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Abstract. Fair discrete systems (FDSs) are a computational modelhaiuccent
programs where fairness assumptions are specified in tdrsessoof states. The
analysis of fair discrete systems involves a non-trivisgiplay between fairness
and well-foundedness (ranking functions). This interlag been an obstacle for
automation. The contribution of this paper is a new analgstemporal proper-
ties of FDSs. The analysis uses a domain of binary relatives states labeled
by sets of indices of fairness requirements. The use oféabelations separates
the reasoning on well-foundedness and fairness.

1 Introduction

Fair discrete systems provide a computational model of woant programs where
fairness assumptions are specified in terms of sets of &jteShe analysis of fair
discrete systems involves a non-trivial interplay betwidnmess and well-foundedness
(ranking functions). Its automation is a difficult task. Oparticular difficulty is the
design of an abstract domain that accounts for well-foundssland fairness.

We propose an analysis that avoids such an interplay by atpgthe reasoning
on well-foundedness and fairness. The analysis is basetharylyelations over states
that are labeled by sets of indices of fairness requireméfgsiesign an operatdf-ps
on a (concrete) domaifgps of such labeled relations. We use least fixed points of
Frps to establish the validity of tempor&Ds properties. Furthermore, we design an
abstract domai7;,s on which approximations of least fixed pointsiafys are effec-
tively computable. The formalization of our analysis fellothe framework of abstract
interpretation [3].

The starting point for the design of our analysis is a domaithat consists of bi-
nary relations over states, together with an operatahat composes relations with
the transition relation of the system. This domain allowstaseason about well-
foundedness [18], but it does not account for justice andpamsion requirements of
FDSs. We extend the domaiil to account for fairness by labeling its elements with sets
of indices of fairness requirements. We extend the comipositperatorF’ by taking
the labeling into account, and obtain the operdfass, whose least fixed points allow
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us to reason about well-foundedness and fairness. Giveroflabeled relationd that
constitute the least fixed point 6fps, we account for well-foundedness by considering
the relations that appear in the elementd.ofWe reason about fairness by considering
the sets of labels.

We provide an abstract domalbf;,s on which approximations of least fixed points
of Fgps can be computed. We abstract the part of labeled relati@isihy cause the
iterative fixed point computation to diverge. This means tha abstract domaiﬁ)fDS
consists of abstractions of binary relations over statesléal by sets of indices of fair-
ness requirements. We assume that the correspondencehé¢hgalomain of relations
and their abstractions is given by a Galois connection, wtideft as a parameter of
our analysis.

Our analysis accounts for general temporal properties ipyam the automata-
theoretic framework for the verification of concurrent praxgs [23]. We encode the
temporal property into a specification automaton. We tatadhe acceptance condi-
tion of the product of the automata-theoretic constructido additional fairness re-
quirements, which we handle in the same way as the fairngssreenents of th&DS.
Then, we apply our analysis on the prodapiS,

For proving the soundness and partial completeness [2]duaalysis we develop
a corresponding proof rule whose auxiliary assertionsareled relations.

We have implemented the analysis in a prototype tool, andieapjt on interest-
ing examples of concurrent programs. We proved an evenaaahability property
for a concurrent program that evolves the inter-processnoomication via an asyn-
chronous, lossy, and corrupting channel. The propertgsaln the eventual reliability
of the channel, which we model by a compassion requiremeatalb considered the
mutual exclusion protocolBAKERY and TICKET. For each protocol, we proved the
non-starvation property.e. the accessibility of the critical section, for the first pess.
Justice requirements are needed to deal with the procésg idlall examples.

Our main contribution is the analysis of temporal propertiEfair discrete systems,
and the proof of its soundness and partial completenessaffdigsis is based on sepa-
rating the reasoning on well-foundedness and fairnesghifacilitates its automation.
We achieve the separation by building the analysis on theaffowf binary relations
labeled by sets of indices of fairness requirements.

Related Work The framework of abstract interpretation provides a basigte sys-
tematic design of a program analysis [3]. It is difficult tddgrate fairness into the
definition of abstract domains.

There exist verification methods for finite-state systenth atate-based fairness re-
quirements that account for justice and compassion on gjogitimic levele.g.[8, 13].
Experimental evaluation has confirmed the advantage ofithetdreatment of fairness
(as opposed to the automata-theoretic translation intachBicceptance condition).

For dealing with infinite-state systems, there exist pratdés for the verification
of termination [12] and general temporal properties [14Jemustice and compassion
requirements that account for the fairness requiremerteowi applying the automata-
theoretic encoding. The proof rules rely on well-foundedesings, which must be
supplied by the user. Justice requirements are handlectlglitey the proof rules; ver-



ification under compassion requirements is done by reaiegdplication of the proof
rule to atransformed program. Our proof rule treats justitdcompassion in a uniform
way, without program transformation.

The uniform liveness-verification of parameteriz&bs [5, 6] requires construction
of auxiliary assertions that account for well-foundedrass$fairness. The construction
of such assertions can be effectively automated by appHlmsgantiate-project-and-
generalize” heuristic, which allows for the treatment ofegal classes of parameterized
communication protocols. Our approach relies on least fdt computations, where
heuristics can be applied to find abstractions.

