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Preface 

Free-choice Petri nets have been around for more than twenty years, and are a 
successful branch of net theory. Nearly all the introductory texts on Petri nets 
devote some pages to them. This book is intended for those who wish to go further. 
It brings together the classical theorems of free-choice theory obtained by Commoner 
and Hack in the seventies, and a selection of new results, like the Rank Theorem, 
which were so far scattered among papers, reports and theses, some of them difficult 
to access. 
Much of the recent research which found its way into the book was funded by the 
ESPRIT II BRA Action DEMON, and the ESPRIT III Working Group CALIBAN. 
The book is self-contained, in the sense that no previous knowledge of Petri nets is 
required. We assume that the reader is familiar with naive set theory and with some 
elementary notions of graph theory (e.g. path, circuit, strong connectedness) and 
linear algebra (e.g. linear independence, rank of a matrix). One result of Chapter 4 
requires some knowledge of the theory of NP-completeness. 
The book can be the subject of an undergraduate course of one semester if the 
proofs of the most difficult theorems are omitted. If they are included, we suggest 
the course be restricted to Chapters 1 through 5, which contain most of the classical 
results on S- and T-systems and free-choice Petri nets. A postgraduate course could 
cover the whole book. 
All chapters are accompanied by a list of exercises. Difficult exercises are marked 
with asterisks. 
We would like to express our warmest thanks to the many people who have helped 
us to write the book. Eike Best encouraged us, offered advice and criticism, and was 
a good friend. Raymond Devillers flooded us with helpful comments, and corrected 
many mistakes. Glenn Bruns, Ekkart Kindler, Maciej Koutny, Agathe Merceron, 
Alan Paxton, Anette Renner, P.S. Thiagarajan and Walter Vogler made useful sug­
gestions. 
This book was written while the first-mentioned author was at the Technical Uni­
versity of Munich and the Humboldt University of Berlin, and the second author 
was at the University of Hildesheim and the University of Edinburgh. We thank our 
colleagues Eike Best, Julian Bradfield, Glenn Bruns, Hans-Gunther Linde-Goers, 
Wolfgang Reisig, Colin Stirling and Rolf Walter for creating a very enjoyable work­
ing atmosphere. 
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Finally, many thanks to Jaco de Bakker for suggesting that we publish the book 
as a Cambridge Tract in Theoretical Computer Science, and to David Tranah and 
Roger Astley, from Cambridge University Press, for their help in the production. 



Chapter 1 

Introduction 

Petri nets are one of the most popular formal models of concurrent systems, used 
by both theoreticians and practitioners. The latest compilation of the scientific 
literature related to Petri nets, dating from 1991, contains 4099 entries, which belong 
to such different areas of research as databases, computer architecture, semantics of 
programming languages, artificial intelligence, software engineering and complexity 
theory. There are also several introductory texts to the theory and applications of 
Petri nets (see the bibliographic notes). 

The problem of how to analyze Petri nets - i.e., given a Petri net and a property, 
how to decide if the Petri net satisfies it or not - has been intensely studied since the 
early seventies. The results of this research point out a very clear trade-off between 
expressive power and analyzability. Even though most interesting properties are 
decidable for arbitrary Petri nets, the decision algorithms are extremely inefficient. 
In this situation it is important to explore the analyzability border, i.e., to identify 
a class of Petri nets, as large as possible, for which strong theoretical results and 
efficient analysis algorithms exist. 

It is now accepted that this border can be drawn very close to the class of free-choice 
Petri nets. Eike Best coined the term 'free-choice hiatus' in 1986 to express that, 
whereas there exists a rich and elegant theory for free-choice Petri nets, few of its 
results can be extended to larger classes. Since 1986, further developments have 
deepened this hiatus, and reinforced its relevance in Petri net theory. 

The purpose of this book is to offer a comprehensive view of the theory of free-
choice Petri nets. Moreover, almost as important as the results of the theory are 
the techniques used to prove them. The techniques given in the book make very 
extensive and deep use of nearly all the analysis methods indigenous to Petri nets, 
such as place and transition invariants, the marking equation, or siphons and traps. 
In fact, the book can also be considered as an advanced course on the application 
of these methods in Petri net theory. 



