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Algorithm Framework
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Algorithm Instantiated

1.  is a wqo 


2.  is monotonic
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State-Based Algorithm
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F𝒢(∅) = {ε}
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𝒢(∅) = {ε, ab}
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𝒢(∅) = {ε, ab, aabb}

…

lfp F𝒢 = L(𝒢)
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State-Based Algorithm

F𝒢(∅) = {ε}

F2
𝒢(∅) = {ε, ab}

F3
𝒢(∅) = {ε, ab, aabb}

…

lfp F𝒢 = L(𝒢)

F𝒢 : W ↦ a W b ∪ {ε}
store the contexts 

update contexts using contexts 

do final membership tests using contexts 

Don’t store words, only contexts

We obtain an antichain algorithm

e.g. [De Wulf, Doyen, Henzinger, Raskin, CAV’06]
e.g. [Holík, Meyer, NETYS’15]

{anbn | n ≥ 0} ⊆? a*b+
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Saturation Algorithm
[Esparza, Rossmanith, Schwoon: A Uniform Framework for Problems on 
Context-Free Grammars. EATCS Bulletin, 2000] has the following algorithm

𝒢 𝒜

X → aXb

X → ε
p qb

ba
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Context-Free Grammars. EATCS Bulletin, 2000] has the following algorithm

𝒢 𝒜

X → aXb

X → ε

X X

p qb

ba

Saturation Algorithm
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[Esparza, Rossmanith, Schwoon: A Uniform Framework for Problems on 
Context-Free Grammars. EATCS Bulletin, 2000] has the following algorithm

𝒢 𝒜

X → aXb

X → ε

X X X

p qb

ba

Saturation Algorithm
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[Esparza, Rossmanith, Schwoon: A Uniform Framework for Problems on 
Context-Free Grammars. EATCS Bulletin, 2000] has the following algorithm

𝒢 𝒜

X → aXb

X → ε

X X X

p qb

ba

Applications to emptiness, finiteness, …

Saturation Algorithm
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SLP Case

An SLP is a grammar generating exactly one string 𝒢 : X1 → X0X0

X0 → a
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SLP Case

An SLP is a grammar generating exactly one string

F𝒢 (∅
∅) = (∅

a ) F2
𝒢 (∅

∅) = (aa
a )

𝒢 : X1 → X0X0

X0 → a
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SLP Case

An SLP is a grammar generating exactly one string

F𝒢 (∅
∅) = (∅

a ) F2
𝒢 (∅

∅) = (aa
a )

𝒢 : X1 → X0X0

X0 → a

p q
a

a

{aa} ⊆? (aa)*
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SLP Case

An SLP is a grammar generating exactly one string

F𝒢 (∅
∅) = (∅

a ) F2
𝒢 (∅

∅) = (aa
a )

𝒢 : X1 → X0X0

X0 → a

p q
a

a

context𝒜(a) = { (p, q), (q, p) }

{aa} ⊆? (aa)*
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SLP Case

An SLP is a grammar generating exactly one string

F𝒢 (∅
∅) = (∅

a ) F2
𝒢 (∅

∅) = (aa
a )

𝒢 : X1 → X0X0

X0 → a

p q
a

a

context𝒜(a) = { (p, q), (q, p) }

{aa} ⊆? (aa)*

context𝒜(aa) = { (p, p), (q, q) }
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SLP Case

An SLP is a grammar generating exactly one string

F𝒢 (∅
∅) = (∅

a ) F2
𝒢 (∅

∅) = (aa
a )

𝒢 : X1 → X0X0

X0 → a

p q
a

a

context𝒜(a) = { (p, q), (q, p) }

{aa} ⊆? (aa)*

context𝒜(aa) = { (p, p), (q, q) }
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SLP Case

An SLP is a grammar generating exactly one string

F𝒢 (∅
∅) = (∅

a ) F2
𝒢 (∅

∅) = (aa
a )

𝒢 : X1 → X0X0

X0 → a

p q
a

a

context𝒜(a) = { (p, q), (q, p) }

{aa} ⊆? (aa)*

context𝒜(aa) = { (p, p), (q, q) }

X1
X0

X0

X1
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SLP Case

An SLP is a grammar generating exactly one string

F𝒢 (∅
∅) = (∅

a ) F2
𝒢 (∅

∅) = (aa
a )

𝒢 : X1 → X0X0

X0 → a

p q
a

a

context𝒜(a) = { (p, q), (q, p) }

{aa} ⊆? (aa)*

context𝒜(aa) = { (p, p), (q, q) }
p q

a

a

X1
X0

X0

Final check: is there a -arc from  to ?X1 qi F
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SLP Case

The case SLP  REG has applications to regular expression matching for 
text compressed using SLP.

⊆
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SLP Case

The case SLP  REG has applications to regular expression matching for 
text compressed using SLP.

⊆

𝒢 : X1 → X0X0

X0 → a

L(𝒢) = {aa} ⊆? (aa)*
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SLP Case

The case SLP  REG has applications to regular expression matching for 
text compressed using SLP.

⊆

𝒢 : X1 → X0X0

X0 → a
𝒢n : Xn → Xn−1Xn−1

Xn−1 → Xn−2Xn−2

X0 → aL(𝒢) = {aa} ⊆? (aa)*

L(𝒢n) = {a2n} ⊆? (aa)*

…
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Other Applications of the Framework

• REG  REG


• REG  Petri net traces


• -REG  -REG, now part of SPOT!


• -CFL  -REG


• -VPL  -VPL


• operator-precedence languages [Henzinger et al., ICALP’23]

⊆

⊆

ω ⊆ ω

ω ⊆ ω

ω ⊆ ω
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Other Applications of the Framework

• REG  REG


• REG  Petri net traces


• -REG  -REG, now part of SPOT!


• -CFL  -REG


• -VPL  -VPL


• operator-precedence languages [Henzinger et al., ICALP’23]

⊆

⊆

ω ⊆ ω

ω ⊆ ω

ω ⊆ ω

Questions?

Thank you for 
listening!