Transition invariants provide a basis for reasoning aboeit-foundedness [18].
They can account for the fairness given by a Biichi accemtorglition. Labeled re-
lations extend transition invariant to account for justisel compassion requirements
imposed on sets of statés., for the generalized Biichi and Streett acceptance condi-
tions.

Abstract-transition programs, introduced in [19], preva@ basis for an automated
method for the verification of programs with tiransition-based fairness requirements.
Its accounting for well-foundedness is similar to the orelabeled relations, whereas
the treatment of fairness is based on graphs underlyingaaibdtansition programs.

The automata-theoretic framework of [23] is the basis ofanalysis for the verifi-
cation of general temporal properties. For infinite-stateotirrent programs, the Biichi
and the Streett acceptance conditions are translated Wadlper (.e. all states are ac-
cepting) acceptance condition. Thus, a proof of fair teatiom is reduced to a proof
of termination of a program obtained from the original onegbiransformation that
encodes the fairness requirements into the state spaceapproach is converse to
ours.

The stack assertions based method of [9] for proving fainieation accounts for
justice and compassion requirements directly. The metleadires identification of
tuples of well-founded mappings (stacks assertions), taraent for each fairness re-
quirement, which must by supplied by the user. The methopkémck of fairness
through the tuple structure. No automation is described.

2 Preliminaries

Fair Discrete Systems Following [8], a fair discrete systemFps S =
(¥,6,7,J,C) consists of:

— X: a set ofstates

— ©: aset ofinitial states such tha® C X,

— 7 afinite set oftransitionssuch that each transition € 7 is associated with a
transition relationp, C X' x X,

-J ={h,...,Ji}: asetofjusticerequirements, such that C X for eachi €
{1,...,k},
- C={{p1,q1),---,{Pm,qm)}: a set olcompassiomequirements, such that, ¢; C

X foreachi € {1,...,m}.



A computatiorr is a maximal sequence of states s, ... such thats; is aninitial
statej.e.s; € ©, and for each > 1 there exists a transition € 7 such that; goes to
Si+1 underp,, i.e. (s;, sit+1) € p-. Afinite segmens;, s;11,. .., s; of a computation
wherei < j is called acomputation segmerithe setdcc of accessible statesonsists
of all states that appear in computationsSof

A computationc = s1, so, ... satisfies the set of justice requiremepgtswhen
for eachJ € J there exist infinitely many positionsin ¢ such thats; € J. The
computatiorr satisfies the set of compassion requireménthen for eachip, q) € C
eithero contains only finitely many positionissuch thats; € p, or o contains infinitely
many positiong such thats; € q.

We observe that justice requirements can be translatedcamngassion require-
ments as follows. For every justice requiremdntve extend the set of compassion
requirements by the pa{”, J). We assume that all justice requirements are translated
into the compassion requirements, and that the set of caigraequirement§ con-
tains the translated justice requirements. A speciatinatif the analysis presented in
this paper for an explicit treatment of justice requirensesistraightforward.

Automata-Theoretic Approach to Temporal Verification Given aFDS S, we verify
a temporal property under the compassion requiremefitsy applying the automata-
theoretic framework [23]. We assume that the property ismgivy a (possibly infinite-
state) specification automatoty that accepts exactly the infinite sequences of states
that violate the property. We do not encode the compassion requirements into the
automaton.

Let Ay be a Buchi automaton with the set of stafgand the acceptance condition
F C Q. Let theFDSS|||. Aw be the product of the synchronous parallel composition of
SandAy.

Remark 1. TheeDS S with the compassion requiremerdssatisfies the property
given by the Bchi automatonAy if and only if theFDS S|||.A¢ terminates under the
compassion requirement§ shown below.

Cp = {lpxQaxQ)|(p.g) ECLU{(YxQ, ¥ x F)}

Domain of Transition Invariants Following [18], we define a domaiP = 2*** of
binary relations over states ordered by the subset inalusideringC. On this domain,
we define an operataf, : D — D, wherer € 7 and the symbob denotes the
relational compositioni. Ry o Re = {(s,s”) | (s,s") € Ry and(s’,s”) € Ra}):

F(T) = Top-.

We will use the domairD and the operatoF’. as a starting point for the development
our analysis.

3 Analysis

We fix a FDS S with the set of compassion requiremetitsWe define an analysis
that allows one to prove tha terminates unde€. We apply the Galois connection



approach for abstractinterpretation [3] as a basis for nalysis. We assume an abstract
domain D7, partially ordered by a relatiolx, that contains abstractions of elements
(binary relations) from the domaif. Let a Galois connectiofx, v) formalize the
correspondence between the domaihand D#, formally:

VT € DVT# € D¥. o(T) CT# & T C ~(T%).
Let |C| be the set of the indices of all compassion requirements:
IC] = {1,...,m}.

We obtain a domaigps that accounts for compassion requirements by an extension
of D with sets of compassion requirements:

Deps = D x 2/l x 2lel
We define an orderin@rps on element$Ty, Py, Q1) and(Ts, Ps, Q2) of Deps:
(T1, P1,Q1) Srps (T2, P2,Q2) = Ty CTyandP, C P, and@; € Q2 .