2 Chapter 1. Introduction 

1.1 Petri nets 

The Petri net is a mathematical model of a parallel system, in the same way that 
the finite automaton is a mathematical model of a sequential system. Petri nets 
have a faithful and convenient graphical representation, which we shall use in this 
informal introduction. 
A Petri net has two components: a net and an initial marking. A net is a directed 
graph with two sorts of nodes such that there is no edge between two nodes of the 
same sort. The two sorts of nodes are called places and transitions. Places are 
graphically represented by circles, and transitions by boxes. 
Places can store tokens, represented by black dots. A distribution of tokens on the 
places of a net is called a marking, and corresponds to the 'state' of the Petri net. 
A transition of a net is enabled at a marking if all its input places (the places from 
which some edge leads to it) contain at least one token. An enabled transition can 
occur, and its occurrence changes the marking of the net: it removes one token from 
each of the input places of the transition, and adds one token to each of its output 
places. Figure 1.1 shows on the left a Petri net containing an enabled transition, 
whose occurrence changes the marking to the one shown on the right.1 

Fig. 1.1 A Petri net before and after the occurrence of a transition 

With this simple occurrence rule, Petri nets can be used to model dynamic systems. 
Consider as an example the Petri net of Figure 1.2, which models a vending machine. 
At the marking shown in the Figure - called the initial marking - the machine is 
waiting for a coin to be inserted. This is modelled by the token on the place ready 
f o r insert ion , which enables the transition insert coin. When this transition 
occurs, the machine can choose to reject or to accept the coin. In the first case, 
the machine returns to the initial marking; in the second it gets ready to dispense 

1Petri nets with this occurrence rule are sometimes called marked nets, place/transition systems, 
or just systems. 
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candy storage ready for insertion insert coin 

refill 

request for refill ready to dispense accept coin 
Fig. 1.2 A Petri net model of a vending machine 

a candy. However, candies can only be dispensed if there are some available. The 
available candies are modelled by the tokens in the place candy storage. The 
storage contains initially four candies. When a candy is dispensed, the marking 
shown in Figure 1.3 is reached. At this point, transitions refill and insert coin 

candy storage ready for insertion insert coin 

refill 

request for refill ready to dispense accept coin 
Fig. 1.3 Marking reached after the first candy is dispensed 

are enabled. With the given initial marking, the machine can deliver up to four 
candies without having to refill the storage. 
This example can be used to show how Petri nets model a variety of dependency 
relations between the events of a dynamic system. At the initial marking, the 
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transition accept coin can only occur after insert coin has occurred: these two 
transitions are in causal relation. After insert coin occurs, both re ject coin and 
accept coin are enabled, but the occurrence of one of them disables the other: they 
are in conflict. At the marking shown in Figure 1.3, transitions r e f i l l and insert 
coin can occur independently of each other: they are concurrent. 

Our vending machine can be seen as composed of a storage unit, which takes care of 
removing and adding candies to the storage, and a control unit, which takes care of 
the coins. The storage unit can only deliver a candy if, simultaneously, the control 
unit changes its state from ready to dispense to ready for insertion; in other 
words, the delivery of the candy and this change of state have to be synchronized. 
Figure 1.4 shows the Petri net models of these units. The synchronization is mod­
elled by merging the transitions dispense candy of the two units into a single new 
transition, which has as input (output) places all the input (output) places of the 
two old transitions. Since - according to the occurrence rule - a transition is enabled 
if all its input places are marked, the new transition is enabled if the two old transi­
tions are enabled. Moreover, its occurrence has the same effect as the simultaneous 
occurrences of the old transitions. 

