disjoint
sets of states, hence G is a turn-based game. The internal and external transitions take zero
time to be executed once chosen. If no zero time transition is chosen, the delay te determined
by env competes with the Markovian transitions, i.e. with a random time sampled from
the exponential distribution with the rate E(s). We consider time-bounded reachability
objective, so the goal of con is to reach a given subset of states G before a given time T ,
and env opposes it.
Formally, let us fix an IMC C = (S, Actτ , ,→, , s0 ) and thus a CE game G. A run of G is
again an infinite sequence s0 t0 s1 t1 · · · where sn ∈ S is the n-th visited state and tn ∈ R≥0
is the time spent there. Based on the history s0 t0 · · · tn−1 sn went through so far, the players
choose their moves as follows.
If succτ (sn ) 6= ∅, the player con chooses a state sτ ∈ succτ (sn ).
Otherwise, the player env chooses either a state se ∈ succe (sn ), or a delay te ∈ R>0 .
(Note that if succe (sn ) = ∅ only a delay can be chosen.)
Subsequently, Markovian transitions (if available) are resolved by randomly choosing a target
state sM according to the distribution P(sn , ·) and randomly sampling a time tM according
to the exponential distribution with rate E(sn ). The next waiting time tn and state sn+1
are given by the following rules in the order displayed.
If succτ (sn ) 6= ∅ and sτ was chosen, then tn = 0 and sn+1 = sτ .
If se was chosen, then tn = 0 and sn+1 = se .
If te was chosen then:
if succM (sn ) = ∅, then tn = te and sn+1 = sn ;
if te ≤ tM , then tn = te and sn+1 = sn ;
if tM < te , then tn = tM and sn+1 = sM .
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According to the definition of schedulers in IMC, we formalize the choice of con as a
strategy σ : (S × R≥0 )∗ × S → S and the choice of env as a strategy π : (S × R≥0 )∗ × S →
S ∪ R>0 . We denote by Σ and Π the sets of all strategies of the players con and env,
respectively. In order to keep CE games out of Zeno behavior, we consider in Π only those
strategies of the player env for which the induced Zeno runs have zero measure, i.e. the sum
of the chosen delays diverges almost surely no matter what con is doing.
Given goal states G ⊆ S and a time bound T ∈ R≥0 , the value of G is defined as


sup inf PGσ,π ♦≤T G
(∗∗)
σ∈Σ π∈Π


where PGσ,π ♦≤T G is the probability of all runs of G induced by σ and π and reaching
a state of G before time T . We now show that the value of the CE game coincides with the
value of compositional time-bounded reachability. This result is interesting and important
as it allows us to replace unknown probabilistic behaviour with non-deterministic choices.
I Proposition 6. (∗) = (∗∗), i.e.
sup
σ∈S(C)

inf

E∈ENV
π∈S(C(E),σ)

 ≤T



π
PC(E)
♦ GE = sup inf PGσ,π ♦≤T G
σ∈Σ π∈Π

Proof Idea. We start with the inequality (∗) ≥ (∗∗). Let σ ∈ Σ (= S(C)) and let us fix an
environment E together with a scheduler π ∈ S(C(E), σ). The crucial observation is that
the purpose of the environment E (controlled by π) is to choose delays of external actions
(the delay is determined by a sequence of internal and Markovian actions of E executed
before the external action), which is in fact similar to the role of the player env in the CE
game. The only difference is that the environment E “chooses” the delays randomly as
opposed to deterministic strategies of env. However, using a technically involved argument,
we show how to
get rid of this randomization
and obtain a strategy π 0 in the CE game

σ,π 0  ≤T 
π
≤T
satisfying PG
♦ G ≤ PC(E) ♦ GE .
Concerning the second inequality (∗) ≤ (∗∗), we show that every strategy of env can
be (approximately) implemented using a suitable environment together with a scheduler
π. The idea is to simulate every deterministic delay, say t, chosen by env using a random
delay tightly concentrated around t (roughly corresponding to an Erlang distribution) that
is implemented as an IMC. We show that the imprecision of delays introduced by this
randomization induces only negligible alteration to the value.
J

5

Discretization

In this section we show how to approximate the value (∗∗) of the CE game up to an arbitrarily
small error ε > 0 by reduction to a discrete-time (turn-based) stochastic game ∆.
A stochastic game ∆ is played on a graph (V, 7→) partitioned into V ] V♦ ] V . A play
starts in the initial vertex v0 and forms a run v0 v1 · · · as follows. For a history v0 · · · vi , the
next vertex vi+1 satisfying vi 7→ vi+1 is determined by a strategy σ ∈ Σ∆ of player  if
vi ∈ V and by a strategy π ∈ Π∆ of player ♦ if vi ∈ V♦ . Moreover, vi+1 is chosen randomly
according to a fixed distribution P rob(vi ) if vi ∈ V . For a formal definition, see, e.g., [17].
Let us fix a CE game G and a discretization step δ > 0 that divides the time bound T into
N ∈ N intervals of equal length (here δ = T /N ). We construct a discrete-time stochastic
game ∆ by substituting each state of G by a gadget of one or two vertices (as illustrated in
Figure 1).4 Intuitively, the game ∆ models passing of time as follows. Each discrete step

4

We assume w.l.o.g. that (1) states with internal transitions have no Markovian transitions available and
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Figure 1 Four gadgets for transforming a CE game into a discrete game. The upper part
shows types of states in the original CE game, the lower part shows corresponding gadgets in
the transformed discrete game. In the lower part, the square-shaped, diamond-shaped and circleshaped vertices belong to V , V♦ and V , respectively. Binary branching is displayed only in order
to simplify the figure.

“takes” either time δ or time 0. Each step from a vertex of V takes time δ whereas each step
from vertex of V ∪ V♦ takes zero time. The first gadget transforms internal transitions into
edges of player  taking zero time. The second gadget transforms Markovian transitions
into edges of player
taking time δ where the probability p is the probability that any
Markovian transition is taken in G before time δ. The third gadget deals with states with
both external and Markovian transitions available where the player ♦ decides in vertex s in
zero time whether an external transition is taken or whether the Markovian transitions are
awaited in s for time δ. The fourth gadget is similar, but no Markovian transition can occur
and from s the play returns into s with probability 1.
Similarly to (∗) and (∗∗), we define the value of the discrete-time game ∆ as
sup

σ,π  #b ≤N 
♦
G
inf P∆

σ∈Σ∆ π∈Π∆

(∗ ∗ ∗)

σ,π  #b ≤N 
where P∆
♦
G is the probability of all runs of ∆ induced by σ and π that reach
G before taking more than N steps from vertices in V . According to the intuition above,
such a step bound corresponds to a time bound N · δ = T .
We say that a strategy is counting if it only considers the last vertex and the current count
#b of steps taken from vertices in V . We may represent it as a function V ×{0, . . . , N } → V
since it is irrelevant what it does after more than N steps.

I Lemma 7. There are counting strategies optimal in (∗∗∗). Moreover, they can be computed
together with (∗ ∗ ∗) in time O(N |V |2 ).
We now show that the value (∗ ∗ ∗) of the discretized game ∆ approximates the value
(∗∗) of the CE game G and give the corresponding error bound.