We define the following auxiliary functions that map sets tates into sets of in-
dices of compassion requirements. For a set of stat€s’’ we have

None(S) = {j € [C| [ SNp; =0}, Some(S) = {j € [C| | SNg; # 0} .

We extend the functionBlone and Some to binary relations. Given a relatioh C
X x X, we have

None(T') = U None({s1, s2}) , Some(T) = U Some({s1, s2}) .

(s1,52)€T (s1,52)€T

We define an operatdirps, - : Drps — Drps, Which is an extension of the operator
F. that accounts for compassion requirements, as follows:

Fros (T, P,Q) = (F:(T),P N None(F-(T)),Q USome(F-(T))) .
Theorem 1. The operatotFrps, - is monotonic. Formally,
(Th, P1,Q1) Cros (Tz, P2, Q2) = Frps,-(T1, P1, Q1) Cros Frps,- (T2, P2, Q2) .

Proof. Let (T3,P1,Q1) and (T, P»,Q2) be two elements ofDgps such that
(T, P, Q1) Crps (T2, P2, Q2). SinceT; C T, we have

U None({s,s'}) C U None({s, s'}) ,

(s,8")€T10p7 (8,8")€T20p7

i.e., we haveNone(F-(T1)) € None(F(T3)). Analogously, we havBome(F-(T})) C
Some(F;(T3)). We concludetps, - (T4, Pi, Q1) Cros Frps,r (T2, P2, Q2). 0



We define an abstract counterpBtL, . of the domainDgps as follows:
D#DS = D¥# x 2I¢l x ol
We define an orderinngS on elementzéTl#, Py, Q1) and(TQ#, Py, Qo) of D#DS:
(T, P, Q1) Clps (T3, P2, Q2) = T CT§ andP, C Py andQ; C Q- .
Note that we only abstract a component/fps-elements that may potentially allow

for infinite, strictly increasing chaingl, P, Q1) Crps (12, P2, Q2) Crps - ... We
define a pair of function&xrps, veps) that connect the domaid3gps andeDS:

aFDS(Tﬂ P,Q) = (a(T),P, Q) ) 'YFDS(T#aPaQ) = (V(T#)v‘P? Q) :

Lemma 1. The pair of functiongagps, vrps) is @ Galois connection betweddeps
and D,
FDS*

Proof. From the monotonicity ofy and« follows thatarps and+rps are monotonic.
We carry out the following transformations:

arps(vros(T%, P, Q)) = arps(v(T%), P, Q)
= (a(v(T#)), P,Q) .

Since (,v) is a Galois connection, by Theorem 5.3.0.4 in [4], we havat th
a(y(T#)) € T# and hencevrps(vros(T7, P,Q)) Crps (T#, P, Q). Similarly, we
obtain(T, P, Q) Ceps vrps(arps(T, P, Q)). By Theorem 5.3.0.4 in [4], we conclude
that (rps, Yrps) is @ Galois connection. O

The abstract operatdtlys | : Dfps — Dipg is defined below:
Fps (T*.P,Q) = aros(Fros - (1ros(T*, P.Q)) .
We extendFF*‘Es’T to the full set of transitiong
Fos(T#,P,Q) = {Ffps ,(T#,P.Q) | T€ T}

The monotonicity of the fixed point operatﬁﬁés is a direct consequence of The-
orem 1 and the monotonicity of the abstraction/concratimaunctions. By Tarski's
fixed point theorem, the least fixed pointhfgs exists. We denote the least fixed point
of s above the basi$(a(p,), None(p, ), Some(p,)) | 7 € T} by Ifp(Fihs, T).
We computdfp(F,fES, 7) in the usual fashion. If the range of the abstraction fumctio
« does not allow infinite, strictly increasing chains then fixed point computation
always terminates after finitely many iterations.

We show our analysis for termination of tfR®S S under the compassion require-
mentsC on Figure 1. For proving the soundness and partial compstenf the analysis
we will develop a corresponding proof rule, whose auxiliasgertions denote elements
of the domainDgps. The partial completeness property, following [2], regsithat the
analysis gives a positive answer foFBS that terminates under compassion require-
mentsC in case the abstract doma@ﬁ,s satisfies the following property. The domain

D5 contains an abstract valié that satisfies the condition imposed by the analysis.



input
FDSS with:
statesY,
transitions7,
compassion requirements
abstract domaiD# with:
abstraction functiomx : 2¥** — D#,
concretization functiory : D# — 2¥*¥
begin
Fhs = MT#,P,Q). {(a(ps o 1(T#)),
P N None(p, o y(T#)),
Q U Some(p, o 'y(T#))) |TeT}
L* = Ifp(F#s, T)
if foreach (T#, P,Q) in L*
PUQ #|C| or well-founded(y(T#))
then
return (“FDS S terminates undet”)
end.

Fig. 1. Analysis of termination for a fair discrete syste&frunder compassion requiremefts

Theorem 2. The analysis shown on Figure 1 is sound and partially coneplet

Proof. See Section 5. O

We apply our analysis on general temporal properties ofdmicrete systems as
follows. Let¥ be a temporal property given by a Blichi automathn Note that we do
not encode the fairness requirements idtp. Following Remark 1, we construckFdsS
S||| Ay together with the set of compassion requireméljtsFor proving that th&DsS
S satisfies the property under the compassion requireme@itare apply our analysis
on S|l Ay (with compassion requiremerds).