candy storage ready for insertion insert coin 

refill 

request for refill ready to dispense accept coin 
STORAGE UNIT CONTROL UNIT 

Fig. 1.4 Units of the vending machine 
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1.2 Free-choice Petri nets 
Petri nets have a large expressive power, which makes them suitable to model a rich 
variety of dynamic systems. As a consequence, the analysis algorithms for arbitrary 
Petri nets are bound to have a high complexity (when they exist), and it is not 
possible to develop a comprehensive theory that relates the structure of a Petri net 
to its behaviour.2 These obstacles can be removed if we restrict our attention to 
classes of Petri nets in which - by means of constraints on the graphical structure of 
the net - certain behaviour is ruled out. In Chapter 3 two of these classes are studied, 
called S-systems and T-systems. In S-systems, every transition has one input place 
and one output place, and therefore synchronizations are ruled out. Both the storage 
unit and the control unit of the vending machine are examples of S-systems3. In 
T-systems, every place has one input transition and one output transition: conflicts 
are ruled out. 4 The Petri net obtained from the vending machine by removing the 
transition r e j e c t co in and its adjacent arcs is a T-system. 
The theory of S-systems is very simple. T-systems have been studied since the early 
seventies, and are today very well understood. These two classes are well within 
the analyzability border. To get closer to the border, we allow both synchronization 
and conflict, but in such a way that they do not 'interfere'. A typical situation 
of interference between synchronization and conflict is shown in the Petri net of 
Figure 1.5. 

Fig. 1.5 A Petri net in which conflicts and synchronizations interfere 

Transitions t\ and ti are not in conflict, because t2 cannot occur, but will be in 
conflict if £3 occurs before t\. Roughly speaking, due to the synchronization at t2, 

2 There exist high lower complexity bounds and even undecidability results concerning analysis 
algorithms for arbitrary Petri nets. 

3 T h e reason of the name 'S-systems' is that places play in them a more important role than 
transitions, and places are called Stellen in German - the language in which Petri nets were 
originally defined. 

4 T h e converse does not hold, see Exercise 1.4. 

tl a 
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the transition £3 influences which one of the transitions t\ and ti can occur. The 
class of free-choice Petri nets is defined to rule these situations out: in them, the 
result of the choice between two transitions can never be influenced by the rest of 
the system - in other words, choices are free. The easiest way to enforce this is to 
keep places with more than one output transition apart from transitions with more 
than one input place. More precisely, if there is an arc from a place s to a transition 
t, then either t is the only output transition of s (which implies that t cannot be in 
conflict with any other transition) or s is the only input place of t (which implies 
that there is no synchronization at t). In this way, whenever an output transition 
of s is enabled, all output transitions of s are enabled, and therefore the choices 
in which t takes place are free. The vending machine is an example of a Petri net 
satisfying this condition. 
There is a slightly more general way to achieve the same effect: if there is an arc 
from a place s to a transition t, then there must be an arc from any input place 
of t to any output transition of s. We call the Petri nets satisfying this weaker 
condition free-choice Petri nets5. The net of Figure 1.6 is free-choice; for every 
token distribution, either the two transitions t\ and ti are enabled, or none of them 
is enabled. 

We show how free-choice Petri nets can be used to model the flow of control in 
networks of processors, which provides some insight into their expressive power. We 
model a processor as a computing entity having input and output ports. Processors 
are connected through unidirectional channels. A channel connects an output port 
to an input port. Figure 1.7 shows a graphical representation of a processor. 
When a processor receives a value through each of its input ports, it computes a 
result. The processor then selects nondeterministically one of its output ports, and 
sends the result through all the channels connected to it. 
Figure 1.9 shows how to translate a network of processors into a free-choice Petri 
net. It is easy to see that the behaviour of a network of processors corresponds to 

5Historically, the Petri nets satisfying the stronger condition have been called free-choice, and 
those satisfying the weaker extended free-choice. Since we only consider the weaker condition in 
this book, the distinction between free-choice and extended free-choice is not necessary. 

tl 12 
Fig. 1.6 A free-choice Petri net 



Free-choice Petri nets 

Output ports Input ports 

Fig. 1.7 Graphical representation of a processor 

Fig. 1.8 Behaviour of processors 

> ] — • 
—< ]—•—< < 

Fig. 1.9 A free-choice Petri net model of networks of processors 
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the behaviour of the respective free-choice Petri net (notice, however, that we do 
not model the data manipulated by the processors: for us they are only black dots). 
Conversely, every free-choice Petri net can be seen as the Petri net model of a 
network of processors. The readers are invited to convince themselves of this; it 
suffices to show that the places and transitions of an arbitrary free-choice Petri net 
can be grouped into clusters, each of which corresponds to a processor. 