(2) every state has at least one outgoing transition.This is no restriction since (1) Markovian transitions
are never taken in such states and (2) any state without transitions can be endowed with a Markovian
self-loop transition without changing the time-bounded reachability.
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I Proposition 8 (Error bound). For every approximation bound ε > 0 and discretization
step δ ≤ ε/(λ2 T ) where λ = maxs∈S E(s), the value (∗ ∗ ∗) induced by δ satisfies
(∗ ∗ ∗) ≤ (∗∗) ≤ (∗ ∗ ∗) + ε.
Proof Idea. The proof is inspired by the techniques for closed IMC [29]. Yet, there are
several new issues to overcome, caused mainly by the fact that the player env in the CE
game may choose an arbitrary real delay te > 0 (so env has uncountably many choices).
The discretized game ∆ is supposed to simulate the original CE game but restricts possible
behaviors as follows: (1) Only one Markovian transition is allowed in any interval of length
δ. (2) The delay te chosen by player ♦ (which simulates the player env from the CE game)
must be divisible by δ. We show that none of these restrictions affects the value.
ad (1) As pointed out in [29], the probability of two or more Markovian transitions occurring in
an interval [0, δ] is bounded by (λδ)2 /2 where λ = maxs∈S E(s). Hence, the probability
of multiple Markovian transitions occurring in any of the discrete steps of ∆ is ≤ ε.
ad (2) Assuming that at most one Markovian transition is taken in [0, δ] in the CE game,
we reduce the decision when to take external transitions to minimization of a linear
function on [0, δ], which in turn is minimized either in 0, or δ. Hence, the optimal choice
for the player env in the CE game is either to take the transitions immediately at the
beginning of the interval (before the potential Markovian transition) or to wait for time
δ (after the potential Markovian transition).
J
Finally, we show how to transform an optimal counting strategy σ : V × {0, . . . , N } → V
in the discretized game ∆ into an ε-optimal scheduler σ in the IMC C. For every p =
s0 t0 · · · sn−1 tn−1 sn we put σ(p) = σ(sn , d(t0 + . . . + tn−1 )/δe).
I Proposition 9 (ε-optimal scheduler). Let ε > 0, ∆ be a corresponding discrete game, and
σ be induced by an optimal counting strategy in ∆, hthen
i
π
(∗) ≤
inf
PC(E)
♦≤T GE + ε
E∈ENV
π∈S(C(E),σ)

This together with the complexity result of Lemma 7 finishes the proof of Theorem 5.

6

Summary, Discussion and Future Work

We discussed the computation of maximal timed bounded reachability for IMC operating in
an unknown IMC environment to synchronize with. All prior analysis approaches considered
closed systems, implicitly assuming that external actions do happen in zero time. Our
analysis for open IMC works essentially with the opposite assumption, which is arguably
more realistic. We have shown that the resulting stochastic two-player game has the same
extremal values as a CE-game, where the player controlling the environment can choose
exact times. The latter is approximated up to a given precision by discretization and the
resulting control strategy translated back to a scheduler of the IMC achieving the bound.
a
Finally, we argue that lifting Assumption 2 makes
yes
win
τ
analysis considerably more involved as the studied game
λ
i
?
τ
may contain imperfect information and concurrent deτ
no
cisions. Let us illustrate the problems on an example.
fail
a
Consider an IMC depicted on the right. This IMC violates Assumption 2 in its state no. Let us fix an arbitrary environment E (controlled by
π) and a scheduler σ. Since internal transitions of E take zero time, the environment must
spend almost all the time in states without internal transitions. Hence, E is almost surely
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in such a state when ? is entered. Assume E is in a state with the (external) action a
being available. The scheduler σ wins if he chooses the internal transition to yes since the
synchronizing transition a is then taken immediately, and fails if he chooses to proceed to
no, as a (reasonable) scheduler π will now force synchronization on action a. If, otherwise,
on entering state ?, E is in a state without the action a being available, the scheduler σ
fails if he chooses yes because a (reasonable) environment never synchronizes, and wins if he
chooses no since the environment E cannot immediately synchronize and the τ transition
is taken. Note that the scheduler σ cannot observe whether a is available in the current
state of E. As this is crucial for the further evolution of the game from state ?, the game is
intrinsically of imperfect information.
We conjecture that solving even this special case of imperfect information games is
PSPACE-hard. Yet, the complexity might only increase in the number of internal transitions
that can be taken in a row. For systems, where a bound on the length of internal transition
sequences can be assumed, this problem would then still be feasible.
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Summary
Interactive Markov chains are a slight extension of the widespread continuoustime Markov decision processes. Their main advantage is compositionality,
which facilitates hierarchical design and analysis of systems. However, analysis
of interactive Markov chains has so far been limited to closed controllable systems or open, but uncontrollable systems. The first step towards the analysis of
controllable systems operating in an unknown environment is taken in [BHK+ 12]
(Paper F). However, the environment considered there is completely unknown
and the systems under consideration are structurally limited. Here we lift the
assumption on the systems, introduce a framework for specifying environments
(or generally IMC) and give an algorithm for time-bounded reachability when
the system under analysis operates in an unknown environment conforming to
a given specification. The specifications are given as modal continuous time
automata—a modal extension of time-automata-like framework where we employ continuous time constraints instead of hard constant guards. This enables
the first truly compositional verification and assume-guarantee reasoning in the
stochastic continuous-time setting.
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Abstract. Interactive Markov chains (IMC) are compositional behavioural
models extending labelled transition systems and continuous-time Markov
chains. We provide a framework and algorithms for compositional verification and optimization of IMC with respect to time-bounded properties. Firstly, we give a specification formalism for IMC. Secondly, given
a time-bounded property, an IMC component and the assumption that
its unknown environment satisfies a given specification, we synthesize a
scheduler for the component optimizing the probability that the property
is satisfied in any such environment.