We account for temporal properties given by generalizechBéind Streett automa-
ton in a straightforward way. For this purpose, we use a tliranslation of the general-
ized Bichi and Streett acceptance conditions into conigrassquirements, following
the lines of the translation shown in Remark 1.

4 Proof Rule

In this section, we show a proof rule for the verification df fdiscrete systems. The
auxiliary assertions of the proof rule, call&beled relationsdenote elements of the
domainDgps used by our analysis. The correspondence between the prleaiird the
analysis will allow us to prove Theorem 2, which states thaysis’ correctness.
Informally, a labeled relation is a tripl€l’, P, @) consisting of a binary relation
T over states together with two sets of compassion requirtsterand Q. Labeled



relations capture sets of computations segments. A cottipouisegments, . .., s, is
captured by(T, P, Q) if the pair(s1, s,,) is an element of", and the infinite sequence
(s1,.-.,8,)", i.e. the infinite concatenation of the segment with itself, Siagsonly
those compassion requirements whose indices are in the lsep). We give a formal
definition of labeled relations below.

Definition 1 (Labeled Relation).A labeled relatior(7', P, Q) consists of a binary re-
lation T C X x X and two sets of indicedapeld P,Q C |C|. The labeled relation
(T, P, @) capturesa computation segmest, ... ., s, if the following conditions hold:

(s1,80) €T, None({s1,...,8,}) C P, Some({s1,...,8,}) C Q.

We writeseg(7, P, Q) for the set of all computation segments that are capturedhby t
labeled relation(T), P, Q).

The following theorem allows us to separate the reasoningtabell-foundedness and
fairness.

Theorem 3. TheFDS S terminates under the set of compassion requireméiiteind
only if there exist labeled relationdh, P, Q1), - .., (Th, P, Q) such that 1) every
computation segment éfis captured by some labeled relation from the set, and 2) for
every labeled relation(T, P, @) in the set eitheiC| # P U @ or the relationT is
well-founded.

Proof. (if-direction) For a proof by contraposition, assume that 1piefisetL of la-
beled relations captures every computation segment, Bdoh(7, P,Q) € L holds
that eitherC| # P U Q or the relatioril is well-founded, and 3y does not terminate
under the compassion requiremefitdVe will show that there exists a labeled relation
(T, P,Q) in L such that the relatiofi is not well-founded an{C| = P U Q.

By the assumption thaf does not terminate undér there exists an infinite com-
putationo = s1, s2, ... that satisfies all compassion requirements.

We partition the sefC| of indices of compassion requirements into two subjghts
and|C|? as follows. An indexj (of the compassion requiremefpt;, ¢;)) is an element
of the subsetfC|” if there exist only finitely many positionsin o such thats; € p;;
otherwise,j is an element of the subg€l?. There exists a positionsuch that for each
i > r and for eachy € |C|” we haves; ¢ p;.

Let H = hy, hs,... be an infinite ordered set of positionsdnsuch thath; = r
and for each > 1 and for eacly € |C|? there exist a positioh between the positions
hi; andh; 1 with s, € ¢;. Sinceo satisfies all compassion requirements such d#et
exists.

For the fixeds and the fixedd, we choose a functioji that maps an ordered pair
(k,1), wherek < [, of indices inH to one of the labeled relations ihas follows:

f(k,1) = (T,P,Q) € L suchtha{sg,...,s;) € seg(T, P,Q) .

Such a functiory exists since every computation segment is captured by saipedeld
relation in L. The functionf induces an equivalence relation on ordered pairs of
elements fromH :

(kvl) ~ (k/vl/) = f(kvl) = f(k/vl/) .



The equivalence relatior has finite index since the range pfis finite.

By Ramsey’s theorem [20], there exists an infinite ordereéd&positionsK =
k1,ka,..., wherek; € H for all i > 1, with the following property. All pairs of
elements inK belong to the same equivalence class, [gay, n)]. with m,n € K.
That is, for allk,! € K such thatt < [ we have(k,l) ~ (m,n). We fixm andn. Let
(T, Pmn, @mr) denote the labeled relatigf{m, n).

Since for alli > 1 we have(k;, k;11) ~ (m,n), the functionf maps the pair
(ki, kix1) 10 (Trn, P, @mn) for all i > 1. Hence, the infinite sequensg,, s, - - .
is induced by the relatioff’,,,, i.e., for all i > 1 we have(sg,, sk € Ton. We
conclude that the relatiofy,,,, is not well-founded.

By the choice ofH the following claims hold. For every > k; and for every
Jj € |C|” the states; is not an element af;. For everyi > 1 and for everyj € |C|? there
exists a positiot between the positiorig andk;; such thak;, € ¢;. Hence, for every
i > 1 the infinite sequencesy,, . . ., s, ) satisfies all compassion requirements. We
concludelC| = P, U Qun-

i+1)

(only if-direction) is shown after the proof of Theorem 4 in this sett a

We formalize the correspondence between labeled relatinodghe ingredients of
our analysis by the lemmas below. The orderinigs approximates the subset inclusion
ordering between the sets of computation segments caplyréabeled relations, as
shown in Lemma 2.