1.3 Properties 

We describe in this section, in an informal way, some of the properties of Petri nets 
that are studied throughout the book. The first one we consider is liveness. A 
Petri net is live if every transition can always occur again. More precisely, if for 
every reachable marking (i.e., every marking which can be obtained from the initial 
marking by successive occurrences of transitions) and every transition t it is possible 
to reach a marking that enables t. The Petri net model of the vending machine is 
live, but the Petri net of Figure 1.10 is not live: after the occurrence of the transition 
t a marking is reached from which t cannot become enabled again. 

Deadlock-freedom is a weaker property than liveness. A Petri net is deadlock-free 
if every reachable marking enables some transition. The non-live Petri net of Fig­
ure 1.10 is deadlock-free. 
A Petri net is bounded if there exists a number b such that no reachable marking 
puts more than b tokens in any place. Places in a Petri net are often used to model 
buffers and registers for the storage of data - this is the case, for instance, of the 
place candy storage of the vending machine. If a Petri net is unbounded, then 
overflows can occur in these buffers or registers. The vending machine is bounded 
(no place can ever contain more than four tokens), while the Petri net of Figure 1.11 
is unbounded. 
A marking is a home marking if it is reachable from every reachable marking. A 
Petri net is cyclic if its initial marking is a home marking. The vending machine is 
an example of a cyclic Petri net. In general, systems which remain in their initial 

Fig. 1.10 The transition t is not live 
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Fig. 1.11 A Petri net in which no place is bounded 

state until some user interacts with them, and after the interaction can return to 
this same state, are modelled by cyclic Petri nets. The Petri nets of Figures 1.10 
and 1.11 are not cyclic. 

Liveness, boundedness and cyclicity are independent of each other. For instance, 
there exist Petri nets that are live and bounded but not cyclic. Exercise 1.3 proposes 
to find Petri nets showing this independence. 

Liveness, boundedness, cyclicity, or the reachability of a marking are behavioural or 
dynamic properties, i.e., properties of the behaviour of a Petri net, as defined by the 
rule which governs the occurrence of transitions. In this book, we study the con­
nection between behavioural and structural properties for the classes of S-systems, 
T-systems and free-choice Petri nets. By structural properties we mean those which 
do not refer to the dynamic aspects of a Petri net, but only to its syntactic de­
scription as a graph. For instance, the property 'every circuit of the net contains 
a place which is marked at the initial marking' is structural. One of the results of 
Chapter 3 is that a T-system is live if and only if this structural property holds. 
This is an example of what we call a structural characterization of a behavioural 
property (liveness) for a class of Petri nets (T-systems). 

1.4 Structure of the book 

Chapter 2 introduces formal definitions and some basic results about arbitrary Petri 
nets. In particular, it contains five lemmata, namely the Monotonicity, Marking 
Equation, Exchange, Boundedness, and Reproduction Lemma, and the Strong Con­
nectedness Theorem, all of which are very often used in the next chapters. The 
chapter also introduces analysis methods for Petri nets based on linear algebra: S-
and T-invariants, and the Incidence Matrix. 
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Chapter 3 studies S- and T-systems. For each of these two classes four theorems are 
obtained. The first three are structural characterizations of behavioural properties: 
the Liveness Theorem characterizes the live systems; the Boundedness Theorem 
characterizes the live systems which are moreover bounded; the Reachability The­
orem characterizes the set of reachable markings. The fourth theorem, called the 
Shortest Sequence Theorem, gives an upper bound on the length of the shortest 
sequences of transitions that lead to a given marking. 

The rest of the chapters develop the theory of free-choice Petri nets. In particular, 
they generalize the theorems of Chapter 3. 

Chapter 4 introduces siphons and traps. They are used to prove Commoner's Theo­
rem, which generalizes the Liveness Theorem for both S- and T-systems. It is shown 
that deciding non-liveness of free-choice systems is an NP-complete problem. 