1

Introduction

The ever increasing complexity and size of systems together with software reuse
strategies naturally enforce the need for component based system development.
For the same reasons, checking reliability and optimizing performance of such
systems needs to be done in a compositional way. The task is to get useful
guarantees on the behaviour of a component of a larger system. The key idea
is to incorporate assumptions on the rest of the system into the verification
process. This assume-guarantee reasoning is arguably a successful divide-andconquer technique in many contexts [MC81,AH96,HMP01].
In this work, we consider a continuous-time stochastic model called interactive Markov chains (IMC). First, we give a language for expressing assumptions
about IMC. Second, given an IMC, an assumption on its environment and a
property of interest, we synthesize a controller of the IMC that optimizes the
guarantee, and we compute this optimal guarantee, too.
Interactive Markov chains are behavioural models of probabilistic systems running in continuous real time appropriate for the component-based approach [HK09]. IMC have a well-understood compositional theory rooted in process algebra, and are in use as semantic backbones for dynamic fault trees,
?
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architectural description languages, generalized stochastic Petri nets and Statemate extensions, see [HK09] for a survey. IMC are applied in a large spectrum
of practical applications, ranging from water treatment facilities [HKR+ 10] to
ultra-modern satellite designs [EKN+ 12].
IMC arise from classical labelled transition systems by
a
incorporating the possibility to change state according to
s
init
a random delay governed by a negative exponential distribution with a given rate, see transitions labelled 1, 2
u
τ τ
2
and 3 in the figure. Apart from delay expirations, state
1 goal
v
transitions may be triggered by the execution of internal
3
(τ ) actions or external (synchronization) actions. Internal
actions are assumed to happen instantaneously and therefore take precedence
over delay transitions. External actions are the process algebraic means for interaction with other components, see a in the figure. By dropping the delay
transitions, labelled transition systems are regained in their entirety. Dropping
action-labelled transitions instead yields continuous-time Markov chains – one
of the most used performance and reliability models.
The fundamental problem in the analysis of IMC is that of time-bounded
reachability. It is the problem to approximate the probability that a given set of
states is reached within a given deadline. We illustrate the compositional setting
of this problem in the following examples.
Examples. In the first example, consider the IMC C from above and an
unknown environment E with no assumptions. Either E is initially not ready to
synchronize on the external action a and thus one of the internal actions is taken,
or E is willing to synchronize on a at the beginning. In the latter case, whether
τ or a happens is resolved non-deterministically. Since this is out of control of
C, we must assume the worst case and let the environment decide which of the
two options will happen. For more details on this design choice, see [BHK+ 12].
If there is synchronization on a, the probability to reach goal within time t = 1.5
is 1 − e−2t ≈ 0.95. Otherwise, C is given the choice to move to u or v. Naturally,
v is the choice maximizing the chance to get to goal on time as it has a higher
rate associated. In this case the probability amounts to 1 − e−3t ≈ 0.99, while if
u were chosen, it would be only 0.78. Altogether, the guaranteed probability is
95% and the strategy of C is to choose v in init.
The example depicted on the right
req
resp
τ
proc
goal
ret
init
illustrates the necessity of assumptions on the environment: As it is, the
τ
environment can drive the component
to state ret and let it get stuck there by not synchronising on resp ever. Hence
no better guarantee than 0 can be derived. However, this changes if we know
some specifics about the behaviour of the environment: Let us assume that we
know that once synchronization on req occurs, the environment must be ready
to synchronise on resp within some random time according to, say, an exponential distribution with rate 2. Under this assumption, we are able to derive a
guarantee of 95%, just as in the previous example.
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Observe the form of the time constraint we imposed in the last example:
“within a random time distributed according to Exp(2)” or symbolically ♦≤Exp(2) ϕ.
We call this a continuous time constraint. If a part of the environment is e.g. a
model of a communication network, it is clear we cannot impose hard bounds
(discrete time constraints) such as “within 1.5” as in e.g. a formula of MTL
♦≤1.5 ϕ. Folklore tells us that messages might get delayed for longer than that.
Yet we want to express high assurance that they arrive on time. In this case
one might use e.g. a formula of CSL P r≥0.95 (♦≤1.5 ϕ). However, consider now a
system with two transitions labelled with resp in a row. Then this CSL formula
yields only a zero guarantee. By splitting the time 1.5 in halves, the respective
P r≥0.77 (♦≤0.75 ϕ) yields only the guarantee 0.772 = 0.60. The actual guarantee
0.80 is given by the convolution of the two exponential distributions and as such
can be exactly obtained from our continuous time constraint ♦≤Exp(2) ϕ.
Our contribution is the following:
1. We introduce a specification formalism to express assumptions on continuoustime stochastic systems. The novel feature of the formalism are the continuous time constraints, which are vital for getting guarantees with respect to
time-bounded reachability in IMC.
2. We incorporate the assume-guarantee reasoning to the IMC framework. We
show how to synthesize -optimal schedulers for IMC in an unknown environment satisfying a given specification and approximate the respective
guarantee.
In our recent work [BHK+ 12] we considered a very restricted setting of the
second point. Firstly, we considered no assumptions on the environment as the
environment of a component might be entirely unknown in many scenarios. Secondly, we were restricted to IMC that never enable internal and external transitions at the same state. This was also a severe limitation as this property is
not preserved during the IMC composition process and restricts the expressivity
significantly. Both examples above violate this assumption. In this paper, we lift
the assumption.
Each of the two extensions shifts the solution methods from complete information stochastic games to (one-sided) partial observation stochastic games,
where we need to solve the quantitative reachability problem. While this is undecidable in general, we reduce our problem to a game played on an acyclic graph
and show how to solve our problem in exponential time. (Note that even the
qualitative reachability in the acyclic case is PSPACE-hard [CD10].)
Related work. The synthesis problem is often stated as a game where the
first player controls a component and the second player simulates an environment [RW89]. Model checking of open systems, i.e. operating in an unknown
environment, has been proposed in [KV96]. There is a body of work on assumeguarantee reasoning for parallel composition of real-time systems [TAKB96,HMP01].
Lately, games with stochastic continuous-time have gained attention, for a very
general class see [BF09]. While the second player models possible schedulers of
the environment, the structure of the environment is fixed there and the veri-
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fication is thus not compositional. The same holds for [Spr11,HNP+ 11], where
time is under the control of the components.
A compositional framework requires means for specification of systems. A
specification can be also viewed as an abstraction of a set of systems. Three
valued abstractions stemming from [LT88] have also been applied to the timed
setting, namely in [KKLW07] to continuous-time Markov chains (IMC with no
non-determinism), or in [KKN09] to IMC. Nevertheless, these abstractions do
not allow for constraints on time distributions. Instead they would employ abstractions on transition probabilities. Further, a compositional framework with
timed specifications is presented in [DLL+ 12]. This framework explicitly allows
for time constraints. However, since the systems under consideration have nondeterministic flow of time (not stochastic), the natural choice was to only allow
for discrete (not continuous) time constraints.
Although IMC support compositional design very well, analysis techniques
for IMC proposed so far (e.g. [KZH+ 11,KKN09,ZN10,GHKN12] are not compositional. They are all bound to the assumption that the analysed IMC is a
closed system, i.e. it does not depend on interaction with the environment (all
actions are internal). Some preliminary steps to develop a framework for synthesis of controllers based on models of hardware and control requirements have
been taken in [Mar11]. The first attempt at compositionality is our very recent
work [BHK+ 12] discussed above.
Algorithms for the time-bounded reachability problem for closed IMC have
been given in [ZN10,BS11,HH13] and compositional abstraction techniques to
compute it are developed in [KKN09]. In the closed interpretation, IMC have
some similarities with continuous-time Markov decision processes. For this formalism, algorithms for time-bounded reachability are developed in [BHKH05,BS11].