Lemma 2. The relationCgps is an approximation of the entailment relation between
the sets of computation segments that are captured by tvedddbelations. Formally,

(T1, P1,Q1) Crps (T2, P2, Q2) = seg(Th, P1, Q1) C seg(Tz, P2, Q2) .

Proof. Let the computation segment,...,s, be captured by the labeled rela-
tion (11, P1,Q1). From(T1, P1,Q1) Ceps (Te, P2, Q2) and the definition of labeled
relations, we directly obtaifsy, . . ., s,) € seg(Ts, P, Q2). O

The operatofps - is ‘compatible’ with the composition of computation segrseas
formalized in Lemma 3.

Lemma 3. Every extension of a computation segment that is captured lapeled
relation (T, P, Q) by a segment consisting of a pair of states in a transitioatieh p.-
is captured by the application of the operatBirps - on (7, P, Q). Formally,

(s1,-.-,8n) €seg(T, P,Q) and(sy, $p+1) € pr =
(81,- -+ 5ns Snt1) € seg(Frps (T, P,Q)) .

Proof. Let s1,...,s, be a computation segment that is captured by the labeled re-
lation (T, P, @), and let(s,, s,+1) be an element of the transition relatipp. By

the definition of labeled relations, for the set of indicescompassion requirements
P, = None({si,...,s,}) we haveP, C P. Furthermore, for the set of indices
P,+1 = None({s1,...,8Sn,sn+1}) holdsP,, 1 C None({s1, $n+1}) € None(T o p,)



andP,.; C P,. Hence, we havé,, .1 C P andP, ;1 C None(T o p,). We conclude
P,+1 C PN None(F-(T)).

Analogously, we hav8ome({s1,...,s,}) C @, and, hence, for the set of indices
Qnt1 = Some({s1,...,8n, Snt1}) holdsQ,+1 C QU Some(F,(T)).

The pair of stateésy, s,,11) is an element of the relational compositin o, since
(s1,s,) is an element of the relatidfi. We conclude that,, ..., s,, s,+1 is captured
byFFDs’T(T,P,Q). O

We canonically extend the ordering-ps to sets of labeled relations:
L Crps M =V(T, P1,Q1) € LI3(T2, P2, Q2) € M. (Th, P1,Q1) Crps (T2, P2, Q2) .
We canonically extend the operatfifps . to sets of labeled transitions:
Frps,(L) = {Fros-(T, P, Q) | (T, P,Q) € L} .

We show a proof rul€OMP-TERMfor verifying the termination of fair discrete systems
under compassion requirements on Figure 2. By applying fEme@®, we reduce this
termination proof to the problem of identifying of a set diéded relation that captures
every computation segment 8f The premises P1 and P2 identify such sets of labeled
relations, which is justified by Lemma 4. The premise P3 antior well-foundedness
and fairness.

Lemma 4. A set of labeled relations for theFDS S that satisfies the premis@&i and
P2 of the proof ruleCOMP-TERMcaptures every computation segment.

Proof. Given a set of labeled relatiors that satisfies the premises P1 and P2 of the
proof ruleCOMP-TERM we show that every computation segment is captured by some
labeled relation ir. by the induction over the segment length.

Letsy, so suchthatsy, s2) € p,, Wherer is a transition, be a computation segment.
FromNone({s1, s2}) C None(p,) andSome({s1,s2}) C Some(p,) follows directly
that the segment;, s, is captured by the labeled relatigp,, None(p.), Some(p,)).
By Lemma 2 and the premise P1, the segmeni, is captured by some labeled relation
in L, which isCgps-greater tharip,, None(p, ), Some(p,)).

The induction assumption is that the computation segment . | s, is captured by
a labeled relatiofiT, P, Q@) from L. Let (s,, s,+1) be an element gf.. By Lemma 3,

we have(sy, ..., sp, Snt1) € seg(Frps,- (T, P,Q)). Analogously to the base case, the
segmentsy, ..., s,, Sp+1 IS captured by some labeled relation fin which is Cgps-
greater thaFrps - (T, P, Q). O

Theorem 4. The proof ruleCOMP-TERMis sound and complete.

Proof. The soundness of the proof rule follows directly from thelirection of Theo-
rem 3, and Lemma 4.

For proving completeness, we assume thaFhg S terminates under the compassion
requirementg. We construct a selt of labeled relations that satisfies all premises of



FDSS with:
statesy,
compassion requirements
transitionsT,
Set of labeled relations = {(T1, P1,Q1), ..., (Th, Pn,Qn)} such that:
T; CX x XYandP;,Q; C|C|foralli e {1,...,n}
P1: (p-,None(p;),Some(p-)) Crps L  foreachr € T
P2: Frps,-(L) Crps L foreachr € T

P3: P, uUQ; # |C|orT; well-founded foreach € {1,...,n}

FDSS terminates under compassion requireménts

Fig. 2. Proof rule COMP-TERM.

the proof ruleCOMP-TERM Let L be the set of labeled relations defined as follows.
For each pair of sets of indicd3 C |C| and@ C |C| let (T, P, Q) be a labeled relation
in L such that a pair of statds, ') is an element of the relatiofi if there exists a
computation segmest, . . ., s, such thats; = s, s, = s', P = None({s1,...,8n}),
and@ = Some({s1,...,Sn}).