Chapter 5 contains the S-coverability and T-coverability Theorems, which show 
that every live and bounded free-choice Petri net can be decomposed into special 
S-systems and also into special T-systems. 

Using these results, Chapter 6 proves the Rank Theorem, which characterizes the 
free-choice nets which admit a live and bounded marking. It follows from this char­
acterization that live and bounded free-choice Petri nets can be recognized in poly­
nomial time. Another consequence of the Rank Theorem is the Duality Theorem, a 
classical result of free-choice theory. 

Chapter 7 gives reduction rules which reduce all and only free-choice nets which 
admit a live and bounded marking to very simple nets with just one place and one 
transition. This provides another algorithm to recognize live and bounded free-
choice Petri nets, which is not as efficient as the one of Chapter 6, but gives more 
information about why a given free-choice Petri net is not live and bounded. The 
reduction rules can be reversed to yield synthesis rules which generate all and only 
the live and bounded free-choice Petri nets starting from simple Petri nets. 

Chapter 8 studies and characterizes the home markings of live and bounded free-
choice Petri nets. It is proved that the problem of deciding if a reachable marking of 
a live and bounded Petri net is a home marking can be solved in polynomial time. 

In Chapter 9, the reachable markings of live, bounded and cyclic Petri nets are char­
acterized. This result generalizes the Reachability Theorem for S- and T-systems. 
A generalization of the Shortest Sequence Theorems is presented as well. 

Finally, Chapter 10 shows how weakened versions of Commoner's Theorem and the 
Rank Theorem also hold for Petri nets which are not free-choice. 
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Exercises 
Exercise 1.1 

Convince yourself that every free-choice Petri net models a network of processors. 

Exercise 1.2 

Try to prove that the vending machine is live, bounded and cyclic. 

Exercise 1.3 * 

Show that the properties liveness, boundedness and cyclicity are independent of 
each other by exhibiting eight Petri nets, one for each possible combination of 
the three properties and their negations. 

Exercise 1.4 * 
Construct a live and bounded Petri net which is not a T-system, but where no 
two distinct transitions are ever in conflict. 

Bibliographic notes 
The bibliography of Petri nets is periodically compiled by the Special Interest Group 
FG 0.0.1 'Petri nets and related system models' of the Gesellschaft fur Informatik. 
The last published update is [69]. 
The most popular introductory books to the applications and theory of Petri nets 
are possibly those by Peterson [68] and Reisig [70]. There also exists a more recent 
survey by Murata [67], which contains a solution to Exercise 1.3. 
Free-choice Petri nets were first defined in Hack's Master Thesis [42], which is also 
one of the classical papers on free-choice net theory. Best's paper on the 'free-choice 
hiatus' is [6]. The networks of processors described in the text were introduced by 
Desel in his Ph. D. Thesis [21]. 
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C h a p t e r 2 

Analysis techniques for Petri nets 

This chapter introduces elementary definitions, concepts and results concerning arbi­
trary Petri nets. We start with a short section on mathematical notation. Section 2.2 
is devoted to the definition and properties of nets, markings, the occurrence rule and 
incidence matrices. Section 2.3 defines net systems as nets with a distinguished ini­
tial marking. We give formal definitions of some behavioural properties of systems: 
liveness, deadlock-freedom, place-liveness, boundedness. Section 2.4 introduces S-
and T-invariants, an analysis technique used throughout the book. The relationship 
between these invariants and the behavioural properties of Section 2.3 is discussed. 
The chapter includes six simple but important results, which are very often used in 
later chapters. They are the Monotonicity, Marking Equation, Exchange, Bound­
edness, and Reproduction Lemma, and the Strong Connectedness Theorem. We 
encourage the reader to become familiar with them before moving to the next chap­
ters. 

2.1 Mathematical preliminaries 

We use the standard definitions on sets, numbers, relations, sequences, vectors and 
matrices. The purpose of this section is to fix some additional notations. 