2

Interactive Markov Chains

In this section, we introduce the formalism of interactive Markov chains together
with the standard way to compose them. We denote by N, R>0 , and R≥0 the
sets of positive integers, positive real numbers and non-negative real numbers,
respectively. Further, let D(S) denote the set of probability distributions over
the set S.
Definition 1 (IMC). An interactive Markov chain (IMC) is a quintuple C =
(S, Actτ , ,→, , s0 ) where S is a finite set of states, Actτ is a finite set of actions
containing a designated internal action τ , s0 ∈ S is an initial state,
– ,→ ⊆ S × Actτ × S is an interactive transition relation, and
–
⊆ S × R>0 × S is a Markovian transition relation.
a

Elements of Act := Actτ r {τ } are called external actions. We write s ,→ t
λ
whenever (s, a, t) ∈ ,→, and s t whenever (s, λ, t) ∈
where λ is called a rate
of the transition. We say that an external action a, or internal τ , or Markovian
a
τ
λ
transition is available in s, if s ,→ t, s ,→ t or s t for some t (and λ), respectively.
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IMC are well suited for compositional modelling, where systems are built
out of smaller ones using standard composition operators. Parallel composition
kA over a synchronization alphabet A produces a product of two IMC with
transitions given by the rules
a

a

a

(PC1) (s1 , s2 ) ,→ (s01 , s02 ) for each s1 ,→ s01 and s2 ,→ s02 and a ∈ A,
a
a
(PC2, PC3) (s1 , s2 ) ,→ (s01 , s2 ) for each s1 ,→ s01 and a 6∈ A, and symmetrically,
λ
λ 0
0
(PC4, PC5) (s1 , s2 ) (s1 , s2 ) for each s1 s1 , and symmetrically.
a

Further, hiding A an alphabet A, yields a system, where each s ,→ s0 with
a
τ
a∈
/ A is left as it is, and each s ,→ s0 with a ∈ A is replaced by internal s ,→ s0 .
Hiding Act thus yields a closed IMC, where external actions do not appear
as transition labels (i.e. ,→ ⊆ S × {τ } × S). A closed IMC (under a scheduler
σ, see below) moves from state to state and thus produces a run which is an
infinite sequence of the form s0 t1 s1 t2 s2 · · · where sn is the n-th visited state
and tn is the time of arrival to sn . After n steps, the scheduler resolves the nondeterminism among internal τ transitions based on the path p = s0 t1 · · · tn sn .
Definition 2 (Scheduler). A scheduler of an IMC C = (S, Actτ , ,→, , s0 )
is a measurable function σ : (S × R≥0 )∗ × S → D(S) such that for each path
τ
p = s0 t1 s1 · · · tn sn with sn having τ available, σ(p)(s) > 0 implies sn ,→ s. The
set of all schedulers for C is denoted by S(C).
The decision of the scheduler σ(p) determines tn+1 and sn+1 as follows. If sn
has available τ , then the run proceeds immediately, i.e. at time tn+1 := tn , to a
state sn+1 randomly chosen according to the distribution σ(p). Otherwise, only
Markovian transitions are available in sn . In such a case, after waiting for a
random time
P t chosen according to the exponential distribution with the rate
R(sn ) =
λ, the run moves at time tn+1 := tn + t to a randomly chosen
λ
sn s0
λ
next state sn+1 with probability λ/r where sn sn+1 . This defines a probability
space (Runs, F, PCσ ) over the runs in the standard way [ZN10].

3

Time-Bounded Reachability

In this section, we introduce the studied problems. One of the fundamental
problems in verification and performance analysis of continuous-time stochastic
systems is time-bounded reachability. Given a closed IMC C, a set of goal states
G ⊆ S and a time bound
of time-bounded reachability is de
 T ∈ R≥0 , the value
fined as supσ∈S(C) PCσ ♦≤T G where PCσ ♦≤T G denotes the probability that a
run of C under the scheduler σ visits a state of G before time T . We have seen an
example in the introduction. A standard assumption over all analysis techniques
published for IMC [KZH+ 11,KKN09,ZN10,GHKN12] is that each cycle contains
a Markovian transition. It implies that the probability of taking infinitely many
transitions in finite time, i.e. of Zeno behaviour, is zero. One can ε-approximate
the value and computepthe respective scheduler in time O(λ2 T 2 /ε) [ZN10] recently improved to O( λ3 T 3 /ε) [HH13].
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For an open IMC to be put in parallel with an unknown environment, the
optimal scheduler is computed so that it optimizes the guarantee against all
possible environments. Formally, for an IMC C = (C, Actτ , ,→, , c0 ) and an
environment IMC E with the same action alphabet Actτ , we introduce a composition C|E = (C kAct E)Act where all open actions are hidden, yielding a closed
system. In order to compute guarantees on C|E provided we use a scheduler σ
in C, we consider schedulers π of C|E that respect σ on the internal actions of C,
written π ∈ Sσ (C|E); the formal definition is below. The value of compositional
time-bounded reachability is then defined in [BHK+ 12] as
sup

inf

σ∈S(C) E∈ENV
π∈Sσ (C|E)

 ≤T 
π
PC|E
♦ G

where ENV denotes the set of all IMC with the action alphabet Actτ and ♦≤T G
is the set of runs that reach G in the first component before T . Now π respects
σ on internal actions of C if for every path p = (c0 , e0 ) t1 · · · tn (cn , en ) of C|E
τ
there is p ∈ [0, 1] such that for each internal transition cn ,→ c of C, we have
π(p)(c, en ) = p · σ(pC )(c). Here pC is the projection of p where σ can only see the
path of moves in C and not in which states E is. Formally, we define observation
of a path p = (c0 , e0 ) t1 · · · tn (cn , en ) as pC = c0 t1 · · · tn cn where each maximal
consecutive sequence ti ci · · · tj cj with ck = ci for all i ≤ k ≤ j is rewritten to
ti ci . This way, σ ignores precisely the internal steps of E.
3.1

Specifications of environments

In the second example in the introduction, without any assumptions on the environment only zero guarantees could be derived. The component was thus indistinguishable from an entirely useless one. In order to get a better guarantee, we
introduce a formalism to specify assumptions on the behaviour of environments.
Example 1. In the mentioned example, if we knew that after an occurrence of req
the environment is ready to synchronize on resp in time distributed according to
Exp(3) or faster, we would be able to derive a guarantee of 0.26. We will depict
this assumption as shown below.
resp
req
req
The dashed arrows denote may transitions,
≤ Exp(3)
req
which may or may not be available, whereas
the full arrows denote must transitions, which
>
the environment is ready to synchronize on. Full
resp
arrows are further used for time transitions.
Although such a system resembles a timed automaton, there are several fundamental differences. Firstly, the time constraints are given by probability distributions instead of constants. Secondly, there is only one clock that, moreover,
gets reset whenever the state is changed. Thirdly, we allow modalities of may
and must transitions. Further, as usual with timed or stochastic specifications,
we require determinism.
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Definition 3 (MCA syntax). A continuous time constraint is either > or of
the form ./ d with ./ ∈ {≤, ≥} and d a continuous distribution.We denote the set
of all continuous time constraints by CT C. A modal continuous-time automaton
(MCA) over Σ is a tuple S = (Q, q0 , 99K, −→, ), where
– Q is a non-empty finite set of locations and q0 ∈ Q is an initial location,
– −→, 99K : Q × Σ → Q are must and may transition functions, respectively,
satisfying −→ ⊆ 99K,
–
: Q → CT C × Q is a time flow function.
We have seen an example of an MCA in the previous example. Note that upon
taking req from the first state, the waiting time is chosen and the waiting starts.
On the other hand, when req self-loop is taken in the middle state, the waiting
process is not restarted, but continues on the background independently.(1) We
introduce this independence as a useful feature to model properties as “response
follows within some time after request” in the setting with concurrently running
processes. Further, we have transitions under > corresponding to “> 0”, meaning there is no restriction on the time distribution except that the transition
takes non-zero time. We formalize this in the following definition. With other
respects, the semantics of may and must transitions follows the standards of
modal transition systems [LT88].
Definition 4 (MCA semantics). An IMC E = (E, Actτ , ,→, , e0 ) conforms
to an MCA specification S = (Q, q0 , 99K, −→, ), written E |= S, if there is
a satisfaction relation R ⊆ E × Q containing (e0 , q0 ) and satisfying for each
(e, q) ∈ R that whenever
1.
2.
3.
4.