We prove that_ satisfies all premises of the proof rld®MP-TERM We make the
following assumptions on the transition relations wherer € 7.

Assumption 1 For every pair(s, s’) of states in the transition relatiop,, wherer €
T, the sequence, s’ is a computation segment.

This assumption is not a proper restriction. We can assuatdtik transition relations
are restricted to the accessible states. Alternativelynag use a weaker version of the
proof rule that restricts the transition relatioms in the premise P1 to the accessible
statesAcc.

Assumption 2 For each transitionr € 7 there exists two sets of indicésand @
of compassion requirements such that for every pajs’) of states inp, we have
P = None({s, s'}) and@ = Some({s, s'}).

This assumption can be fulfilled by splitting every tramsitrelation according to the
sets that appear in the fairness requirements. Now we ptwtelt satisfies every
premise of the proof rule.

Premise PL We show that for every program transitian € 7 the condition
(pr,None(p;), Some(p,)) Crps (T, P, Q) holds for the labeled relatiafT’, P, Q) € L
such thatP? = None(p,) and@ = Some(p, ). We need to prove, C T'. For every pair
of states(s, s’) in p, the sequence, s’ is a computation segment, by Assumption 1.
Furthermore, we havione({s, s'}) = P andSome({s, s'}) = Q, by Assumptior.
Hence, by construction of the labeled relati@n P, Q), the pair(s, s’) is an element
of the relationr".

PremiseP2 We show that for every labeled relatid#’, P, Q1) € L and for every
transitionT € 7 it holds Frps - (T4, Pi, Q1) Cros (T2, P2, Q2), Where(Ty, P, Q2)



is the labeled relation i, such thatP, = P, N None(F-(T1)) and Q2 = @1 U
Some(F-(T1)). We need to prové; o p, C Tb.

We note the following auxiliary statement. For every fairs’) of states iril; we
haveP; C None({s}), Some({s}) C @1, P» C None({s'}), andSome({s'}) C Q;.
To justify the statement above for the péir, s’) € T3, we consider a computation
segments, ..., s’ that is captured by7y, P, Q1) such thatNone({s,...,s'}) = P,
andSome({s,...,s'}) = Q1, which exists by construction dff}, Py, Q1). From the
definitions ofNone andSome, our auxiliary statement follows directly.

Now we are ready to prové; o p, C T». For a pair of stategs1,s,) € 11
there exists a computation segment. . ., s,, that is captured by the labeled relation
(Tl, P, Ql) such thatNone({sl, ey Sn}) = P and Some({sl, ceey Sn}) = Ql,
by construction of(7y, P1, Q). By Lemma 3, for a pair of state€s,,,s,+1) €
p- the computation segmenty,..., sy, s, +1 IS captured by the labeled relation
Frps,-(Th, P1, Q1). Next, we prove the equalities

None({s1, ..., Sn,Sn+1}) = P1 N None(F-(T})) ,
Some({s1, .., 8n, Snt+1}) = Q1 U Some(F,(T1)),

from which (s1, s,+1) € T> follows directly, by construction of7%, P, Q2). We fol-
low the chain of observations below:

None({s1, ..., Sn, Sn+t1})
= Py N None({sn, Snt1})

= Py N None({sn, Snt+1}) N U None({s}) sinceP; C None({s})
(s,8")€T,(s",s")Epr

=P N U (None({s}) N None({sn, Sn+1}))
(5,5")ET1 (57,5 ) Epr

=PnN U (None({s}) N None({s', s"})) by Assumptior2
(5,5")ET1 (515" ) Epr

— U (None({s, s"}) N None({s'}) N P,)

(5,8")€T1,(s",5" )€ s

= U (None({s,s"}) N P,) sinceP; C None({s'})
(s,8")ET,(s",8" )Epr
= P, N None(F,(TY)) .

The proof ofSome({s1, ..., 8n, Sn+1}) = @1 U Some(F-(11)) is analogous.
PremiseP3 We show, by contraposition, that for every labeled relatibnP, @) in L
such thatP U ) = |C| we have that the relatidfi is well-founded.

Assume that there exists an infinite sequence of states’,... such that for
all i > 1 the pair(s%,s'™t) is an element off, i.e,, the relationT is not well-
founded. By construction off’, P, Q), the states! is accessible from some initial state
s1 € ©. Furthermore, for all > 1 there exists a computation segmésit . .., s'1) €
seg(T, P,Q) that connects the state$ and s'*!. For connecting the state$ and
st we choose a computation segment such thate({s’,...,s'"}) = P and



Some({s’,...,s"t1}) = Q. Such a segment exists by constructiondf P, Q). We
conclude that there exists an infinite computatios sq,...,s',...,s2,.... Next, we
prove thatr satisfies all compassion requirements.

For eachj € P we have thap;-states does not appear inafter the states’.
For eachj € @ and eachi > 1 we have that some;-state appear in the segment

st,...,s"t SinceP U Q = |C|, the computatiowr satisfies all compassion require-
ments.