Notation 2.1 Sets, numbers, relations 

Let X and Y be sets. We write X C Y if X is a subset of Y, including the case 
X = Y. X C Y denotes that X is a proper subset of Y, i.e., X CY and X ^ Y. 
X \ Y denotes the set of elements of X that do not belong to Y. \X\ denotes the 
cardinality of X. 

If X is a subset of some set Y then the mapping x [ X ] : y —» { 0 , 1 } , given by 
= 1 iff y G X is called the characteristic function of X with respect to 

Y. The set Y will always be either the set of places or the set of transitions of a 
net given by the context. Which one of the two can be inferred from the nature 
of the elements of X. 
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N denotes the set of natural numbers including 0. (Q denotes the set of rational 
numbers. 

A relation fiona set A is a subset of the cartesian product Ax A. Since relations 
are sets of pairs, the set operations can be applied to them. We use the following 
notations: 

id,4 = {(a, a) \ a G A} is the identity relation. 

R-1 — {(b, a) | (a, b) G ft} is the inverse of R. 

For k G { 1 , 2 , 3 , . . . } , Rk is inductively denned by R1 = R and, for k > 1. 

Rk = {(a, c) | (a, b) G ft!*-1 and (b, c) G R for some b G A } . 

ft+ = R} U .ft2 U R3 U • • • is the transitive closure of R. 

R* = idyi U ft+ is the reflexive and transitive closure of R. 

(R U . f t - 1 )* is the symmetric, reflexive and transitive closure of R. This 
relation is the least equivalence relation which includes R. 

Sequences play a particularly important role in this book. We mostly consider finite 
sequences, which are isomorphic to strings over an alphabet, but also infinite ones. 
We define the concatenation of two sequences only if the first sequence is finite. 

Notation 2.2 Sequences 

Let A be a set. A finite sequence on A is a mapping { 1 , . . . , n } —• A, including 
the mapping e: 0 —» A, called the empty sequence. We represent a finite sequence 
a: { 1 , . . . , n } —* A by the string ai a2 • •. an of elements of A, where at = a(i) for 
1 < i < n. The length of a is n, and the length of e is 0. 

An infinite sequence is a mapping a: {1 , 2 ,3 , . . . } —> A. We write a = a\ a2 a3 ... 
where = <j(i) for i > 1. 

If a — ai a 2 . . . a n and T — b\b2 • • - bm are finite sequences then the concatenation 
of cr and r, denoted by a r, is the sequence a\ a2 • • • an b\ b2 • • • bm of length n + m. 

If a = ai a2 ... an is a finite sequence and r = bi b2 63 . . . is an infinite sequence 
then the concatenation of a and r is the infinite sequence ai a2 ... an b\ b2 63 . . . 

If a is a finite sequence then aw denotes the infinite concatenation a a a ... 

A sequence cr is a prefix of a sequence r if either a = r or a a' — r for some 
sequence a'. 
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The alphabet of a sequence a is the set A(a) = {a € A \ a = a(i) for some i}, 
i.e., the set of elements that appear in the string representation of a. 

The restriction of a sequence a to a set B C A is inductively defined by e|s = e 

Notation 2.3 Vectors, matrices 

Given a finite set A = { a i , . . . , a f c } , every mapping X from yl to Q can be 
represented by the vector (X(a,i)... X (a^) ) . We do not distinguish the mapping 
X and the vector ( X(a\)... X(ak)). 

X • Y denotes the scalar product of two vectors. Similarly, if C is a matrix and X 
is a vector, X • C and C • X denote the left and right products of X and C. We 
do not use different symbols for row and column vectors. In the expression C -X, 
the vector X is a column vector, even though we write X = ( X(a\)... X(a,k)). 

We write X > Y (X > Y) if X{a) > Y(a) (X(a) > Y(a)) for every element a of 
A. The mapping which maps every element to 0 is called the null vector and is 
denoted by 0. 

A matrix containing only zero entries is also denoted by 0. 