a

a

q −→ q 0 then there is some e ,→ e0 and if, moreover, q 6= q 0 then e0 Rq 0 ,
a
a
e ,→ e0 then there is (unique) q 99K q 0 and if, moreover, q 6= q 0 then e0 Rq 0 ,
τ 0
0
e ,→ e then e Rq,
ctc 0
q
q then for every IMC C and every scheduler π ∈ S(C|e),(2) there is a
π
random variable Stop : Runs → R>0 on the probability space (Runs, F, PC|e
)
such that
– if ctc is of the form ./ d then the cumulative distribution function of
Stop is point-wise ./ cumulative distribution function of d (there are no
constraints when ctc = >), and
– for every run ρ of C|e under π, either a transition corresponding to syna
chronization on action a with q 99K q 0 6= q is taken before time Stop(ρ),
or
• the state (c, e0 ) visited at time Stop(ρ) satisfies e0 Rq 0 , and
• for all states (c̄, ē) visited prior to that, whenever
a
a
(a) q −→ q 0 then there is e ,→ e0 ,
a
a
(b) e ,→ e0 then there is q 99K q 0 .

The semantics of S is the set JSK = {E ∈ IMC | E |= S} of all conforming IMC.
(1)

(2)

This makes no difference for memoryless exponential distributions, but for all other
distributions it does.
Here e stands for the IMC E with the initial state e.
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≤ Er(3, 1)

b
Example 2. We illustrate this definition. Consider the
a
MCA on the right above specifying that a is ready and
1
1
b will be ready either immediately after taking a or
b
a
within the time distributed according to the Erlang
a
distribution Er(3, 1), which is a convolution of three
Exp(1) distributions. The IMC below conforms to this specification (here, Stop ∼
Er(2, 1) can be chosen). However, observe that it would not conform, if there
was no transition under a from the middle to the right state. Satisfying the
modalities throughout the waiting is namely required by the last bullet of the
previous definition.
3.2

Assume-Guarantee Optimization

We can now formally state what guarantees on time-bounded reachability we
can derive provided the unknown environment conforms to a specification S.
Given an open IMC C, a set of goal states G ⊆ C and a time bound T ∈ R≥0 ,
the value of compositional time-bounded reachability conditioned by an MCA S
is defined as
 ≤T 
π
vS (C) :=
sup
inf
PC|E
♦ G
σ∈S(C) E∈ENV:E|=S
π∈Sσ (C|E)

In this paper, we pose a technical assumption on the set of schedulers of C.
For some clock resolution δ > 0, we consider only such schedulers σ that take
the same decision for any pair of paths c0 t1 . . . tn cn and c0 t01 . . . t0n cn with ti and
t0i equal when rounded down to a multiple of δ for all 1 ≤ i ≤ n. This is no
practical restriction as it is not possible to achieve arbitrary resolution of clocks
when implementing the scheduler. Observe this is a safe assumption as it is not
imposed on the unknown environment.
We consider specifications S where distributions have differentiable density
functions. In the rest of the paper we show how to approximate vS (C) for such S.
Firstly, we make a product of the given IMC and MCA. Secondly, we transform
the product to a game. This game is further discretized into a partially observable
stochastic game played on a dag where the quantitative reachability is solved.
For full proofs, see [HKK13].

4

Product of IMC and Specification

In this section, we first translate MCA S into a sequence of IMC (Si )i∈N . Second,
we combine the given IMC C with the sequence (Si )i∈N into a sequence of product
IMC (C × Si )i∈N that will be further analysed. The goal is to reduce the case
where the unknown environment is bound by the specification to a setting where
we solve the problem for the product IMC while quantifying over all possible
environments (satisfying only a simple technical assumption discussed at the end
of the section), denoted ENV0 . The reason why we need a sequence of products
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instead of one product is that we need to approximate arbitrary distributions
with more and more precise and detailed hyper-Erlang distributions expressible
in IMC. Formally, we want to define the sequence of the products C × Si so that
 ≤T 
π
vproduct (C × Si ) :=
sup
inf 0
P(C×S
♦ G
i )|E
σ∈S(C)

E∈ENV
π∈Sσ ((C×Si )|E)

approximates the compositional value:
Theorem 1. For every IMC C and MCA S, vS (C) = lim vproduct (C × Si ).
i→∞

Note that in vproduct , σ is a scheduler over C, not the whole product C × Si .(3)
Constructing a product with the specification intuitively corresponds to adding
a known, but uncontrollable and unobservable part of the environment to C. We
proceed as follows: We translate the MCA S into a sequence of IMC Si and then
the product will be defined as basically a parallel composition of C and Si .
There are two steps in the translation of S to Si . Firstly, we deal with the
modal transitions. A may transition under a is translated to a standard external
transition under a that has to synchronize with a in both C and E simultaneously, so that the environment may or may not let the synchronization occur.
Further, each must transition under a is replaced by an external transition, that
synchronizes with a in C, but is hidden before making product with the environment. This way, we guarantee that C can take a and make progress no matter if
the general environment E would like to synchronize on a or not.
Formally, the must transitions are transformed into special “barred” transitions that will be immediately hidden in the product C × Si as opposed to
transitions arising from may transitions. Let Act = {ā | a ∈ Act} denote a fresh
copy of the original alphabet. We replace all modal transitions as follows
a

a

– whenever q 99K r set q ,→ r,
a
ā
– whenever q −→ r set q ,→ r.
The second step is to deal with the timed transitions, especially with the
constraints of the form ./ d. Such a transition is, roughly speaking, replaced by
a phase-type approximation of d. This is a continuous-time Markov chain (an
IMC with only timed transitions) with a sink state such that the time to reach
the sink state is distributed with d0 . For any continuous distribution d, we can
find such d0 arbitrarily close to d.
Example 3. Consider the following MCA on the left. It specifies that whenever
ask is taken, it cannot be taken again for at least the time distributed by Er(2, λ)
and during all that time, it is ready to synchronize on answer. This specifies
systems that are allowed to ask, but not too often, and whenever they ask, they
must be ready to receive (possibly more) answers for at least the specified time.
(3)

Here we overload the notation Sσ ((C × Si )|E) introduced for pairs in a straightforward way to triples, where σ ignores both the second and the third components.
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answer
r

ask

answer answer answer

q

1

λ

2

λ

r

0

ask

q=1

λ

2

λ

0

Now

≥ Er(2, λ)