There is a contradiction to our assumption tSatrminates under the compassion
requirements. a

Proof. Theorem 3 ¢nly if-direction) The set of labeled relations constructed in the
completeness part of the proof of Theorem 4 satisfies all igesof the proof rule
COMP-TERM By Lemma 4, such a set captures all computation segmentwxeiie
whenever theecDS S terminates under the compassion requireménthere exists a
set of labeled relations such that for eackl’, P, ) € L we have eithe U @) # |C|

or the relationil” is well-founded. O

We obtain a proof rule for the verification of general tempgm@perties of fair
discrete systems by following Remark 1. We account for terapproperties given
by a generalized Biichi automaton or a Streett automatonsmagghtforward way,
since generalized Biichi and Streett acceptance consglition directly expressible as
compassion requirements.

5 Correctness of the Analysis

We prove the soundness of the analysis as follows. First,bgerve that the abstract
least fixed pointfp(Fhe, T) represents a finite sétof labeled relations:

L = {(v(T),P,Q)| (T, P,Q) € Ifp(Fps, T)} .

that satisfies the premises P1 and P2 of the proofCa@i®IP-TERM This observation
holds since the operat(ﬁﬁgs is a conservative approximation of the operdtpss, due
to the Galois connectiofieps, vrps ). Hence, whenever the analysis gives the positive
answer then the sétsatisfies all premises of the proofrule. By Theorem 4, we calec
the analysis is sound.

The partial completeness of the analysis follows from thagleteness of the proof
rule. We assume that ttRkbS S terminates under the compassion requireméntset
L be a finite set of labeled relations that satisfies all presnidehe proof rule. Such
a set exists, by Theorem 4. Let the abstract doniigs contains an abstract value
L# such thatl, = ~rps(L#). By Theorem 13 in [2], we conclude that the least fixed
point pr(F,fEs, 7)) computed orD,fEs satisfies the condition that leads to the positive
answer.



local a : channel [1..] of integer
[local z : integer where z = 0]
lo: loop forever do local y : integer where y = 0
li:x:=xz+1 mo: while y =0 do
. o=z B mi:a=y
Pr: or I P mz: while y > 0 do
lo: | 45 skip mg:y:=y—1
or my:
L l5:a<=0 i

Fig. 3. Program CORR-ANY-DOWN.

6 Applications

We have implemented the analysis in a prototype tool usi@f8&Is Prolog [10] and
its built-in solver for linear arithmetic [7]. We applieddttool on several examples,
described below.

In our implementation, we have instantiated the abstramainD,’st by a set of
abstract transitions. Abstract transitions are conjumstibuilt from some fixed, finite
set of transition predicates [19]. A transition predicadmates a binary relation over
states, and is represented by an atomic assertion ovemuegband primed program
variablesge.g.2’ < x — 1. The abstraction of a relatidfi is the abstract transitiofi#
such thafl” entails the relation denoted Y. The meaning of the concretization func-
tion v is identity. We represent the relation&l'#) by a ‘simple’ program that consists
of a single while loop with only update statements in the Ibogy, following [18, 19].
There exist a number of well-foundedness tests for the dfssnple while programs
that are built using linear arithmetic expressions [1, 2T, Dur tool implements the
test described in [17].

We give a brief description of the example programs. We stét the program
CORR-ANY-DOWN, shown on Figure 3. The communication between the procedses
the progranCORR-ANY-DOWNTtakes place over an asynchronous chann&he chan-
nela is unreliable. Messages sent over the channel can be traedmorrectly, get lost
or corrupted during the transmission. The transitios= © models a correct transmis-
sion, skip models the message loss, and= 0 models the message corruption [16].
We prove the eventual reachability of the location.

This property relies on the assumption that the value of Hr@ablex is eventu-
ally communicated to the variablg i.e., that the channel is eventually reliable. We
model the eventual reliability by a compassion requirenjent;, at_¢5) that ensures
a successful transmission if there are infinitely many gttsrto send a message.

The eventual reliability of the communication channel idant not sufficient for
proving termination. We also need to exclude computatianshich one of the pro-
cesses idles forever in some location. Hence, we introdyastize requirement for
each locatione.g.—at_¢; and—(at_mgo Ay = 0).



Number of justice requirements  [[10 5 5
Number of compassion requirements 0 0
Number of transition predicates 19 7 11
Least fixed point computation, sec [|363.2 (2.7 3.4
Well-foundedness tests, sec 0.5 0.03 0.04

Fig. 4. Analysis of the programs CORR-ANY-DOWN (1), BAKERY (ll), a@rTICKET (lII).

We model the asynchronous communication chaarmsl an integer array of infinite
size. We keep track of the positions in the array at which ¢#a&l and write operations
take place, as well as the position at which the first sucaigsfansmitted value is
written.

The progranBAKERY is a simplified version [15] of the Bakery mutual exclusion
protocol [11] for two processes. We verify the starvaticgefiiom for the first process.
This means that whenever it leaves the non-critical secitiovill eventually reach the
critical section. The property relies on justice assumdithat none of the processes
idles forever in some location.