2.2 Nets and their properties ( J 
The scientific literature contains many variants of the basic definitions of net theory; 
different papers tailor them in different ways, depending on the problems studied1. 
The differences in the definitions are not very significant from a conceptual point of 
view, in the sense that the results of the theory hold for all the variants, possibly 
after some minor modifications. However, a good choice of definitions helps to 
simplify both the statement of the results and their proofs. Our choice is based on 
the principle as simple as possible and as general as necessary. For example, we do 
not define nets with an infinite number of elements since we only study finite nets. 

1 This variety also exists in other subjects. For instance, Turing machines may have one or more 
tapes, overwrite the input or not, have infinite tapes in one direction or in two, etc. 

and 
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B a s i c d e f i n i t i o n s f o r n e t s 

Definition 2.4 Nets, presets, post-sets, subnets 

A net N is a triple (S, T, F), where S and T are two finite, disjoint sets, and F 
is a relation o n 5 U T such that F n (S x S) = F n (T x T) = 0. 

The elements of 5 are called places, and are graphically represented by circles. 
The elements of T are called transitions, represented by boxes. F is called the 
flow relation of the net, represented by arrows from places to transitions or from 
transitions to places. Often, the elements of S U T are generically called nodes of 
N or elements of N. 

Given a node x of N, the set 'x — {y\ (y, x) € F} is the pre-set of x and the set 
x ' — {y I ixi v) e F} 1S the post-set of x. The elements in the pre-set (post-set) 
of a place are its input (output) transitions. Similarly, the elements in the pre-set 
(post-set) of a transition are its input (output) places. 

Given a set X of nodes of N, we define 'X = \Jx€x *x a n d Xm = Uxex x''• 

A triple (S', T', F') is a subnet of N if S' C S, V C T and 

F' = F n ((S' x T") U (T' x S')) 

If X is a set of elements of N, then the triple (S D X,T (~) X, F D (X x X ) ) is a 
subnet of N, called the subnet of N generated by X. 

We use the following convention: if N' is a subnet of a net N and a; is a node of 
N', then *x and x* denote the pre-set and post-set of x in the net N. 

Figure 2.1 shows again the Petri net model of the vending machine used in Chap­
ter 1. For convenience we have shortened the names of transitions and places. If we 
ignore for the moment the black dots in the places, the figure shows the graphical 
representation of the net (S,T,F), where 

S = {si, s 2 , S3, 84, S5} is the set of places, 

T = {t\, *2) £3, *4, £5} is the set of transitions, and 

F = {(si, t2), (s2, h), ( s 3 , t3), (34, U), ( s 4 , t5), {s5, t2), 
(ti,si), (t2,s2), (t2,s3), (t3,s4), (U,s5), (h,s3)} is the flow relation. 

Examples for pre- and post-sets are t2 = {s2,ss} and *{s 2 ,S3} = {t2,t5}. The two 
units of the vending machine shown in Figure 1.4 of Chapter 1 are the subnets 
generated by the sets {si, s2, t\, t2} and { s 3 , s 4 , s 5 , t2, t3, t^, t5}. 
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si s3 t3 

s2 s5 t4 

F i g . 2.1 The example of Figure 1.2 again 

Since nets can be viewed as special graphs, graph terminology also applies to nets: 

Definition 2.5 Paths, circuits 

A path of a net (S, T, F) is a nonempty sequence X I . . . XK of nodes which satisfies 
(XI, X2), • • •, (XK-I, XK) G F. A path XI...XK is said to lead from XI to XK-

A path leading from a node x to a node y is a circuit if no element occurs more 
than once in it and (Y, X) € F. Observe that a sequence containing one element 
is a path but not a circuit, because for every node X we have (X, X) ^ F. 

A net (S, T, F) is called weakly connected (or just connected) if every two nodes 
X, Y satisfy (X, Y) G (F U F"1)*. 

(S,T,F) is strongly connected if (X,Y) G F*, i.e., for every two nodes X, Y there 
is a path leading from X to Y. 

By this definition, every net with less than two elements is strongly connected. Every 
strongly connected net is weakly connected because F* C (F U F"1)*. 