After performing the first step of replacing the modal transitions as described
above, we proceed with the second step as follows. We replace the timed transition with a phase-type, e.g. the one represented by the IMC in the middle.
Observe that while the Markovian transitions are taken, answer must still be
available. Hence, we duplicate the corresponding self-loops on all the new states.
Further, since the time constraint is of the form ≥, getting to the state (q, 0)
does not guarantee that we already get to the state r. It can possibly take longer.
To this end, we connect the states (q, 0) and r by a special external action Now.
Since this action is synchronized with E ∈ ENV0 , the environment can block the
progress for arbitrarily long time. Altogether, we obtain the IMC on the right.
In the case of “≤” condition, we would instead add the Now transition from
each auxiliary state to the sink, which could instead shorten the waiting time.
When constructing Si , we replace each distribution d with its hyper-Erlang
√
phase-type approximation di with i branches of lengths 1 to i and rates i in
each branch. For formal description, see [HKK13]. Formally, let Now ∈
/ Act∪Act
be a fresh action. We replace all timed transitions as follows:
Now

>

– whenever q
r such that q 6= r set q ,→ r,
./d
– whenever q
r where the phase-type di corresponds to a continuous-time
Markov chain (IMC with only timed transitions) with the set of states D,
the initial state 1 and the sink state 0 , then
1. identify the states q and 1 ,
α
α
2. for every u ∈ D and q ,→ q, set u ,→ u,
α
α
3. for every u ∈ D and q ,→ p with p 6= q, set u ,→ p,
Now
4. if ./ = ≤, then identify r and 0 , and set u ,→ r for each u ∈ D,
Now
5. if ./ = ≥, then set 0 ,→ r.
Intuitively, the new timed transitions model the delays, while in the “≤” case,
the action Now can be taken to speed up the process of waiting, and in the
“≥” case, Now can be used to block further progress even after the delay has
elapsed.
The product is now the parallel composition of C and Si , where each action ā
synchronizes with a and the result is immediately hidden. Formally, the product
C × S is defined as C kPC6
Si , where kPC6
is the parallel composition
Act∪Act
Act∪Act
with one additional axiom:
a

ā

τ

(PC6) s1 ,→ s01 and s2 ,→ s02 implies (s1 , s2 ) ,→ (s01 , s02 ),
saying that a synchronizes also with ā and, in that case, is immediately hidden
(and any unused ā transitions are thrown away).
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The idea of Now is that it can be taken in arbitrarily short, but non-zero
time. To this end, we define ENV0 in the definition of vproduct (C × Si ) to denote
all environments where Now is only available in states that can be entered by
only a Markovian transition. Due to this requirement, each Now can only be
taken after waiting for some time.

5

Controller-Environment Games

So far, we have reduced our problem to computing limi→∞ vproduct (C × Si ).
Note that we are still quantifying over unknown environments. Further, the
behaviour of each environment is limited by the uncontrollable stochastic flow of
time caused by its Markovian transitions. This setting is still too difficult to be
solved directly. Therefore, in this section, we reduce this setting to one, where
the stochastic flow of time of the environment (limited in an unknown way) is
replaced by a free non-deterministic choice of the second player.
We want to turn the product IMC C × Si into a two-player controller–
environment game (CE game) Gi , where player con controls the decisions over
internal transitions in C; and player env simulates the environment including
speeding-up/slowing-down S using Now transitions. In essence, con chooses in
each state with internal transitions one of them, and env chooses in each state
with external (and hence synchronizing) transitions either which of them should
be taken, or a delay d ∈ R>0 during which no synchronization occurs. The internal and external transitions take zero time to be executed if chosen. Otherwise,
the game waits until either the delay d elapses or a Markovian transition occurs.
This is the approach taken in [BHK+ 12] where no specification is considered.
However, there is a catch. This construction is only correct under the assumption of [BHK+ 12] that there are no states of C with both external and internal
transitions available.
a
win
τ yes
Example 4. Consider the IMC C on the right (for
λ
i
?
instance with a trivial specification not restrictτ
ing the environment). Note that there are both
τ no
fail
a
internal and external actions available in no.
As τ transitions take zero time, the environment E must spend almost all
the time in states without τ . Hence, when ? is entered, E is almost surely in
such a state e. Now τ form ? is taken and E cannot move to another state when
yes/no is entered. Since action a either is or is not available in e, the environment
cannot choose to synchronize in no and not to synchronize in yes. As a result,
the environment “commits” in advance to synchronize over a either in both
yes and no or in none of them. Therefore, in the game we define, env cannot
completely freely choose which external transition is/is not taken. Further, note
that the scheduler of C cannot observe whether a is currently available in E,
which intrinsically induces imperfect information.
In order to transfer these “commitments” to the game, we again make use
of the compositionality of IMC and put the product C × Si in parallel with an
IMC Commit and then define the game on the result.
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a
τ

{a}

τ

Chan

ge

The action alphabet of Commit is Act ∪
com.
now?
{Now, Change} and the state space is 2Act ∪
τ
e
g
n
∅
a
Ch
{commit, now ?} (in the figure, Act = {a}; for
Now
formal description, see [HKK13]). State A ⊆
Act corresponds to E being committed to the set of currently available actions
a
A. Thus A ,→ commit for each a ∈ A. This commitment must be respected until
the state of E is changed: either (1) by an external transition from the commitment set (which in Commit leads to the state commit where a new commitment
is immediately chosen); or (2) by a Change transition (indicating the environment changed its state due to its Markovian transition).


The game Gi is played on the arena C×Si kAct∪{Now} Commit  Act ∪ {Now}
with its set of states denoted by Gi . Observe that external actions have either
been hidden (whenever they were available in the commitment), or discarded
(whenever not present in the current commitment). The only external action
that remains is Change. The game Gi is played as follows. There are two types
of states: immediate states with some τ transitions available and timed states
with no τ available. The game starts in v0 = (c0 , q0 , commit).
– In an immediate state vn = (c, q, e), con chooses a probability distribution
over transitions corresponding to the internal transitions in C (if there are
any). Then, env either approves this choice (chooses X) and vn+1 is chosen
randomly according to this distribution, or rejects this choice and chooses a
τ transition to some vn+1 such that the transition does not correspond to
any internal transitions of C. Then the game moves at time tn+1 = tn to
vn+1 .
– In a timed state vn = (c, q, e), env chooses a delay d > 0. Then Markovian
transitions (if available) are resolved by randomly sampling a time t according to the exponential distribution with rate R(vn ) and randomly choosing
λ
a target state vn+1 where each vn v is chosen with probability λ/R(vn ).
• If t < d, Gi moves at time tn+1 = tn + t to vn+1 , (Markovian transition wins)
• else Gi moves at time tn+1 = tn + d to (c, q, now ?).
(E takes Change)
This generates a run v0 t1 v1 t1 · · · . The set (Gi × R≥0 )∗ × Gi of prefixes of
runs is denoted Histories(G). We formalize the choice of con as a strategy
σ : Histories(Gi ) → D(Gi ). We further allow the env to randomize and thus
his strategy is π : Histories(Gi ) → D({X} ∪ Gi ) ∪ D(R>0 ). We denote by Σ and
Π the sets of all strategies of the players con and env, respectively.
Since con is not supposed to observe the state of the specification and the
state of Commit, we consider in Σ only those strategies that satisfy σ(p) =
σ(p0 ), whenever observations of p and p0 are the same. Like before, the observation of (c0 , q0 , e0 )t1 · · · tn (cn , qn , en ) ∈ Histories(G) is a sequence obtained from
c0 t1 · · · tn cn by replacing each maximal consecutive sequence ti ci · · · tj cj with
all ck the same, by ti ci . This replacement takes place so that the player cannot
observe transitions that do not affect C. Notice that now S(C) is in one-to-one
correspondence with Σ. Further, in order to keep CE games out of Zeno behaviour, we consider in Π only those strategies for which the induced Zeno runs
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have zero measure, i.e. the sum of the chosen delays diverges almost surely no
matter what con is doing. The value of Gi is now defined as
 ≤T 
vGi := sup inf PGσ,π
♦ G
i
σ∈Σ π∈Π