The progranTICKET is another mutual exclusion protocol. We verify the staorat
freedom property for the first process. It requires the samidf fairness requirements
as the prograrBAKERY .

Figure 4 shows the collected statistics. For each prograngiveethe number of
justice and compassion requirements that were necessampve the property, and
the number of transition predicates that induce the abdstiemainD#. We measured
the time spent on the fixed point computatifpiF;‘ES, 7T), and the well-foundedness
checkswell-founded(y(T7#)) (see the analysis on Figure 1).

7 Conclusion

We have presented an analysis of temporal properties dfifairete systems. Our anal-
ysis relies on the domain of labeled relations, which presithe separation of well-
foundedness and fairness. We have successfully applieghalysis to verify temporal

properties of interesting programs. The verified propsttidy on justice and compas-
sion requirements.

References

1. M. Coldn and H. Sipma. Synthesis of linear ranking fumresi. InProc. of TACAS’'2001:
Tools and Algorithms for the Construction and Analysis aft@ysvolume 2031 oLNCS
pages 67-81. Springer, 2001.

2. P. Cousot. Partial completeness of abstract fixpointkthgc In Proc. of SARA2000: Ab-

straction, Reformulation, and Approximatiorolume 1864 of. NCS pages 1-15. Springer,
2000.



10.

11.

12.

13.

14.
15.
16.
17.
18.
19.
20.
21.
22.

23.

P. Cousot and R. Cousot. Abstract interpretation: a uhidigtice model for static analysis of
programs by construction or approximation of fixpointsPhoc. of POPL'1977: Principles
of Programming Languagepages 238-252. ACM Press, 1977.

. P. Cousot and R. Cousot. Systematic design of progranysasdtameworks. IrProc. of

POPL’'1979: Principles of Programming Languagemges 269-282. ACM Press, 1979.

. Y. Fang, N. Piterman, A. Pnueli, and L. D. Zuck. Livenesgwimcomprehensible ranking.

In Proc. of TACAS’2004: Tools and Algorithms for the Constarcand Analysis of Systemns
volume 2988 oLNCS pages 482-496. Springer, 2004.

. Y. Fang, N. Piterman, A. Pnueli, and L. D. Zuck. Livenestwivisible ranking. In Steffen

and Levi [21], pages 223-238.

. C. Holzbaur.OFAI clp(g,r) Manual, Edition 1.3.3Austrian Research Institute for Artificial

Intelligence, Vienna, 1995. TR-95-09.

. Y. Kesten, A. Pnueli, and L. Raviv. Algorithmic verificati of linear temporal logic speci-

fications. InProc. of ICALP’1998: Int. Collog. on Automata, Languages! &rogramming
volume 1443 oLNCS pages 1-16. Springer, 1998.

. N. Klarlund. Progress measures and stack assertionsifotefmination. InProc. of

PODC’'1992: Principles of Distributed Computingages 229-240. ACM Press, 1992.

T. I. S. LaboratorySICStus Prolog User's ManuaSwedish Institute of Computer Science,
PO Box 1263 SE-164 29 Kista, Sweden, October 2001. Rele@seé 3.

L. Lamport. A new solution of Dijkstra’s concurrent pragiming problem.Communica-
tions of the ACM17(8):453—-455, 1974.

D. Lehmann, A. Pnueli, and J. Stavi. Impartiality, jostand fairness: The ethics of con-
current termination. IrProc. of ICALP’1981: Int. Collog. on Automata, Languagesian
Programming volume 115 olLNCS pages 264-277. Springer, 1981.

O. Lichtenstein and A. Pnueli. Checking that finite statecurrent programs satisfy their
linear specification. IfProc. of POPL'1985: Principles of Programming Languagpages
97-107. ACM Press, 1985.

Z. Manna and A. Pnueli. Completing the temporal pictdreeoretical Computer Science
83(1):91-130, 1991.

Z. Manna and A. Pnuelilemporal verification of reactive systems: Saf&pgringer, 1995.

Z. Manna and A. Pnueli. Temporal verification of reactiystems: Progress. Draft, 1996.
A. Podelski and A. Rybalchenko. A complete method fordjethesis of linear ranking
functions. In Steffen and Levi [21], pages 239-251.

A. Podelski and A. Rybalchenko. Transition invarianks.Proc. of LICS’2004: Logic in
Computer Sciencgages 32—41. IEEE, 2004.

A. Podelski and A. Rybalchenko. Transition predicatstraiction and fair termination. In
Proc. of POPL’2005: Principles of Programming LanguagA€M Press, 2005. To appear.
F. P. Ramsey. On a problem of formal logic.Proc. London Math. Socvolume 30, pages
264-285, 1930.

B. Steffen and G. Levi, editorfroc. of VMCAI'2004: Verification, Model Checking, and
Abstract Interpretationvolume 2937 o£.NCS Springer, 2004.

A. Tiwari. Termination of linear programs. Rroc. of CAV'2004: Computer Aided Verifica-
tion, volume 3114 of. NCS pages 70-82. Springer, 2004.

M. Y. Vardi. Verification of concurrent programs — the @uita-theoretic frameworkn-
nals of Pure and Applied Logi&1:79-98, 1991.