In the example of Figure 2.1, t2 s2 t\ SI t2 S3 is a path and S3 £3 S4 £5 is a circuit. 
The net is strongly connected. The subnet generated by all elements except ii is 
connected but not strongly connected. The subnet generated by all elements except 
t2 is not connected. 
The following proposition gives alternative characterizations of connectedness and 
strong connectedness. Its proof is left for an exercise. 
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Proposition 2.6 Characterization of connectedness and strong connectedness 

(1) A net (S,T,F) is connected iff it does not fall into unconnected parts, i.e., 
iff no two subnets (S\,Ti,Fi) and (52,T 2,F 2) with disjoint and nonempty 
sets of elements satisfy Si U 5 2 = S, T\ U T2 = T and Fi U F2 = F. 

(2) A connected net is strongly connected iff for every arc (X, Y) there is a path 
leading from Y to X (this path is a circuit by definition). • 

The next definition introduces markings and the occurrence rule, which transform 
a net into a dynamic system. 

Definition 2.7 Markings, occurrence rule 

A marking of a net (S, T, F) is a mapping M: S —• IN. A marking is often 
represented by the vector ( M(si)... M(sn)), where 8\, s2,..., sn is an arbitrary 
fixed enumeration of S. 

A place s is marked at a marking M if M(s) > 0. A set of places R is marked if 
some place of R is marked. 

The total number of tokens on a set of places R is denoted by M(R), i.e., M(R) 
is the sum of all M(s) for s G R. 

The restriction of a marking M to a set of places R is denoted by M\R. 

The null marking is the marking which maps every place to 0. 

A marking M enables a transition t if it marks every place in *t. If t is enabled 
at M, then it can occur, and its occurrence leads to the successor marking M' 
(written M —> M') which is defined for every place s by 

(a token is removed from each place in the pre-set of t and a token is added to 
each place in the post-set of t). 

A marking M is called dead if it enables no transition of the net. 

Graphically, a marking M is represented by M(s) tokens (black dots) on the place 
s. The marking of the net of Figure 2.1 maps S i to 4, S3 to 1 and all other places 
to 0. Its vector representation is ( 4 0 1 0 0 ) . The transition i 3 is enabled, and the 
marking reached after its occurrence is ( 4 0 0 1 0 ) . 

M'(s) = I M(s) - 1 if s € mt and s $ F 

{ M(s) + 1 if s <£'t and s G F 

if a $ *t and s £ t', or s G ' t and s €(' 
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Definition 2.8 OCCURRENCE SEQUENCES, REACHABLE MARKINGS 

Let M be a marking of N. If M —i-» Mi —2-> • • • -^-> M n are transition oc­
currences then a = £i £2 • • • is an occurrence sequence leading from M to M „ 
and we write M M„. This notion includes the empty sequence e; we have 
M — M for every marking M . 

We write M M' , and call M ' reachable from M , if M -^-» M ' for some 
occurrence sequence A . The set of all markings reachable from M is denoted by 
[M>. 

If M -^-> Mi -^-> M2 • • • for an infinite sequence of transitions cr = £1T2 £3 . . . 

then cr is an infinite occurrence sequence and we write M 

A sequence of transitions A is enabled at a marking M if M -^-» M ' for some 
marking M ' (if cr is finite) or M -^-> (if CT is infinite). 

Proposition 2.9 ENABLEDNESS OF OCCURRENCE SEQUENCES 

A (finite or infinite) sequence A of transitions is enabled at a marking M iff every 
finite prefix of A is enabled at M . 

Proof: 

(=>•): Immediate from the definition. 

(-£=): If A is finite then it is a finite prefix of itself and the result holds trivially. So 
we only have to consider the case that A is infinite. Assume that A = T\ T2 £3 . . . 

Let I > 1 be an index. We have to prove that U is enabled at the marking reached 
after the occurrence of £1 T2 . . . U-\. 

Define r = £1 £2 .. .£,. Since r is a finite prefix of a, it is enabled at M by the 
hypothesis. Therefore, there exist markings Mi, M 2 , . . . , MI such that 

M Mx • • • Mi 

The result follows because M;_i enables £,. • 

Note that for every FINITE sequence of transitions cr of a net there exists a marking 
that enables A. For instance, if A has length K, then we can take the marking that 
puts K tokens on every place. 