 ≤T 
where PGσ,π
♦ G is the probability of all runs of Gi induced by σ and π and
i
reaching a state with the first component in G before time T . We now show that
it coincides with the value of the ith product:
Theorem 2. For every IMC C, MCA S, i ∈ N, we have vGi = vproduct (C × Si ).
This result allows for approximating vS (C) through computing vGi ’s. However, from the algorithmic point of view, we would prefer approximating vS (C)
by solving a single game G whose value vG we could approximate directly. This is
indeed possible. But first, we need to clarify, why the approximation sequence Si
was crucial even in the case where all distributions of S are already exponential.
Consider the MCA on the right and a conforming ena
b
vironment E, in which a is available iff b becomes available
≥ Exp(1)
within 0.3 time units. If Player env wants to simulate this
q
r
behaviour, he needs to know how long the transition to r is
going to take so that he can plan his behaviour freely, only sticking to satisfying
the specification. If we translate Exp(1) directly to a single Markovian transition (with no error incurred), env knows nothing about this time as exponential
distributions are memoryless. On the other hand, with finer hyper-Erlang, he
knows how long the current branch of hyper-Erlang is roughly going to take. In
the limit, he knows the precise waiting time right after coming to q.
To summarize, env is too weak in Gi , because it lacks the information about
the precise time progress of the specification. The environment needs to know
how much time is left before changing the location of S. Therefore, the game
G is constructed from G1 by multiplying the state space with R≥0 where we
store the exact time to be waited. After the product changes the state so that
the specification component switches to a state with ./ d constraint, this last
component is overwritten with a number generated according to d. This way, the
environment knows precisely how much time is left in the current specification
location. This corresponds to the infinitely precise hyper-Erlang, where we at the
beginning randomly enter a particular branch, which is left in time with Dirac
distribution. For more details, see [HKK13].


Denoting the value of G by vG := sup inf PGσ,π ♦≤T G , we obtain:
σ∈Σ π∈Π

Theorem 3. For every IMC C and MCA S, we have vG = lim vGi .
i→∞

6

Approximation using discrete-time PO games

In this section, we briefly discuss the approximation of vG by a discrete time turnbased partial-observation stochastic game ∆. The construction is rather standard; hence, we do not treat the technical difficulties in great detail (see [HKK13]).
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We divide the time bound T into N intervals of length κ = T /N such that the
clock resolution δ (see Section 3.2) satisfies δ = nκ for some n ∈ N.
1. We enhance the state space with a counter i ∈ {0, . . . , N } that tracks that
i · κ time has already elapsed. Similarly, the R≥0 -component of the state
space is discretized to κ-multiples. In timed states, time is assumed to pass
exactly by κ. In immediate states, actions are assumed to take zero time.
2. We let at most one Markovian transition occur in one step in a timed state.
3. We unfold the game into a tree until on each branch a timed state with
i = N is reached. Thereafter, ∆ stops. We obtain a graph of size bounded
by b≤N ·|G| where b is the maximal branching and G is the state space of G.
Let Σ∆ and Π∆ denote the set of randomized history-dependent strategies of
con and env, respectively, where player con observes in the history only the
first components of the states, i.e. the states of C, and the elapsed time bi/nc
σ,π
(♦G) denotes the value
up to the precision δ. Then v∆ := supσ∈Σ∆ inf π∈Π∆ P∆
σ,π
of the game ∆ where P∆ (♦G) is the probability of the runs of ∆ induced by
σ and π and reaching a state with first component in G. Let b be a constant
bounding (a) the sum of outgoing rates for any state of C, and (b) densities and
their first derivative for any distribution in S.
Theorem 4. For every IMC C and MCA S, vG is approximated by v∆ :
|vG − v∆ |

≤

10κ(bT )2 ln κ1 .

A strategy σ ∗ optimal in ∆ defines a strategy (10κ(bT )2 ln κ1 )-optimal in G. Further, v∆ and σ ∗ can be computed in time polynomial in |∆|, hence in time 2O(|G|) .
The proof of the error bound extends the technique of the previous bounds
of [ZN10] and [BHK+ 12]. Its technical difficulty stems from partial observation and from semi-Markov behaviour caused by the arbitrary distributions in
the specification. The game is unfolded into a tree in order to use the result
of [KMvS94]. Without the unfolding, the best known (naive) solution would be
a reduction to the theory of reals, yielding an EXPSPACE algorithm.

7

Summary

We have introduced an assume-guarantee framework for IMC. We have considered the problem to approximate the guarantee on time-bounded reachability
properties in an unknown environment E that satisfies a given assumption. The
assumptions are expressed in a new formalism, which introduces continuous time
constraints. The algorithmic solution results from Theorems 1 to 4:
Corollary 1. For every IMC C and MCA S and ε > 0, a value v and a scheduler
σ can be computed in exponential time such that |vS (C) − v| ≤ ε and σ is εoptimal in vS (C).
In future work, we want to focus on identifying structural subclasses of IMC
allowing for polynomial analysis.
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Auxiliary materials
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Appendix H

Beyond Markov chains
The requirements (F), (M) and (H) of Section 2.1 are very realistic since the
systems we have discussed are (1) typically controlled by finite programs with
finite memory, and (2) often operating in environments where the random behaviour depends only on the current state of the system (or equivalently, finitely
many recent states). Nonetheless, the requirements do restrict possible applications. For instance, consider a thermo-regulator in a room. If we want to check
properties concerning the real-valued temperature, it needs to be captured in
the states. And even if we satisfy (F) by abstracting the temperature values into
e.g. intervals, (M) and (H) do not hold. Indeed, the temperature in the next
moment depends also on the current derivative of the temperature, not only on
its current value. Since we cannot store the real-valued derivation in the state,
all requirements would only hold if we stored a precise finite abstraction of the
derivation in the state. For non-linear behaviour, every abstraction yielding a
Markov chain only approximates the original system. Note that using a more
general modelling framework such as (non-linear) hybrid systems often leads to
undecidability [ACHH92] of the problems we are interested in.
Further features that Markov chains fail to capture are general distributions
on waiting and awaiting more events in parallel. Consider cooking meat and
potatoes both happening in 15 to 18 minutes from the start. If the meat is
done, the state is changed as only potatoes are being cooked. However, now
the waiting time for potatoes is not between 15 and 18 minutes, but definitely
less than 3. This behaviour is inherently non-Markovian, but it can again be
approximated by a Markov chain using e.g. the phase type methods [Kom12].
More general framework of generalised semi-Markov processes can be employed,
but again the analysis becomes significantly harder.
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Appendix I

Quantitative analysis
overview

We now give a concise overview of the model checking results for systems
of Figure 2.2, i.e. for non-stochastic, discrete-time stochastic and continuoustime stochastic systems each of which is considered in its deterministic, nondeterministic and game form, denoted 0, 1, and 2, respectively, according to
the number of players. We consider model checking non-stochastic systems
with respect to reachability, LTL and CTL, stochastic systems with respect
to their probabilistic (both qualitative and quantitative) extensions, and finally we consider quantitative continuous-time specifications. These are timebounded reachability (TBR), deterministic timed automata (DTA), and continuous stochastic logic (CSL). For better readability, we display the complexity
of the respective algorithms in the tables below.
Table I.1: Non-stochastic analysis
reachability
LTL
CTL

0
NL
P
P

1
NL
PSPACE
P

2
P
2-EXP
P

Non-stochastic analysis
While reachability for LTS can be solved by graph reachability, for games the
attractor construction is used. Checking CTL can be done inductively, hence
in linear time w.r.t. the length of the formula [CES83]. Further, CTL and LTL
189
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collapse when interpreted over a single run. However, checking LTL becomes
more expensive for LTS and games. For LTS, a Büchi automaton for a formula
φ exponential in |φ| is constructed, but only on the fly yielding a PSPACE
algorithm [VW86]. However, the search through the state space of the product
of the LTS and the automaton is only linear in the size of the LTS. In contrast,
solving the LTL game [PR89] requires to construct a deterministic ω-automaton
for φ, e.g. a deterministic Rabin automaton (the reason for this is explained in
Chapter 3). This automaton requires up to doubly exponential space (and has
exponentially many pairs) and then the respective game must be solved on the
product. This solution can be computed in time polynomial in the product and
exponential in the number of Rabin pairs, hence altogether doubly exponential
in |φ|.
Table I.2: Qualitative stochastic analysis
reachability
PLTL
PCTL

0
P
PSPACE
P

1
P
2-EXP
EXP

2
P
3-NEXP∩co-3-NEXP
?

Table I.3: Quantitative stochastic analysis
reachability
PLTL
PCTL

0
P
2-EXP
P

1
P
2-EXP
undecidable

2
NP∩co-NP
3-NEXP∩co-3-NEXP
undecidable

Stochastic analysis
Qualitative reachability in the > 0 case is almost the same as the non-stochastic
reachability. However, in the = 1 case it requires a decomposition to strongly
connected components for MC and maximum end-component (MEC) decomposition for MDP and followed by > 0 reachability analysis of the resulting
graph. In the quantitative case, linear equalities must be solved for MC, linear programming for MDP and strategy iteration is used in games to obtain
(deterministic and positional) strategies.
For probabilistic (qualitative) interpretation of LTL, [CY88] gives (1) an algorithm for MC, which modifies the chain step by step and works in time
exponential in |φ|, and (2) an algorithm for MDP, where a deterministic (or
“almost-deterministic”) ω-automaton is constructed (doubly exponential in |φ|)
and the product is examined by MEC decomposition, for details see Chapter 3
and Paper D. In both cases, the complexity w.r.t. the system size is only polynomial. For the quantitative LTL on MDP, we only need to solve quantitative
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reachability on the MEC decomposition. In order to analyse stochastic games,
one can transform the product with the Rabin automaton into a stochastic parity game by the exponential last appearance record construction, and then solve
the latter in NP∩co-NP [CJH04]. For deterministic strategies (choosing only
Dirac distribution) the problem is shown to be in 3-EXP [BGL+ 04].
For PCTL over MC, only qualitative/quantitative reachability computations are
iterated for all subformulae. For qualitative PCTL, synthesis for MDP is shown
to be in EXP in [BFK08] even though the strategies may require infinite memory.
On the other hand, for quantitative PCTL the problem is undecidable [BBFK06]
even for fragments not requiring infinite memory. However, the decidability of
the qualitative PCTL over games remains open. It has been proven (ibid.)
that infinite memory is needed. The largest qualitative fragment know to be
decidable contains only F=1 , F>0 , and G=1 operators (ibid.).
Finally, note that this analysis also applies to continuous-time systems by simply
ignoring the timing. This is done by ignoring the rates R.
Table I.4: Continuous-time analysis
TBR
DTA
CSL

0
decidable
approximable
decidable

1
approximable
?
?

2
approximable
?
?

Continuous-time analysis
The qualitative analysis of continuous-time systems can safely ignore the continuous timing aspect as the exponential distribution is positively supported on
[0, ∞). However, the results in quantitative analysis are much less encouraging.
The main difficulty with computing exact probabilities is caused by the irrationality and transcendence of e, which is omnipresent due to the exponential
distribution on the waiting times. Time-bounded
reachability can be expressed
P
and computed as an expression of the form
qi · eri where the sum is finite and
qi , ri are rational [ASSB96]. The comparison of such a sum to a rational number is decidable using the Lindemann-Weierstrass theorem, hence quantitative
reachability and CSL model checking is decidable (ibid.). However, apart from
that not much is known to be decidable. In [BHK+ 12] (Paper E) we show that
time bounded reachability is decidable for games, but only when schedulers ignoring the times in the histories are taken into account—so called time-abstract
strategies.
As a result, approximations are usually considered instead. Algorithms for the
time-bounded reachability problem have first been given in the time-abstract
setting where strategies only take into account the sequence of the states visited,
but not the times. The first one is for CTMDP [BHHK04] further extended to
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games [BHK+ 12, RS10]. Later, strategies taking time into account have been
considered and polynomial algorithms for CTMDP and IMC (easily extensible
to games) have been given in [ZN10, NZ10] and improved in [BS11, HH13]. For
more details, see Chapter 4. This yields algorithms for model checking CSL of
IMC/CTMDP [ZN10] where the formulae are not nested. If nesting is allowed
then approximability is not known and depends on whether TBR is decidable.
Finally, objectives given by DTA and their approximability have been considered
in [CHKM09].
Satisfiability Let us further mention another problem for logics, namely the
satisfiability problem, i.e. the problem whether there exists a model satisfying a given formula. It is important especially for logics capable of expressing
game arenas of non-deterministic programs as strategy synthesis for these programs can then be encoded into satisfiability. The satisfiability problem for
LTL and its variants is PSPACE-complete [SC85], for CTL [EH82] and qualitative PCTL [HS84, BFKK08] it is EXP-complete, and for quantitative PCTL
decidability of this problem remains open [BFKK08, HPW10].
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